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(U)  aeries  of  articles  devoted  to  problems  of  structural 
dynamics,  the  determination  of  critical  velocities  of 
moving  loads,  the  vibrations  of  multistory  frame  buildings 
and  the  dynamic  design  of  arches.  Discussions  are  pre¬ 
sented  on  the  design  of  various  structures  for  stability  in 
the  presence  of  linear  and  nonlinear  couplings,  within  and 
beyond  the  elastic  limit.  Quantitative  estimates  of  critical 
forces  are  provided* 
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A  number  of  articles  in  this  collection  deal  with  problems 
of  dynamics  of  structures ,  determining  critical  speeds  of  moving 
loads,  vibrations  of  frame-type  multistory  buildings  and  dynamic 
design  of  arches. 

These  articles  illuminate  the  problems  of  designing  various 
structures  for  stability  in  the  presence  of  linear  and  nonlinear 
couplings,  when  the  structures  function  within  and  outside  the 
elastic  limit,  for  different  load  behaviors  in  the  process  of 
structure  deformation;  certain  quantitative  estimates  of  critical 
forces  are  given. 

The  articles  in  this  colic ction  have  as  their  aim  aiding  in 
practical  adaption  into  the  design  of  structures  of  more  refined 
n i  triads,  refinement  and  perfection  of  existing  methods,  and  pro- 
viding  inswers  to  certain  questions  which  arise  in  calculating 
and  d.es.igning  structures. 

This  book  is  intended  for  design  engineers  of  industrial, 
civil  and  other  structures,  instructors,  degree  candidates  and 
students  of  technical  construction  colleges,  as  well  as  for  staff 
members  of  construct  'on  scientific  research  institutes. 
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STABILITY  OF  ECCENTRICALLY  COMPRESSED  BARS  WITH  AN  ASYMMETRICAL 
H  AND  T  CROSS  SECTION  IN  THE  ELASTOPLASTIC  RANGE 

Candidate  of  Physl  comathematl  cal  Sciences  A. 6.  Dorfman  and 
Engi neer  S.D.  Leytes 

( One  p  ropet  rovs  k ) 


§1.  Assumptions  Used  and  the  Statement  of  the  Problem 

Stability  in  the  plane  of  forces  of  eccentrically  compressed 
bars  with  asymmetrical  H  and  T  sections  is  studied  on  the  basis 
of  the  following  assumptions:  1)  the  material  is  an  ideal 
elastoplastic  with  a  yield  plateau  of  unlimited  length; 

2)  the  bars  are  hinged  at  the  ends  and  luaded  by  a  longitudinal 
compressive  force  N,  applied  in  the  plane  of  the  web  with  an  ini¬ 
tial  eccentricity  a  (Fig.  1);  3)  the  load  Is  applied  once,  and 
elastoplastic  deformations  function  from  the  instant  of  applica¬ 
tion  of  the  compressive  force  to  the  ensuance  of  the  critical 
state;  *0  the  bars  are  fastened  so  that  the  deflection  remains 
plane;  5)  the  flange  thickness  of  the  H  and  T  sections  is  assumed 
to  be  negligible  in  comparison  with  the  height  of  the  cross  sec¬ 
tion;  6)  use  is  made  of  an  approximate  expression  for  the  bar's 
curvature  on  deflection,  and  the  shortening  of  the  bar  due  to  ax¬ 
ial  compression  is  not  taken  into  account;  7)  it  i^  assumed  that 
the  bent  axis  of  the  bar  at  the  instant  of  buckling  Is  in  the 
shape  of  a  sinusoidal  hal  r-wave 


(1) 


O 

Here  x,  y  are  the  coordinates  of  a  point  on  the  axis  of  the 
deformed  bar,  y  is  the  maximum  midspan  deflection  and  l  is  the 

length  of  the  oar. 
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The  behavior  of  an  eccentrically  compressec.  L.i.r  from  an  elaB- 
toplastic  ia  erial  is  illustrated  by  the  graph  (Pig.  2).  The  maxi¬ 
mum  midspan  deflection  y  is  laid  off  on  the  ordinate  axis,  and 

...ie  ax,  al  stress  Oo^N/F  is  laid  off  on  the  abscissa  axis  (F  is  the 
croas-sectional  area  of  the  bar) .  Point  A  of  the  graph  corresponds 
o  the  dangerous  state,  i.e.,  to  the  boundary  between  elastic  and 
^lastoplastic  stages  in  the  material’s  functioning.  At  point  B, 
ae  bar  buckles,  axial  stress  oQ  reaches  its  maximum,  which  is 

'ailed  the  critical  value  .  The  analytic  condition  for  buckling 

is  expressed  by  the  equation 

*£!>=. 0 

*Vm  (2) 


If  we  place  some  stress  diagram  in  the  middle  section  of  the 
bar  (consequently,  also  an  axial  stress  oq,  corresponding  to  this 

diagram),  then  the  equilibrium  conditions  will  yield  a  relation¬ 
ship  such  as  fra/(ym).  From  the  ensemble  of  bars  with  different  l  and 
ym  which  satisfy  this  equilibrium  condition,  the  longest  bar  will 

be  in  the  critical  state.  From  this  we  get  the  criterion  for 
buckling 


it 


=  0 


(3) 


which  is  also  used  in  the  present  study.  Here  p  is  any  parameter 
which  varies  monotonically  with  changes  in  ym. 

Let  F i  be  the  area  of  the  H-beam  flange  put  under  compression 
by  the  bending,  let  Fi  be  the  area  of  the  opposite  flange  and  Fgfc 

the  web  area.  We  introduce  two  parameters  of  shape  of  cross  sec¬ 
tion  of  an  asymmetrical  H  beam,  the  section  area  parameter 

a  =  FJFV  (4) 

and  the  asymmetry  parameter 

P-W.  (5) 


When  H  sections  bend  in  the  direction  of  the  flange,  parameter  a 
is  understood  to  denote  the  ratio  of  the  web  area  to  the  area  of 
the  flange  under  tension  due  to  flexure.  We  also  introduce  the 
parameter 


Y 


a  +  3 


a  4-  ap  -f- 
a +P+  1 


(6) 


The  stability  of  eccentrically  compressed  elastoplastic  bars 
with  different  cross-sectional  shapes  was  studied,  using  similar 
starting  assumptions,  by  K.  Jezek  [1],  V.V.  Pinadzhyan  [2],  A.V. 
Gemmerling  [3]  and  other  authors.  In  this  work,  the  use  of  the  as¬ 
sumption  on  small  flange  thickness  and  the  utilization  of  the 
shape  parameters  a  and  0  made  it  possible  to  obtain  appreciably 
simpler  and  compact  analytical  relationships.  The  results  of  stud- 
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i a  llo;/  estimating  the  effect  of  material  di stribution  over  the 
croon  so  c 1 1  ori  ori  the  bar's  stability. 

An  analysis  of  the  error  introduced  by  the  assumption  of 
small  fiance  thickness  is  given  in  Reference  [4]  for  a  symmetri¬ 
cal  H  section. 


12 .  Stability  of  Bars  with  an  Asymmetrical  H  Sectlori 


Critical  state  1.  Depending  on  the  shape  of  the  stress  dia¬ 
gram  in  the  H-profile  midsection  on  buckling  (of  the  second  kind) 
it  is  possiDle  to  have  seven  different  critical  states.  We  start 
our  study  with  critical  state  1,  for  which  yielding  in  the  midspan 
bar  cross  section  extends  to  a  part  of  the  thickness  of  the  com¬ 
pressed  flange  (Fig.  3)  ■  Since  it  was  assumed  that  the  flange 
thickness  is  negligible  as  compared  with  the  section's  height, 
then  in  this  case  the  critical  section  will  become  identical  with 
the  dangerous  cross  section,  for  which  the  stress  in  the  fibers 
reaches  the  yield  point  o^: 


0  = 


(7) 


where  W\  is  the  section  modulus  of  the  shape. 

The  bending  moment  at  midspan  is  M~N(a+ym).  We  relate  u  ,  the 

/n 

maximum  midspan  deflection  to  the  bar's  flexibility  x=Z  V  F/f.  For 
this  purpose,  we  shall  substitute  into  the  differential  equation 
of  elastic  flexure 


(8) 
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the  previously  assumed  sinusoidal  expression  (1)  for  the  deflec¬ 
tion  curve  and  we  shall  then  set  x~l/2,  y=yn.  We  denote  by  X^  that 

bar  flexibility  for  which  the  Eulerian  critical  stress  is  equal 

to  axial  stress  o  under  consideration,  whence 

o 

X,  •-  n  | ^ Elo„  ,  ( 9 ) 

and  the  maximum  deflection  is 
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On  '-he  basis  of  previously  derived  relationships,  the  flexi- 
oility  ‘  a  bar  in  the  critical  state  is 

1  =  •  (ID 

here  v,  the  relative  eccentricity,  is  the  ratio  of  the  force  arm 
uo  the  core  distance 

v  —  JL  —  fL.  —  a  JL±?L  ±- 

*  Wt  Y  '  *  ‘  (12) 

Formula  (11)  establishes,  for  a  given  eccentricity,  a  rela¬ 
tionship  between  X,  the  bar's  flexibility,  and  the  axial  stress 
Oo"0Kpt  which  has  corresponding  to  it  the  stress  diagram  shown  in 
Fig.*  3. 


Critical  State  2.  The  yielding  zone  extends  to  the  compressed 
flange  and  tr  that  part  of  the  web  adjoining  it  (Fig.  *0.  We  de¬ 
note  by  f  tuat  part  of  the  web  area  which  is  within  the  limits  of 
the  elastic  core;  then 


P=f'F i  (13) 

the  parameter  of  the  stressed  state,  will  characterize  the  degree 
of  development  of  plastic  deformations.  When  »*=«  the  section's  op¬ 
eration  is  entirely  elastic,  while  when  p  =  0  its  operation  is  en¬ 
tirely  plastic. 

The  conditions  of  equilibrium  between  the  external  and  inter¬ 
nal  forces  in  the  bar's  midspan  section  can  be  used  to  determine 
distance  a  from  the  zero  point  of  the  stress  diagram  to  the  bound¬ 
ary  between  the  elastic  core  and  the  yielding  zone 

_ Or  _  n  (n  T  ?P) 

h  oT  —  o0  2u  (a  +  {H-  I) 

and  the  maximum  deflection 

h  2a0  la  |-  p  -)  I  ,'ia  (|i  -|-  20)  |  h 

The  differential  equation  of  e lastoplast tc  deflection  has  the 

form 

!/’  -  -  ~T-  • 

Ec  (16) 

Substituting  here  Expression  (1)  and  then  setting  x=//2,  y=ym, 
we  find 

/s  **  1  {V,nc). 

Of 


(14) 

(16) 
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(17) 
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This  equation  characterizes  the  equilibrium  states  of  the 
bar.  For  a  given  axial  stress  aQ,  the  application  of  Criterion  (3) 

yields  the  following  condition  for  buckling: 


4(*mC)  _n 


(18) 


Making  use  of  Relationships  (1*1)  and  (15) »  we  represent  Con¬ 
dition  (18)  in  the  form 


where 


a  /  o-f2  a  2a0  \ 

Pl  “  2  (  a  +  p  +  1  h  «T-«o/‘ 


Differentiating  we  get  the  quadratic  equation 

H*  —  2p,n  —  2p,p«=0, 


(19) 

(20) 


whence  we  find  the  critical  value  of  the  parameter  of  interest 

^p~Pt+Vpt(Pi  +  m  (21) 

On  the  basis  of  the  above  relationship  we  eliminate  parameter 
y  from  Relationships  ( 1^)  and  (15)  and  introduce  the  notation 


•  (P. P)  -  «P Ip(P  +  3P)  +  (P  +  2P)  Yp{p  +M .  (22) 

Relationship  (17)  yields  the  following  expression  for  the 
flexibility  of  the  bar  in  the  critical  state 

v  (23) 


Here  pi  is  determined  from  Relationship  (20)  which,  after  re¬ 
placing  oQ  by  okr  and  changing  to  relative  eccentricity  v,  takes 

on  the  form 


Pi  “ 


a  /  u  -f  2 _ v 

2  l  a  +  p-H  3 


_£«P_ ), 
oT  -  c,,  / 


( 2H) 


It  is  most  convenient  to  calculate  the  coordinates  of  points 
on  the  critical-stress  diagram  in  the  following  manner.  It  is  as¬ 
sumed  that  the  shape  parameters  a  and  8  and  relative  eccentricity 
v  are  known.  We  specify  an  arbitrary  value  of  pi  and  find  the 
flexibility  from  Formula  (23).  On  the  basis  of  (24),  the  corre¬ 
sponding  critical  stress  is 


where 


(25) 


^  _  _v  qy  _ q  +  P  +  I _ 

3  a+2p  a(q  +  2)  — 2/>,(a+p+l)*  * 


(26) 
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It  is  possible  to  eliminate  pi  from  the  com;  utational  rela- 
t  orships  n  to  express  the  flexibility  in  terms  of  parameter 
y  .  It  follows  from  Eq.  (21) 

*  X 

20...  +  H  <27) 


md  for  the  flexibility  in  the  critical  state  we  find 


ii  p«p  + 
"*  N>  + 


K 


(28) 


Let  us  establish  the  limits  of  applicability  of  the  above  re¬ 
lationships.  When  the  section  functions  elastically  and  the 

expression  for  flexibilities  corresponding  to  the  boundary  between 
critical  states  1  and  2  has  the  following  form,  on  the  basis  of 
(28) 


In 


g(«  ±  <P)  * 
(®  +  P)  Y  ’ 


(29) 


Another  limiting  case  will  exist  when  the  fiber  stress  of  the 
flange  under  tension  reaches  the  yield  point:  di-oT.  Prom  the  con¬ 
dition  that  c/A- (c+W)/2A-y,/2a  and  having  resort  to  (lA),  we  find  the 
corresponding  value 

l*i  =  i  (a  +  P  +  1)  — 


Prom  this  we  get  an  expression  for  flexibilities  correspond¬ 
ing  to  the  boundary  between  states  2  and  3 


i 

a/  y 


Hi  +  <P 
l»i  +  P 


K 


(31) 


When  X 
stress  is 


0,  we  have  p ,~0  and  the  corresponding  critical 


°t  &  2.  (»  +  P+  >)v 

/C,  +  l  ’  °  3  (a  +  2) (« +  2p)  (32) 


The  value  of  pi  highest  for  the  given  critical  state  is  found 
from  the  condition  mip-a.  Substituting  this  value  of  ykr  into  Eq. 

(27),  we  get  Pi-o*/2(a  +  p). 

Critical  state  3.  Tho  plastic  compression  zone  extends  to  the 
compressed  flange  and  to  Its  adjoining  part  of  the  web,  a  part  of 
the  thickness  of  the  tension  flange  is  simultaneously  in  the  plas¬ 
tic  range  (Pig.  5).  Since  the  flange  thickness  was  assumed  negli¬ 
gible  in  comparison  with  the  height  of  the  section,  then  that  ax¬ 
ial  stress  is  critical  for  which  fiber  yielding  In  the  tension 
flange  ensues. 

Resorting  to  equilibrium  condition  (17)  and  the  condition 
that  ei-ct.  which  in  this  case  serves  as  the  buckling  criterion, 
we  get  for  the  bar's  critical-state  flexibility 


I 


•MV  ******  * 


X 


V ^  (.**<  -f-  gp)  P!  —  2nf 
W  Y 


K 


(33) 


Here  the  value  of  pi  Is  determined  from  Formula  (30),  from 
which  it  follows 


Mi  \ 

a  -f  p+  I  / 


at. 


(34) 


To  find  points  on  th^  critical-stresses  graph  it  is  conven¬ 
ient  to  specify  some  value  of  ;»i<a.  calculate  critical  stress 

from  Formula  (34),  and  then  use  Formula  (24)  for  pi  and,  finally, 
determine  the  bar's  flexibility  X  from  Expression  (33). 

Critical  state  4.  The  plastic  compression  zone  extends  to  the 
compressed  flange  and  to  a  part  of  the  web  adjoining  it.  At  the 
same  time,  the  tension  flange  and  the  part  of  the  web  adjoining  it 
are  in  the  plastic  range  (Fig.  6). 


The  height  d  of  the  plastic  tension  zone  can  be  found  from 
equilibrium  of  the  forces  and  stresses  in  the  middle  section  of 
the  bar 


and  also 

where 


—  ct  ~  °o  a  4-  P  +  i _ ^ _ C_ 

A  oT  2a  a  A  ’ 


A  =  2a(a  +  2)-(a  -0  +  !)■  + 

+[*<.— p')-! » -vli' ,Jf  J.t  --<«+»+ 


(35) 

(36) 

(37) 


The  buckling  state  has  corresponding  to  it  a  maximum  of  the 
product  y ma *  which  enters  Formula  (17).  In  the  given  case  this 

product  is  regarded  as  a  function  of  o,  and  the  buckling  criterion 
is  written  in  the  form 


(38) 
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whence  It  follows 


I 


dh  —  y  A  /  ?u . 


I  39) 


The  cri  tl  ii-state  bar 


flexibility  is 


(HO) 


-ere  oo  in  Formula  (37) 


for  A  should  be  replaced  by  . 


'  ) 


The  boundary  between  critical  states  3  and  4  has  correspond¬ 
ing  to  it  d  ■  0,  and  from  Expression  (35)  we  find  that  c//j  =  m/2n, 
with  m  given  by  Formula  (30).  The  expression  for  flexibilities 
corresponding  to  the  boundary  between  critical  states  3  and  4 
takes  on  the  form 


The  carrying  capacity  exhaustion  due  to  the  fact  that  the 
plastic  state  extends  to  the  entire  section  takes  place  when  flex¬ 
ibility  A  ■  0.  The  corresponding  axial  stress  o^  Q  is  determined 

from  the  condition  that  >1*0. 

Critical  state  5.  The  plastic  compression  zone  extends  to  a 
part  of  the  compression  flange.  The  plastic  tension  zone  extends 
to  the  tension  flange  and  the  part  of  the  web  adjoining  it  (Fig. 
7).  This  case,  as  well  as  both  following  it,  is  possible  for 
sharply  asymmetrical  sections  (low  8)  with  substantial  eccentrici¬ 
ties  . 


We  use  the  equilibrium  conditions.  Relationship  (35)  with  the 
supplementary  condition  2c+d«/t  yields  c/A**ni/2a.  with  U2  equal  to 

H,  ,  *2  +  q"P  (q  +  p -|-  l)  —  2.  (42) 


tion 


On  the  basis  of  Relationships  (17)  and  (36), 

ni,-g-[-gJ-J?P. _ JL.--J t  -°»P  1 

2  la  +  p  +  1  3  b  +  20  oT  +  o„pJ 


using  the  nota- 


(H3) 


i  ) 
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we  get  for  the  critical-state  flexibility  of  the  bar 


X  ~ 


V  -f  2)  in  -  2M* 

o/y 


X,. 


(44) 


The  expression  for  flexibilities  corresponding  to  the  bound¬ 
ary  between  critical  atates  4  and  5  is  obtained  by  substituting 
the  value  of  o  into  Relationship  (40) 


(45) 


Critical  state  6.  The  yielding  extends  to  tl^e  tension  flange 
and  to  the  part  of  the  web  adjoining  it  (Fig.  8). 


Conditions  of  equilibrium  of  external  and  internal  forces  in 
the  middle  section  of  the  bar  give 


c  _  "T  0*  f-  2) 

(46) 

If  Of +"o  2u  (a  -f  p  f-  1 ) 

and  the  maximum  midspan 

deflection 

Vm  _  q 

T  -  «r0  r  n  f  2(J  2n* 

I  a 

(47) 

h 

2 o„  |of  jJ  1  3a  (n  -f  2)  „ 

!  h  ' 

Buckling  criterion 

(18)  results  in  the 

equation 

(48) 

in  which  it  was  denoted 

• 

Pt  ~ 

a  r  u  -|  jp  a  2 o0  1 

(49) 

2  1  <»  f-  P  f  1  h  aT  +  o„  1 

From  this  we  get  the  critical  value  of  the  parameter 

Hxp  ---  Pi  +  I ' Pi(Pt  +  2)  .  (50) 

Using  the  previously  introduced  notation  for  a  function  of 
two  arguments  <!>(/>,  0),  we  will  write  the  expression  for  the  flexi¬ 
bility  of  a  bar  in  the  critical  state  in  the  form 


X  - 


<1J  v 


(51) 


Here,  in  Expression  (49)  for  p 2,  one  should  set  oo-ctkp  and 
then  change  to  relative  eccentricity  v,  after  which  we  get  For¬ 
mula  ( 43)  • 


To  find  points  on  the  critical-stresses  graph  for  known  val¬ 
ues  of  the  shape  parameters  3  and  0  and  or  the  relative  eccentric¬ 
ity  v,  we  specify  some  value  of  pi,  calculate  the  value  of  the 
function  <?>(/>:,  I)  on  the  basis  of  Relationship  (2?)  and  find  the 
bar's  flexibility  from  Formula  (51).  The  corresponding  critical 
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r.tross  i .s  desired  by  the  formula 

"t 

*•“  7=7 1 

/here 

. .  v  _ ay  _ u  -f  0-f-  1 _ 

”  3  'a+2p  ’  o(a  -+-  2|l>  —  2p,(a  +  p  +  1), 


(52) 

(53) 


The  bar's  critical-state  flexibility  can  be  expressed  in 
•u3  of  v,  the  stressed-state  parameter.  Using  Relationship  (50), 
we  reduce  Expression  (51)  to  the  form 


ay  y  r 


H  +  l 


(54) 


The  boundaries  of  applicability  of  the  above  relationships 
are  established  as  follows.  The  stress  in  the  compression  flange 
reaches  the  yield  point  oi«=<?T  when  h  =  from  Formula  (42)  .  The 

flexibilities  corresponding  to  the 
boundary  between  critical  states  5  and 
6  are 


Fig.  9 


a 7  Y 


/ 


■  O  +  4  < 

,  .  %  • 

+  ■ 


(55) 


The  second  limiting  case  exists 
when  |i  =  «,  when  the  web  functions  elas¬ 
tically  over  its  entire  height.  The 
flexibilities  dividing  critical  states 
5  and  7,  on  the  basis  of  (54),  are 


~  |/ 1 


(a  +  4) 


a  -f-  I  >  y 


K- 


(56) 


Critical  state  7.  Yielding  extends  to  part  of  the  thickness 
of  the  tension  flange  (Fig.  9).  Since  it  was  assumed  that  the 
flange  thickness  is  negligible  in  comparison  with  the  section 
height,  then  the  critical  state  in  the  given  case  will  be  that 
for  which  the  entire  cross  section  functions  elastically,  but  the 
fiber  stress  of  the  tension  flange  reaches  the  yield  point 


o  --  o, 


/  mf 
l  Vi 


w, 


o,. 


(57) 


Following  the  way  laid  down  in  deriving  Formula  (11),  we  get 
the  following  for  the  crltl  ,al-state  flexibility  of  the  bar 


X  « 


/ 


—  v 


'Up 


Q  |  zp  Oj  I-  0»p 


X. 


(58) 


It  can  be  seen  from  comparison  of  Formulas  (11)  and  (58)  that 
they  yield  identical  values  for  the  flexibility  if  'V-Cot.  where 


i  -p 

j. ,  - - —  a, . 

0  a  -f-  P  f  l 


(59) 
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This  equation,  which  requires  that  fiber  yielding  should  set 
on  simultaneously  in  the  compression  as  well  as  the  tension 
flange,  determines  the  boundary  between  critical  states  1  and  7. 

§3.  Regions  on  the  Critical-Stresses  Graphs 

We  shall  depict  the  results  of  studies  of  the  stability  of 
an  eccentrically  compressed  H  beam  with  some  specified  values  of 
shape  parameters  a  and  8  on  a  critical-stresses  graph.  The  bar's 
flexibility  X  is  laid  off  on  the  abscissa  axis,  with  the  critical 
stress  okr  laid  off  on  the  ordinate  axis.  A  family  of  curves,  each 

of  which  corresponds  to  a  given  specified  value  of  relative  eccen¬ 
tricity  v,  is  plotted  on  the  graph. 

The  plane  of  the  critical-stresses  graph  is  represented 
schematically  in  Pig.  10.  This  plane  is  bounded  from  the  top  by 
line  FT,  which  is  the  critical-stresses  curve  for  a  centrally  com¬ 
pressed  bar  (v-0).  Rectilinear  segment  RT  corresponds  to  a  central¬ 


ly  compressed  bar,  in  which  the  stresses  over  the  entire  cross 
section  are  equal  to  <Ji;p-=ot-  Curvilinear  segment  TQ  is  an  Eulerian 
hyperbola  and  defines  the  magnitude  of  critical  stresses  on  elas¬ 
tic  buckling  of  a  centrally  compressed  bar.  Both  these  segments 
Join  in  point  T  which  has  the  abscissa 

(60) 

In  the  general  cane  of  an  asymmetrical  H  section  the  plane 
of  the  critical-stresses  graph  is  broken  up  into  7  regions,  each 
of  which  corresponds  to  one  of  the  previously  examined  critical 
states.  These  regions  are  numbered  in  Fig.  10  by  circled  numbers. 
Inside  each  region  is  also  depicted  the  stress  diagram  in  the  mid 
die  section  of  the  bar,  which  characterizes  the  given  critical 
state.  The  boundary  curves  separating  two  adjoining  regions  t  and 
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k  are  const  ucted  on  the  basis  of  equations  of  boundary  curves 
A^.  Figure  1C  also  shows  stress  diagrams  corresponding  to  these 

boundar-  curves. 


Tie  actual  outlines  of  boundary  curves,  and  the  areas  occu¬ 
rs  "»d  by  the  regions  on  the  critical-stresses  curve,  vary  quite 
bstantially  with  changes  in  the  shape  .parameters  a  and  6.  Hence 
the  graph  of  Pig.  10  is  "topological"  in  character;  consequently, 

*  only  shows  the  mutual  location  of  regions,  and  does  not  refine 
w..eir  configuration. 

Finally,  we  note  that  the  presence  of  all  the  seven  regions 
on  the  critical-stresses  graph  is  not  mandatory  for  H  sections 
with  different  values  of  the  shape  parameters  a  and  B.  For  exam¬ 
ple,  only  the  first  four  critical  states  are  possible  for  a  sym¬ 
metrical  H  section  (B  =  1),  for  which  reason  the  critical-stresses 
graph  does  not  show  regions  5,  6  and  7. 

§4.  Characteristic  Points  on  the  Crl  tl  cal -Stresses  Graph 


Let  us  note  certain  characteristic  points  of  the  critical- 
stresses  graph  (Fig.  10).  The  straight-line  segment  AD  parallel 
to  the  abscissa  axis  divides  regions  3  and  5,  1  and  5,  1  and  7. 
This  segment  is  the  locus  of  points  corresponding  to  critical 
states  when  fiber  flow  starts  simultaneously  from  the  direction 
of  the  compression  as  well  as  tension  flange.  For  the  critical 
tension  oq  t  in  this  case  we  have  obtained  Relationship  (59). 

Analysis  of  this  relationship  shows  that  the  straight-line  segment 
AD  comes  closer  to  the  abscissa  axis  as  the  asymmetry  parameter  B 
increases  from  zero  to  unity  and  becomes  identical  with  it  in  the 
case  of  B  *  1  (symmetrical  H  beam). 


Point  A  belongs  to  the  above  segment  AD  and  simultaneously 
also  to  the  two  boundary  curves  Ash  and  Ahs-  It  follows  from  com¬ 
parison  of  Formulas  (4l),  (45)  and  (59)  that  in  this  point  one 
must  satisfy  the  condition  pi-m-a.  Expressing  the  abscissa  of 
point  A  in  terms  of  flexibility  Afc ,  we  find 

X  _  -i/ilii-MiiLx,.  (61) 

A  V  d-Bv  ^ 


Similarly,  for  the  abscissa  of  point  B ,  in  which  boundary 
curve  A 12  meets  straight  line  AD,  we  get 


-V-c. 


+  <P)(q  -f  b  1) 
+  P)(i-P)Y 


(62) 


For  point  E  of  intersection  between  the  boundary  curves  A 12 
and  Aas  we  can  find 


.1  jji+i  =  a  -HP 
'1*1  +  1  a  +  P 


(63) 


Point  C  of  straight  line  AD  is  the  meeting  point  of  boundary 
curves  A$6  and  A*  7.  Equating  Formulas  (55),  (56)  and  (59),  we  find 
the  abscissa  of  this  point 
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1  .  I  /  q(o-HPna  +  P  +  1)  . 

C  V  (a  +  A)  (1  —  P)  V  ^  ‘ 


(6H) 


For  point  Dt  at  which  segment  AD  meets  Eulerian  hyperbola  TQ , 
we  find 


+ 1  K- 


(65) 


Boundary  curve  X12  meets  straight  line  RTt  parallel  to  the 
abscissa  axis  (o*p-oT)  ,  in  point  5  with  abscissa 

<66) 

Boundary  curves  X21  and  X|*  meet  in  point  K  on  the  ordinate 
axis.  Setting  X  *  0,  we  find  m  »  0,  whence  we  get  the  critical 
stress  corresponding  to  point  K 

o-P-fl  _ 

*  •  +  *  +  »  (67) 


§5.  Critical  Stresses  of  Asywimetrl cal  H  Beams 

The  critical-stresses  graphs  in  the  present  work  are  con¬ 
structed  for  steel  bars  with  o^.  *  2400  kg/cm2  and  E  ■  2,100,000 

kg/cm2.  The  assumed  values  of  relative  eccentricity  are  v-0.2;  0,6; 
1.2;  2,4;  4.8. 


Figure  11  shows  a  critical-stresses  graph  for  asymmetrical  H 
beams  with  area  ratio  parameter  a  *  1  and  asymmetry  parameter 
P”0.6.„dp-1,2.  A  similar  graph  for  the  case  of  a  ■  2  is  depicted  in 
Fig.  12. 
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It  follows  from  comparison  of  results  that  the  critical 
stresses  Increase  with  an  Increase  In  the  section's  area  parameter 
o.  In  other  words,  from  among  two  H  sections  with  the  asymmetry 
parameter  0  and  the  same  flexibility  X  the  H  section  with  the 
thicker  web  will  be  the  more  stable. 

The  relationship  between  critical  stresses  and  the  asymmetry 
parameter  0  is  more  complex.  A  certain  optimum  value  of  the  asym¬ 
metry  parameter  exists  for  which  an  H-section  bar  of  a  given 
length  taking  up  a  given  load  has  a  minimum  weight.  Analysis  of 
these  optimum  relationships  yields  very  interesting  results,  which 
cannot  be  presented  here. 

§6.  Stability  of  Bars  with  a  T-Shaped  Cross  Section,  Bending 
Toward  the  Web 

We  consider  two  independent  cases  -  bending  of  a  T  bar  toward 
the  web  and  bending  of  a  T  bar  toward  the  flange.  The  computa¬ 
tional  relationships  for  constructing  a  critical-stresses  graph 
for  the  T  bar  will  be  obtained  from  previously  derived  analytical 
relationships  for  the  more  general  case  of  an  asymmetrical  H  sec¬ 
tion  with  arbitrary  values  of  parameters  a  and  0. 

We  start  the  study  of  stability  with  the  case  when  the  T  bar 
bends  toward  the  web.  The  area  ratio  parameter  is  a=Fri/F„  (Fig. 

14) ,  the  symmetry  parameter  0  should  be  equated  to  zero.  Critical 
states  1,  2,  4,  5,  6  are  possible. 

In  critical  state  1  yielding  extends  to  a  part  of  the  web 
thickness.  Formula  (11)  remains  applicable  for  the  bar's  critical- 
state  flexibility. 

In  critical  state  2  the  yielding  zone  extends  to  the  flange 
and  to  the  part  of  the  web  adjoining  it.  We  retain  the  notation  p 
for  the  stre ’sed-state  parameter  (13).  When  0  =  0,  y  becomes  equal 
to 


I 


o 


o 


Y  =  a  (a  +  4)/(a  +  1). 


(68) 


Setting  0  =  0  in  Relationships  (21)  and  (24),  we  find  that 
in  the  given  case  the  critical  value  of  the  parameter  p  is 


(a  +  2)-T(a  +  4)^r\ 

0  +  1  3  Oy  —  0*p  J 


(69) 


On  the  basis  of  (28),  we  find  that  the  critical-state  flexi¬ 
bility  of  the  bar  is 


«M«  +  4) 


(70) 


The  critical  state  is  calculated  from  Formula  (25),  the  quan¬ 
tity  K  taking  on  the  value 


-  _  _V_  _ a  (a  +  4) _ 

3  o  ;a  +2)  — m  (a  +  1) 


(71) 


Expression  (29)  for  flexibilities  corresponding  to  the  bound¬ 
ary  between  critical  states  1  and  2  is  obtained  in  the  form 


mi 


=  t /“±! 

I  o+4 


X,. 


(72) 


Substituting  the  value  of  y  into  Formula  (31)  and  setting 
0  =  0,  we  get  an  expression  for  flexibilities  separating  critical 
states  2  and  4 


V  a*  (a  +  -I)  '  a*  ' 


(73) 


In  critical  state  4  the  plastic  compression  region  extends 
to  the  flange  and  to  the  part  of  the  web  adjoining  it.  The  oppo¬ 
site  part  of  the  web  is  in  the  plastic  tension  range. 

Transformation  of  Relationships  (37)  and  (40)  yields  an  ex¬ 
pression  for  the  bar’s  critical-state  flexibility 


A  ~  a*  +  2a  —  I  +  1 2  -  ~  va  (a  +  4)1  —  (a  -+  I)*  I  —  E.  j*. 

•  *’  J  °t  \  ar  I 


(74) 


The  critical  state  for  X  =  0,  =--- aH0  is  found  from  the  condition 

A  =  0. 

We  now  consider  critical  state  5.  The  plastic  corooression  re¬ 
gion  extends  to  a  part  of  the  flange,  with  the  opposite  part  of 
the  web  in  the  plastic  tension  range. 

Expression  (44)  for  the  bar’s  critical-state  flexibility 
takes  on  the  form 


(75) 
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whei-e  on  thrj  b  k  Is  of  (42)  and  (43) 


jil==£l±^£(a  +  l)_2; 
oT 

Pt  — - - - [a - —  (a.-|-  4)  — ^ — 1 . 

2(o  +  l)  [  3  ,<JT  +  o«p  J 


(76) 


By  transforming  Formula  (45)  we  get  for  the  flexibilities 
v  '"responding  to  the  boundary  between  critical  states  4  and  5 


«»“a  +  4) 


(77) 


It  now  remains  to  consider  critical  state  6 .  The  yielding 
zone  extends  to  a  part  of  the  web  at  the  tension  side  of  the  bar. 

For  the  bar's  critical-state  flexibility  we  have  Formula  (51) 
which  for  p-0  has  the  form 


x  =  I /'.-a.±1  i)  x,. 

V  a*  (o  +  4)  r  ’  ' 


(78) 


Here  0(p,,  l)is  a  function  of  two  variables  (22)  when  p-pit 
which  is  obtained  from  Formula  (76),  and  p*=l. 

On  the  basis  of  (55)  we  get  for  the  flexibilities  separating 
critical  states  5  and  6 


X„=  1 /  X,. 

■  V  a'(<x+4)  v  1 


(79) 


i 


(  ) 


The  distribution  of  regions  corresponding  to  different  criti¬ 
cal  states  of  the  bar  is  shown  schematically  in  Fig.  13.  The  three 
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points  A,  B  »ndC  on  straight  line  AD  (Pig.  10),  Jiaracteristic  for 
the  general  case  of  an  asymmetrical  H  beam,  collapse  into  one 
point  A  with  the  coordinates 


X 


A 


+  1 

Vt r+4 


(80) 


On  the  basis  of  (73)  the  abscissa  cf  point  D  is  Xo-Va+IXr. 
Expression  (66)  for  the  abscissa  of  point  S,  in  which  boundary 
curve  X 1 2  meets  straight  line  RTIa^^ar)  takes  on  the  form 
X,-/ 1^)761+4)  Xt. 

Point  K  on  the  critical-stresses  graph  (Pig.  10)  for  the  case 
of  a  T  section  becomes  coincident  with  point  F. 


Figure  1^  depicts  a  critical-stresses  graph  constructed  for 
a*=0,5«nda—  1,5. 


Fig.  14.  1)  kg/cm2. 


Comparison  of  the  graphs  shows  that  the  critical  stresses  in¬ 
crease  with  an  increasing  shape  parameter  o. 

§7.  Stability  of  T-Sectlon  Bars.  Bending  Toward  the  Flange 

In  the  given  case  the  flange  is  under  tension,  for  which  rea¬ 
son  the  meaning  of  the  notations  used  for  the  general  case  of  an 
asymmetrical  H  beam  changes  somewhat.  Let  F  be  the  flange  area 

and  F  .  the  web  area.  The  shape  parameter  Is  the  ratio 
s  t 

(J)  u--»Frf/F„.  (81) 

The  computational  relationships  for  the  case  being  considered 
are  obtained  from  the  general  relationships  found  in  the  first 
section,  by  replacing  in  tnese  a  by  a6  and  then  lecting  B  go  to 
infi  nlty . 
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Crltloa  r.Mten  ?. ,  3  and  4  ai  e  possible  when  a  T  bar  Is  bent 
toward  thi  !  i.  .In  critical  state  2  yielding  extends  to  a  part 
of  the  we*  f^om  the  direction  of  the  fiber  put  into  compression 
y  hr  be  .ding. 


After  the  above  transformations,  Relationship  (2*1)  takes  on 
form 


P  “ 


£i 


— -n-  JL  .  1±1 , f  \ 
2(a  +  l)  \  3  a +2  0,  —  o,p  / 


(82) 


For  the  bar's  critical-state  flexibility  we  get  from  (23) 


X  *=• 


a  +  I 
a*  (a  +4) 


V*{p.  I)X,. 


(83) 


where  <I>(p,  I)  is  the  result  of  substltutihg  (1-1  into  Expression  (22). 
The  critical  state  is  calculated  from  Formula  125),  in  which 


v  a*  a  |  ( 

3  a  (  2  a*  — 2p(u  +  l) 


(84) 


The  expression  for  flexibilities  corresponding  to  the  bound¬ 
ary  between  critical  states  2  and  3,  on  the  basis  of  (30)  and 
(31)f  is  written  in  the  form 


'i* 


where 


Mi 


^L(a  4- 1)  —  2. 


When  1-0  we  have  p-0,  and  consequently, 


v  a  +  4 

,+t  <r+T 


(85) 

(86) 

(87) 


Let  us  consider  critical  state  3.  The  plastic  compression  re¬ 
gion  extends  to  a  part  of  the  web.  Simultaneously,  a  part  of  the 
web  under  tension  is  yielding. 

The  bar's  critical-state  flexibility,  on  the  basis  of  (33), 
is  _ 

V  ^  6Mh+2)P-2tf  *.•  (88) 


where  p  and  y i  are  determined  by  Relationships  (82)  and  (86).  For 
the  critical  state  we  have 


o.p 


>»i  1-2 

.«  I  I 


(89) 


In  critical  state  4  a  part  of  the  web  is  subjected  to  plastic 
compression.  The  flange  and  the  part  of  the  web  adjoining  it  is  in 
plastic  tension. 
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Pig.  15 


We  use  the  previously  derived  Relationships  (37)  and  (*40), 
In  which  a  should  be  replaced  by  aS  and  then  we  should  set  p-  oo. 
For  the  bar’s  critical-state  flexibility  we  find 


where 


l/— h 

V  a*  (u  - 


l_ 
+  4) 


(90) 


a*  -f  2u  —  I  —  1 2  4-  — -  v  _(a  +  |)» 

I  .1  a  I.  )  1  if. 


(91) 


For  the  flexibilities  separating  critical  states  3  and  *4  we 
find  on  the  basis  of  (*41) 


1 


(9  2) 


/ 


i 


X 
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«  H  . 

- It .  •  A 

u^u  )  4)  1  * 


^rltlcc.1  rt ress  <Vo  x-0  la  determined  from  the  condition 
A 


The  distribution  of  regions  corresponding  to  the  three  pos- 
-fcle  critical  states  of  the  bar  is  shown  schematically  in  Pig. 

.5.  Boundary  curves  A2  >  and  An,  meet  on  the  ordinate  axis  in  point 
On  the  basis  of  (67),  we  have  for  the  corresponding  stress 

«Ot(a—l)/(a+ 1). 

Figure  16  displays  a  critical-stresses  graph  for  a-0,5  and 

a -1,5.  Comparison  of  the  graphs  shows  that  the  critical  stresses  in¬ 
crease  with  an  increase  in  shape  parameter  a. 
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STATIC  STABILITY  OF  A  STEEL  TELEVISION  TOWER 

Doctor  of  Technical  Sciences  Professor  N.K.  Snltko 

(Leningrad) 


The  present  paper  is  concerned  with  the  stability  of  a  steel 
tower  about  315.3  m  high.  The  tower  includes  an  elevator  shaft 
(Pig.  la)  200  m  high  and  3  m  in  diameter,  body  of  the  lattice-type 
prestressed  p.il-welded  tower  (Pig.  1,  branches  b) ,  three-story, 

13  m  high  building  on  top  of  the  tower  (Pig.  la)  and  a  115.3  m 
high  antenna  (Fig.  Id).  The  antenna  is  connected  to  the  elevator 
shaft,  which  takes  up  the  vertical  loads  on  the  antenna.  The  shape 
of  the  body  is  a  hexagonal  lattice-type  pyramid,  narrowing  toward 
the  top  due  to  breaks  and  changes  in  the  slopes  of  booms;  the  base 
width  of  the  tower  is  60  m.  The  tower  body  has  no  braces.  The  main 
diaphragms  connecting  the  body  and  the  elevator  shaft  are  placed 
in  each  Junction  of  the  tower's  body  at  each  10-15  m  (Pig.  2).  The 
diaphragms  are  made  in  the  form  of  hexagonal  platforms,  whose 
Junctions  are  connected  by  an  original  star-shaped  system  of  flex¬ 
ible  tension  struts  with  the  elevator-shaft  diaphragm  (Pig.  3, 
section  I-I).  The  elevator  shaft  is  an  all-welded  lattice  frame 
3x3  m  in  cross  section  and  with  an  enclosure  in  the  form  of  a  ver¬ 
tical  cylindrical  shell  from  preassembled  stiffened  3teel  panels. 
The  upper  part  of  the  tower  becomes  wider  at  the  187  m  elevation 
to  a  6x6  m  cross  section,  and  becomes  a  single  entity  with  the  an¬ 
tenna  within  the  limits  of  the  building.  The  steel  structures  of 
the  tower  body,  elevator  shaft  and  the  antenna  are  made  from  brand 
15XCHH  steel.  The  inner  tube  of  the  elevator  shaft  and  the  lat¬ 
ticed  body  of  the  tower  take  up  at  the  187  m  elevation  (Fig.  1)  a 
vertical  load  Pi  of  building  b  and  the  antenna.  In  the  first  ap¬ 
proximation,  this  load  is  292  t  (the  building  alone  weighs  P—250 
t)  .  The  flexibility  of  the  elevator  is  much  greater  than  that  of 
the  latticed  tower,  for  which  reason  it  becomes  necessary  to  check 
the  static  stability  of  the  elevator  shaft  when  subjected  at  its 
upper  end  to  the  large  concentrated  force  P\.  At  the  same  time, 
it  is  necessary  to  take  into  account  the  elastic  Junctions  between 
the  elevator  shaft  and  the  tower  body  in  the  form  of  horizontal 
diaphragms  and  the  connections  between  the  shaft  and  the  tower  in 
the  upper  cross  section. 

)  We  shall  examine  the  buckling  of  the  elevator  3haft  which 

takes  up  the  building's  load,  on  the  assumption  that  the  Junctions 
of  the  tower  proper  do  not  move,  which  will  make  it  possible  to 
estimate  the  relative  stability  of  the  elevator  shaft.  We  3hall 
first  consider  the  sufficiently  concrete  design  scheme  of  the  ele¬ 
vator  shaft  as  a  bar  clamped  at  its  lower  erd,  which  has  a  number 
of  elastic  horizontal  supports,  which  simulate  the  reactions  of 
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thr  horizont  1  laphragms  connecting  the  shaft  to  the  tower  (Fig. 
Pj  .  Then  we  shail  consider  the  solution  of  this  problem  as  simu¬ 
lated  by  bar  on  a  continuous  elastic  foundation.  Then  we  shall 
present  simple  solution,  which  is  also  sufficiently  close  to  the 
preceding  one,  for  a  bar  with  one  elastic  support,  reduced  to  the 
'"e o  end  of  the  bar. 


First  we  solve  the  problem  of  stability  of  the  elevator  shaft 
shown  in  cross  section  in  Fig.  ^ .  The  cross-sectional  area  of  the 
shaft  is  F-641  cm2,  the  section's  moment  of  inertia  is  7*— 13,8 - 1 0® 
cm%  —0,138  m" .  The  area  of  the  middle  cross  section  of  the  tower 
body  (Fig.  3)  1  r»  /\,”30f>  m2  ,  the  moment  of  inertia  of  the  tower 
body  section  relative  to  an  axis  parallel  to  the  sides  of  the  hex¬ 
agon  is  /,n”IOO-IO*  r*4-w|,(»  m1*  .  The  radius  of  inertia  of  the  tower 
body  is  720  cm,  and  of  the  elevator  shaft  is  1^7  cm.  It  is  neces¬ 
sary  to  check  the  stability  of  the  elevator  shaft  as  of  a  bar, 
clamped  at  its  lower  end  and  elastically  supported  at  the  Junc¬ 
tions  of  the  tower  body  (Fig.  2). 

To  determine  the  critical  force  for  the  elevator  shaft  we 
find  the  compliance  coefficients  of  the  elastic  diaphragm  supports 
made  of  tension  struts  1  through  5  in  which  are  produced  repulsion 
forces  when  force  R- 1  is  applied  (Fig.  1).  To  simplify  the  calcu¬ 
lations,  we  shell  replace  each  two  tension  struts  which  meet  in 
an  external  junction  by  an  "averaged"  tension  strut.  As  a  result, 
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we  will  got  only  three  forces  *»,  (two  unknowns),  for  which 

we  set  up  two  conditions  of  equilibrium  and  compatibility  of 
strains 


2X,coi60 •  +  *,«/?-  I; 
6,  -  6,  cot  60*. 


(1) 


where  6i-  ---  .  We  find  X, -0,667  For  example,  for  section  II -II  lo¬ 
cated  at  the  68  m  elevation,  for  a  minimum  diameter  4-0,5  cm  we 
have 


-  0,785-  l(M  m*. 


The  compliance  coefficient  of  the  elastic  support 


££_  =  2.1  I0>. 0,785- Kr4 
Xtr  0.667TS 


t/m. 


All  the  remaining  compliance  coefficients  for  elastic  sup¬ 
ports  shown  in  Fig.  2  are  found  similarly. 


Fig.  5 


The  problem  of  stability  of  the  reduced  system  can  be  solved 
in  matrix  form  using  a  method  of  Professor  A.F.  Smirnov  [1] 
on  an  electronic  computer  [EC]  OliBM). 

If  an  EC  is  not  available,  one  should  seek  an  approximate  so¬ 
lution,  which  consists  in  simulating  the  tower  by  a  bar  on  a  con¬ 
tinuous  elastic  foundation  with  constant  cross  section  (Fig.  5a). 
To  determine  the  stability  of  this  bar,  we  calculate  the  deforma¬ 
tions,  using  the  equation  of  the  bent  axis  of  a  compression-bent 
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bar  on  an  elastic  foundation,  presented  In  Reference  [2]. 

In  the  given  case,  making  use  of  the  fact  that  when  x-0, y»-0 
and  9s “0.  we  have 


rfhere 


gm  ^jhax»lnjU4-^(-y<:haxilnpx---i-ah**eosPx),  (2) 


<0-  W>,6^  — >>); 

P-  V^,5(6  + y); 

*ViF= 


(3) 


a  is  the  compliance  coefficient  of  the  elastic  foundation,  which 
Is  assumed  to  be  constant  and  equal  to 

t/m’- 

We  note  that  Solution  (2)  has  corresponding  to  it  the  case 
of  coaplex  conjugate  roots  of  the  characteristic  equation  of  a 
k/iown  4th  order  differential  equation  for  a  compressed  bar  on  an 
elasticToundation,  when  y<6,  l.e.,  when  the  compliance  coeffi¬ 
cient  of  the  elastic  foundation  is  large 

l^v  +  2Y/  +  6«y-0. 

For  this  problem  this  occurs,  which  is  established  by  preliminary 
approximate  determination  of  the  critical  parameter;  here  it  is 
found  that  y/£~0,217. 


We  now  pass  on  to  setting  up  the  characteristic  equation.  The 
boundary  conditions  in  the  given  case  are  written  for  x-/,  y^-0,  y^-O. 


From  (2)  we  get 

a- ch<u  cos  (U  —  y  sh  ox  sin  fix)  + 
+  j^(a  chaxsinfJx  +  Pshax  cos  fix); 

— ■  YP)  sh  ax  cos  Px  — 

—  (2aP*  +  ya)  cu  ax  sin  Px]  + 

+  l(a*  —  P1)  shax  sin  Px  +  2aP  ch  ax  cos PxJ. 


(4) 


Using  the  above  boundary  conditions  and  previously  derived 
expressions,  we  get  the  following  characteristic  equation 


-  24  - 


(5) 


(2afich  veosv,  —  yshvsln  v,)*  + 

4  (2afly  —  a*p  4  a|P)  sh  v  ch  v  sin  v,  cot  Vj  — 
—  P(2a*(J— Y<J)«h*vcos,v,  -f 
4- a  (2aP*  +  ya)  ch*v  sin*  v,  —  0, 


where 


v  -  ai  -  /  /0,5(6-y); 
v  -  pi  -  /  /O.s^+v)- 


(6) 


If  Eq.  (5)  cannot  be  satisfied,  then  the  parameter  y  is  de¬ 
termined  by  a  deformation  calculation  which,  in  addition  to  the 
axial  force,  also  takes  into  account  the  additional  wind  forces 
on  the  upper  end.  Here  the  instant  at  which  forces  Q,  start  in¬ 
creasing  rapidly  is  established  on  the  basis  of  increase  in  the 
^unctions 

4-(2a|l chvcosv,  —  Y»h  vsin  v,), 

-]r  (achviinv,  4  Pshvsin  vj. 


3ince  exact  calculations  are  quite  complicated,  we  shall  approxi¬ 
mately  estimate  the  critical  force  compressing  the  elevator  shaft 
by  reducing  all  the  elastic  reactions  to  a  reaction  at  the  free 
end  (Fig.  5b). 

The  resultant  elastic  reaction  R^  can  be  obtained  approxi¬ 
mately  by  setting  the  sums  of  moments  at  the  built-in  end  due  to 
all  the  elastic  reactions  equal  to  the  moment  of  the  elastic  reac¬ 
tion  reduced  to  the  free  end 

=  =  (7) 

where  a.  is  the  distance  of  the  ith  elastic  support  to  the  built- 

in  point,  and  m«  is  the  tth  support  compliance  coefficient.  In  ac¬ 
cordance  with  Formula  (7)  we  find  for  the  given  tower  (Fig.  2) 

m—  =  719  m/*. 


For  a  bar  clamped  at  the  lower  end,  we  have  at  the  upper  end 
at  x-/ 


Al.«  0,  Q0«|*J; 

Mf/nl*  j l—cosvv  .  QjnPlv  —  sinv  , 

I  + 


(8) 


where  the  second  condition  requires  that  the  sum  of  transverse 
forces  be  zero.  The  above  makes  it  possible  to  write 
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Af#cosv+Q#/i^~0; 


0, 


(9) 


Equating  to  zero  the  determinant  of  coefficients  of  Afo—Qo 
In  the  system  of  equations  (9),  we  find  the  following  characteris¬ 
tic  equation 


— 

(i  —  COI  v\ 

1  tin  v 

1,£2  ' 

l  v*  1 

[EJ  1 

i  V*  / 

J  v 

0, 


which,  after  elementary  transformations,  is  represented  in  the 
form 


ml* 

£7v* 


^COS  V  — 


tin  *  \ 
v  ) 


COS  v. 


(10) 


Solving  the  last  equation  by  successive  approximation,  we 

find 


v  —  2,03. 


Prom  this  the  approximate  value  of  the  critical  force 


4,121  FJ 

i* 


(11) 


The  elevator  shaft  has  a  high  flexibility  (Jl-196,4). 

According  to  (11),  the  critical  force  in  this  case  will  be 
n  _  4,121  EJ  4.1212.110*  0,138  0i0_ 

- w - 342  r 

For  the  more  exact  computational  scheme  (Pig.  5a)  we  get  from 
deformation  calculations  that  Pkp**=338  t,  which  differs  from  the  ap¬ 
proximate  value  by  approximately  1.1JJ. 

Since  the  acting  force  (on  the  assumption  that  1/2  of  the 
force  is  transmitted  to  the  shaft)  is  1*J6  t,  then  we  have  a  suffi¬ 
cient  safety  factor  for  stability  (2.3*0.  The  elevator  shaft  is 
entirely  stable  relative  to  the  body  of  the  tower  due  to  the  close 
spacing  of  sufficiently  stiff  diaphragms.  Actually  Pkr,  when  the 

compliance  of  the  tower’s  junction  is  taken  into  account,  will  be 
somewhat  lower  than  the  value  established  here. 

For  an  approximate  check  of  the  stability  of  the  envire  vari¬ 
able  cross  section  tower,  we  replace  it  with  a  constant  cross  sec¬ 
tion  bar,  which  is  represented  by  section  I-I  at  the  92  m  mark. 

We  have  the  total  moment  of  Inertia  of  the  entire  cross  section 
(the  tower  body  and  the  elevator  shaft) 

Jm  =  Jn  +  J*=  1.6  +  0.138=  1,738**. 
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For  /a  bar  with  free  upper  end  th^  critical  force 


o  _  ***/«  9,87  2,1  10»-  1.738 

ih  - ttts - -  2670r- 


i.e.,  the  safety  factor  for  stability  is  substantial  (8.8). 
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CERTAIN  QUALITATIVE  ESTIMATES  OF  CRITICAL  FORCES  IN  BAR  SYSTEMS 

Engineer  I.D.  Suzdal ’nltskly 

(Novos i b i rsk ) 


A  large  variety  of  methods  is  available  for  obtaining  In  a 
large  number  of  cases  quite  effective  solutions  for  eigenvalues 
of  matrices.  At  the  same  time,  difficulties  which  arise  in  solving 
equations  containing  nonlinear  functions  of  the  sought  parameter 
have  not  as  yet  been  overcome . 

The  present  article  shows  estimates  of  the  smallest  positive 
root  (critical  value)  of  equations  of  the  theory  of  stability  of 
the  equilibrium  of  bar  systems,  which  make  it  possible  to  calcu¬ 
late  the  root  with  any  desired  accuracy. 

The  critical  value  of  the  load  parameter  for  which  a  struc¬ 
ture  composed  of  nonthin-walled  rectilinear  bars  and  loaded  by 
axial  compressive  forces  loses  its  stable  equilibrium  can,  as  is 
known,  be  determined  from  the  condition  of  existence  of  a  nontriv¬ 
ial  solution  of  the  homogeneous  system  of  canonical  equations  of 
the  method  of  translations 


(n=  1,2, 


(1) 


or  in  matrix  form 


RX*=  0. 


Here  L  Is  a  translation,  rm=rni(v  )(/•„„> 0.  is  a  reaction 

i 

arising  on  translation  in  the  direction  of  translation  Xn  and 

v  is  a  parameter,  related  to  the  critical  axial  compressive  force 
by  the  relationship 


The  prime  at  the  summation  sign  in  Expression  (1)  shows  that 
a  term  with  number  i=n  was  dropped. 

In  Eq.  (1)  we  make  the  substitution  and  solve  them 

. .  ‘  '  Lor 

rni 


for  Z  .  Introducing  the  notation 
n 


—  a, 


V  rnr/ll 


(2) 
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we  get 


N 

Z.  =  E a«Z,  («“  1,2,...., AO.  (3) 

/- 1 

System  (3)  written  In  matrix  form  has  the  form 

(lj) 

The  principal  diagonal  of  symmetrical  matrix  d(v)  contains 
zeros,  while  Its  other  elements  are  a  .. 

ti  i 

We  denote  the  eigenvalues  of  matrix  4(v)  for  an  _arbltrary,  but 

specific  v  by  1*  (*-1,2 .  N)  and  the  eigenvectors  by  Z*(Zj*\ 

Without  detriment  to  generality,  we  shall  assume  that  the  ensemble 
of  all  the  eigenvectors  { z* }  comprises  an  orthonormal  basis  of  an 
/V-dimenslonal  space.  By  definition  of  an  eigenvalue  and  eigenvec¬ 
tor  of  matrix  >4(v) 

1*7,  —  A  (v)Z»,  (5) 

or,  which  is  the  same  thing, 

W- r  <n- 1.2, . AO.  (6) 

<-i 

Let  v0  be  the  smallest  (critical)  value  of  the  parameter  v, 
for  which  system  of  equations  (1)  or  its  equivalent  matrix  equa¬ 
tion  (4)  has  a  nontrivial  solution.  The  following  theorems  make 
it  possible  to  establish  the  upper  and  lower  estimates  of  the 
value  of  v0  . 

Theorem  1.  For  v>v0  at  least  one  of  the  eigenvalues  of  matrix 
•4(v)  is  greater  than  unity. 

Proof.  The  quadratic  form 

U  -  ( RX ,  X)  -  (Z  —  AZ,  Z), 

corresponding  to  Eq.  (*»)  is  represented  in  the  form 
U**  (Z  -  XZ  +  XZ  -  AZ,  Z)  -  ( 1  -  X)  |Z|»+  (XZ  -  AZ,  Z). 

If  we  set  here  X-X*™* Z-Zk  then,  on  the  basis  of  (5),  the  sec¬ 
ond  term  will  become  zero  and,  consequently, 

(i  —  (7) 

The  values  acquired  by  the  quadratic  form  at  orthonormal 
eigenvectors  of  the  symmetric  operator  are  stationary  [1],  But, 
when  v>v0,  when  the  bar  system  is  in  the  unstable  state,  the  matrix 
of  reactions,  as  is  known,  is  not  positive-definite,  as  a  result 
of  which  at  least  one  of  the  stationary  values  of  the  correspond¬ 
ing  quadratic  form  is  negative.  Let  U i<0.  itwn  1—  Xi<0«»dXi>l.  This 
proves  the  theorem. 

The  matrix  of  reactions  can  alwayc  be  t.  rarn  farmed  r-.'<  thn»  t.. 
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;he  elements  /1th  an  even  sum  of  subscripts  (with  the  exception 
)f  those  In  ie  principal  diagonal)  would  be  zero. 


Mat  i 


^(v)  in  this  case  for  an  even  N  has  the  form 


4v) 


0 

«»•  o 

...  o 

0  att 

°1.N- 

.0 

0 

a„  0 

...  0 

aXN 

0  a 

W-  I.I® 

.  .  .  0  a 

H  \.N 

a*. 

0 

•  •  •  aN.N  1 

0 

(*8) 


For  an  odd  N  the  last  column  and  the  last  row  of  (8)  should 
be  dropped. 

Theorem  2.  For  v<v0  the  absolute  values  of  all  the  eigenval¬ 
ues  of  matrix  ^(v)  which  have  the  form  of  (8)  is  less  than  unity. 


Proof.  Let  Ai  be  the  highest  eigenvalue.  When  v<v0  the  matrix 
of  reactions  is  positive  definite,  and  hence  all  the  stationary 
values  of  quadratic  form  U  are  positive.  In  particular,  U,> 0  and, 
on  the  basis  of  (7),  A|<1.  It  remains  to  prove  that  the  smallest 
eigenvalue  is  A*>  — I. 

If  A'  is  an  eigenvalue  and  Z'(Z\,  ZJ _ _  Z'N)  is  the  corresponding 

eigenvector,  then  it  is  possible  to  check  by  direct  substitution 
into  Eqs .  (3)  where,  according  to  (8),  for  an  even  n  +  i  ,  an,  =  o,  that 
A"-—  A'  .nd  Z"(-Z;,  Z\ (— 1)*  Z'H  )  is  also  the  eigenvalue  and  eigenvec¬ 
tor  of  matrix  A(\).  Then  when  ArO  the  lowest  eigenvalue  A*  =— Ai>- I- 


Theorem  3.  If  matrix  d(v)  is  represented  in  form  (8),  then 
matrix  4J(v)  can  be  written  in  the  block-diagonal  form1 


A'(v)  = 


A{(v)  0 

0  A\  (v) 


For  an  even  N  both  matrices  A[  have  the  same  eigen¬ 

values.  For  an  odd  N  one  eigenvalue  of  the  first  matrix  is  zero, 
while  the  remaining  are  also  identical  with  the  corresponding 
eigenvalues  of  the  second  matrix. 

Proof.  If  N  is  odd,  then,  as  follows  from  the  nroof  of  Theo¬ 
rem  2,  one  of  the  eigenvalues  of  matrix  /l(v)  (middle)  should  be 
equal  to  zero.  Adding(Af+ 1) th  zero  column  and  row,  we  get  an  even- 
order  matrix  which  now  has  two  zero  eigenvalues,  while  the  remain¬ 
ing  eigenvalues  are  the  same  as  in  the  starting  matrix.  As  a  re¬ 
sult  of  the  above,  it  suffices  to  prove  the  theorem  only  for  an 
even  N. 


In  matrix  4(v)  we  rearrange  the  rows  and  the-  column,, ,  planing 
odd  rows  and  columns  first  and  then  even  rows  and  columns.  We  get 


4(v)  = 


0  A% 

a;  o 


* 


30 


I 


! 


» 


Here  the  asterisk  (•)  nerves  as  the  transposition  sign. 


We  square  W(v) 


A\y) 


We  have  two  matrices 


The  validity  of  the  theorem  follows  from  the  fact  that  the 
form  of  the  characteristic  equation  of  the  product  of  matrices 

which  supplies  the  eigenvalues,  does  not  depend  on  the  or 
der  of  the  cofactors  [2]. 


Theorems  1-3  and  the  identity 

Sp  A'  —  X*  -f-  Xj  t  •  •  •  +  Xjr  ( g  j 

where  Sp^  is  the  ath  degree  spur  of  matrix  A  and  Xi.  X,, ....  X*  are 
its  eigenvalues,  make  it  possible  to  suggest  the  following  cri¬ 
terion  . 


that 


Let  for  a  specified  v  there  exist  such  a  power  index  m-m, 


Sp  (v)  <  1. 


(10) 


Then  v<v0.  If,  however,  starting  with  some  m-^,  Sp Af"  (v)  in¬ 
creases  with  an  Increase  in  m,  then  v>v0. 

In  fact,  if  Sp/4j,,>(v) <1,  then  all  the  eigenvalues  of  matrix 
4i(v)  do  not  exceed  unity  by  virtue  of  (9).  According  to  Theorem  1, 
v<v0.  An  increase  in  SpAf(v)  with  an  increase  in  m  points  to  the 
fact  that  at  least  one  of  the  terms  in  the  right-hand  side  of  (9) 
is  greater  than  unity.  This  is  possible  only  when  v>v0 

Corollary.  If  at  least  one  of  the  elements  of  matrix  4*"(v), 
for  a  specified  v,  exceeds  unity,  then  v>v0. 

In  fact,  in  calculating  the  spurs  of  degrees  of  matrix  A\  (v) 
the  latter  -  In  this  case  -  can  reach  a  value  as  high  as  desired, 
which  shows  that  the  second  part  of  the  criterion  is  satisfied. 

In  conclusion,  we  present  simpler,  although  more  rough  esti¬ 
mates  . 


Theorem  4.  If 


max 


_'nl _ 

V  rnnru 


>  I, 


(11) 


then  v>v0.  and  if 


(N  —  I)  max 

n,i 


_ [Ai _ 

V  Wu 


I. 


(12) 
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then  v<v0 

Proof.  The  validity  of  the  first  assertion  follows  from  the 
Just  for  alated  corollary.  To  prove  the  second  assertion  of  the 
theorem,  we  scalarly  multiply  both  parts  of  Eq .  (5)  by  vector  Z^. 
p-et 

*•1  *»!  /•! 

I  ! 

%  0 

We  estimate  the  absolute  magnitude  of  the  right-hand  side  of 
Expression  (13) »  using  for  this  purpose  the  triangle  inequality 
and  the  inequality  of  [33. 

N  N 

*-i  «-r 


Fig.  1 


Dropping  the  subscript  k 

N  N 


o-l  (.1 


in  ( 13)  ,  we  have 

|S  ft  lZiHz«l  = 

<•-1  1 


__  ina*  | 
n,i 


\°n 


S 


(U) 


(2), 


Equating  (13)  and  (1*0  and  substituting  the  value  of  a  .  from 

Tl  t* 

we  get  an  estimate  of  the  absolute  magnitude  of  eigenvalue 


|X*|  <  (N—  l)max 

n,i 


rnl 

/  'nn'tl 


(15) 


It  follows  from  (12)  and  (15)  that  for  any  fcX*  <1.  and  this, 
by  virtue  of  Theorem  1,  Is  possible  only  for  v<vn. 


u 
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It  1  s  easy  to  prove  that  in  a  number  of  cases  Estimate  (12) 
can  be  strengthened,  i.e.,  if  matrix  4(v)  ha3  the  form  (8),  then 

jV— I  's  replaced  by  N/2  for  an  even  N  and  by  for  an  odd  It;  for 

a  Jacobian  matrix  of  reactions  N—  I  should  be  replaced  by  the  num¬ 
ber  2 . 


Example.2  Let  us  consider  the  stability  of  the  equilibrium 
of  the  frame  depicted  in  Pig.  1.  The  canonical  equations  of  the 
method  of  translations  have  the  form 


where 


rn  -  39,  (v)  +  4,8; 

16f,(v)  +  8; 

r»»-  4.5*1  (v)  + 8, 

f «<  “  89*  (v)  +  ®; 

rm  -  309,  (v)  +  10; 

rM-  189,(v)  +  12; 

/•„  =  189,  (v)  +  7,6; 

•=■  369,  (v)  +  5,6; 

1 89,  (v)  4  5,6; 

rio.io  =  3,69,  (v)-f- 3,6; 

rn.n  =  129,(v)  +3,6; 

ria.ij  “  89,  (v)  +  3,2; 

^ixij  “  (v)  3,2;  =  20v,(v)+l,6; 

rn  ~  =  rt4  =  f  «»  —  f »»  =  2;  ■=>  r =  3; 

rn  ~  r».io  “  r\\.n  “  ru.i3  =  ri».i4  “  rio.n  = 


Functions  9i  (v)-~,<pi  (v)  are  tabulated  [5]. 


Since  when  v>3,33,  I5^i  (v)  43,2<0,  «•*•«  Vkp»v0<3,33.  Estimates  (11) 

and  (12)  make  it  possible  to  point  to  a  sufficiently  narrow  isola 
tion  range  of  the  sought  parameter  Vo: 


i»  v  »  3,32  max  —  "~t'- 


"  V  »+i 


rn.n 


V  r\7,\lf\i.\i 


0,277  <  | , 


•Oil.  lor  am  3,32 


rn.  (i+l 

max 

"  V  'm'a+l.'+t 


rn.n 

V  fU.IJ  rIJ.I» 


1.57  >  I. 


Thus 


3,3  <  v,  <  3,32 . 


The  isolation  range  can  be  further  narrowed  down  by  using  In 
equality  (10).  Writing 


N- 1 


(16) 


Sp^=  V_^±i 

^  »+l 

flnl 

N  '  .,  N  ?  2  2 

Sp/IJ  -  XI  (  _ V  +  2  V - ^!±L-2±L2±? - ^  ,  (17) 


we  get  from  (17)  Sp/i;  (3.31)  =  0.469<l,  i.e.,  3,31  <v0<3,32. 

The  above  estimate  Is  in  agreement  with  that  obtained  by  R.R 
Matevosyan  [4]. 
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Remark.  Since  Sp  A\  (3,32) -4,631  i3  smaller  than  l,  i  (3,32)  -  16.243, 
then  by  vir„  ie  of  the  previously  proven  criterion ,  3,32<v0. 

The  above  method  Is  also  suitable  for  finding  the  natural 
frequencies  of  free  vibrations. 
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Footnotes 


Matrix  *?tv)  is  formed  from  elements  of  matrix  *'(*)•  lying 
on  the  intersection  of  odd  rows  and  columns,  while  ma¬ 
trix  Aj(v)  is  composed  of  elements  lying  on  the  intersec¬ 
tion  of  even  rows  and  columns  .  The  remaining  elements 
of  matrix  are  zeros. 


33  2This  example  is  ta.cen  from  [4], 
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o  IMPACT  IN  SYSTEMS  WITH  DISTRIBUTED  PARAMETERS 

Engl  neer  M.V.  Blokh 

(  Kh  a  r  '  kov  ) 


The  ever-increasing  speeds  at  which  presently  used  mechanisms 
are  designed  to  operate  have  increased  the  timeliness  cf  the  ques¬ 
tion  of  strength  attendant  to  impact  loads,  and  primarily  of  con¬ 
tact  strength.  As  is  known  [1],  solving  the  problem  of  impact 
without  considering  local  crumpling  (according  to  St.  Venant) 
yields  Incorrect  results,  for  which  reason  in  present-day  consid¬ 
eration  of  the  impact  process  account  is  taken  of  the  relationship 
between  the  contact  force  and  the  local  deformation,  but  this  re¬ 
lationship  is  established  under  static-load  conditions.  Two  ap¬ 
proaches  to  this  problem  exist. 

1)  In  solving  the  problem  of  impact  of  colliding  spheres  H. 
Hertz  has  used  a  static  relationship  in  the  domain  of  inverse 
transforms.  The  same  relationship  was  used  by  S.P.  Timoshenko  [2] 
in  considering  Impact  applied  to  a  simply  supported  beam. 

2)  N-A.  Kil'chevskly  [ 3 1  used  operational  calculus  for  con¬ 
sidering  the  static  relationship  in  the  domain  of  transforms.  It 
should  be  emphasized  here  that  when  the  Inertia  terms  are  not  con¬ 
sidered  the  transforms  of  Lame  equations  with  zero  initial  condi¬ 
tions  become  identical  with  Lame's  static  equations,  and  this  cor¬ 
responds  to  the  problem  of  suddenly  applied  contact  force. 

Since  the  relationship  between  the  contact  force  and  contact 
deformation  is  in  general  nonlinear,  then  these  two  approaches  to 
the  solution  are  not  mutually  equivalent.  It  Is,  however,  of  sub¬ 
stance  that  both  solutions  should  become  identical  in  the  linear 
case,  and  their  results  can  be  compared  with  those  obtained  ex¬ 
perimentally  [4]  using  concentrated  masses. 

The  present  paper  considers  the  solution  of  certain  problems 
stated  in  both  of  the  aoove  manners  .  Here  we  use  the  following 
general  expression  for  the  relationship  between  the  contact  force 
and  deformation  [5]: 

)  Q  =  ck  yl . 

where  Q  is  the  contact  force; 

ii,  is  the  contact  deformation; 

°  K 

R  is  the  static  nonlinearity  index,  determined  either  theo¬ 
retically  or  experimentally,  here,  according  to  I.Ya. 
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Ehta./or:nari  [6],  In  the  case  of  the  so-called  'closer  con- 
.1 

tact  i  *  fi  <  — -  . 

When  p<l  Expression  (1)  can  be  used  for  determining  the  maxi¬ 
mum  force  attendant  to  appearance  of  plastic  deformations  . 

We  shall  first  consider  the  solution  due  to  N.A.  Kll'chev- 
skiy,  since  the  use  of  operational  calculus  makes  it  possible  to 
easily  Isolate  a  class  of  elastic  systems  with  common  impact  prop¬ 
erties;  here  the  system  subjected  to  the  impact  will  be  called 
passive.  For  it  we  shall  consider  local  crumpling  as  well  as  the 
over-all  deformation,  which  we  shall  by  convention  call  the  de¬ 
flection  of  the  system.  Only  the  local  crumpling  will  be  consid¬ 
ered  in  the  impacting  body. 

§1.  Solution  of  the  Problem  due  to  N.A.  Kll'chevskly 

We  write  the  equation  of  motion  of  the  impacting  mass  M  in 
the  form 

M*=-Q<0  +  Q..  (2) 

where  x  is  the  absolute  displacement  of  the  mass;  Q(t)  is  the  im¬ 
pact  force;  Q-KMg  is  a  constant  force  applied  to  mass  M,  K  is  the 
static  load  coefficient. 


The  Laplace-Carson  transform  of  Eq .  (2)  has  the  form 

Q*(p)  =  —  AV z* (p)  -j-  Mpv  +  Q, ,  (3) 

where  Q(0  Q*(P)‘,  z(l)  r  z*(p)'.  1  —  P\  v  is  the  Impact  velocity;  here  in 

this  chapter  we  shall  set  Qo=0. 

It  follows  from  geometrical  considerations  that 

*»  =  y\(p)+  <ftip),  (4) 


where  y is  the  transform  of  the  contact  deformation,  while  y 

is  the  transform  of  the  deflection  of  the  passive  system  at  the 
point  of  impact. 


According  to  [3]>  we  get  y^*  from  Expression  (1).  Since  the 

passive  system  is,  in  the  majority  of  cases,  a  system  with  dis¬ 
tributed  parameters,  then  the  transform  of  Its  deflection  is  rep¬ 
resented  in  the  foi'm  (see  Section  3) 

cr 

«£«“♦•(/>);  V*(a)  Vjl;Rep>0;  /»!-►<»,  (5) 

i  *o 


where  —  t*(p)  is  the  transform  of  the  deflection  of  the  passive 
c 

system  due  to  a  suddenly  applied  unit  force;  here  the  representa¬ 
tion  of  Formula  (5)  for  (p)  in  the  vicinity  of  an  infinitely  re¬ 
moved  point  embraces  quite  a  wide  class  of  functions. 
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Passinr  In  Expressions  (5)  to  the  dimensionless  time  to-  — *  r 


f  Jo-do/),  we  get 


y<  -  ~  (*.) ;  ct  -  ;  («6)  i0-*<  . 

'  1-0 


It  will  be  shown  below  that  a  solution  in  the  form  of  (5)  and 
(6)  embraces  a  wide  class  of  passive  systems  grouped  according  to 
the  index  a. 

Substituting  Expressions  (4),  (1)  and  (6)  into  Eq.  (3),  we 
get  an  equation  for  the  transform  of  the  impact  force 

«-w-VI  Q,>c‘~ 7 + f  SW  ] + 

which  we  rewrite  in  the  form 


From  this  the  transform  of  the  impact  force  can  be  repre¬ 
sented  in  the  form  of  an  infinite  chain  fraction 

'■  =  177^ ;  +  <7) 

b  *  f°!°_  *_■  C^I1  ' 

°  *  M  ’  M 

Let  us  consider  the  expansion  of  Fraction  (7)  in  powers  of 
the  small  parameter  ,  which  corresponds  to  Uol-»  °°  ;  Re  s0>0  (t0- 0). 

In  this  case,  the  problem  reduces  to  calculating  the  Burman-La- 
grange  series  [8]  for  the  function 

D“  JT+7J  =zd°  +  dir?+d2rl+  -  ’  r>-^ri0  '#-*°.  (8) 

which  is  feasible,  since  rg  has  a  first-order  null  in  r,-0. 
According  to  [H],  we  get  for  our  case 

1; ~  7 I0- ! * . (9) 

where  C£=l;  Cnm  =  w(m'~  l)’  {— — til  for  any  m;  here  p=  i  dj=(—\)J. 

nf 

The  numerical  values  of  coefficients  d.  coincide  with  those 

J 
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3 

obtained  In  another  way  in  [5]  for  0"— •  On  the  other  hand,  [3] 

does  not  hive  a  general  approach  to  calculating  the  coefficients 
a.,  which  nas  made  it  difficult  to  use  the  solution  obtained  in 

j  <j  4 

T31  for  the  particular  case  of  0— — ,  and  has  resulted  in  errors 
calculating  the  coefficients  of  the  expansion. 

The  quantities  of  Series  (8)  are  proportional  to  here 

the  convergence  of  the  series  improves  when  an<|.  which  corresponds 
to  ck<cc.  On  the  other  hand,  in  the  case  of  a  large  contact  stiff¬ 
ness  (c*>c0),  which  is  of  particular  practical  importance,  a?>l-  For 
this  reason  it  is  convenient  to  change  to  a  new  operational  vari¬ 
able  s  and  new  dimensionless  time  t: 

s=a,p  t  - -J  ;  «,  -  (10) 


where  the  value  of  a  is  determined  from  the  condition  of  improving 
the  convergence  of  Series  (8).  In  this  case,  instead  of  Expression 
(7)  for  ag  and  bo,  we  get 

a—  —  *=  a~  ;  b  =  bja2—  =  — — ;  at  —  a»,-p  ,  (11) 

fli  M 

Here  when  >}  a<(ck>c0),  since  it  was  assumed  that  a+0>l.  It  fol¬ 
lows  from  Expressions  (11)  that  the  coefficient  a  characterizes 
the  relative  stiffness  of  the  passive  system,  while  the  coeffi¬ 
cient  b  describes  the  relative  magnitude  of  the  impacting  mass  M. 

For  the  new  operational  variable  0  we  get  instead  of  Expres¬ 
sions  (6) 

y>  tJ-'K (*) ;  =  ca-\  $(s)  =  a-  (-J-)  =  h,aMrM;  *•=  1.  ( 12 ) 


Introducing,  analogously  to  Expression  (6),  the  representa¬ 
tion 

♦TW  =  a"  s'*';  (13) 


and  substituting  into  Expressions  (7)  and  (8)  instead  of  rp(s0)  from 
(7)  the  quantity  we  get  for  the  transform  of  the  impact 

force  Q*(b)  the  expansion 


a  <  i;  Q*  (*)  --  eq 


/**!  1  /n«r() 


)+*!+?  J  * 


EQ-Ck(vaiY. 


(l^O 


whose  inverse  transform,  taking  into  account  the  known  formula  for 
the  transformation  r-v  [7],  has  the  form 
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0  <  1;  Q( T)  =  Eq  Q( t);  =  C4  (0B,)» ; 

-  -  / 

r<'+&  +  “~£,  PW(a  +  P-1)+«(2^a)  +  «+P  +  li  * 


where  G(t)  is  a  dimensionless  impact  force. 

i  , 

Since  Expansion  (14)  for  the  transform  of  the  impact  force 
converges  in  the  vicinity  of  an  infinitely  removed  point  in  the 
right  half-plane,  then, Expansion  (15)  for  the  inverse  transform 
of  the  impact  force  also  converges ,  with  the  convergence  improving 
with  a  reduction  in  a,  b< I.  As  follows  from  (9)  and  from  the  expres¬ 
sion  of  formulas  for  h .  obtained  for  specific  problems.  Series 

t ,  m 

(15)  is  sign-variable  with  respect  to  i  and  j,  i.e.,  the  Leibnitz 
attribute  for  sign- variable  series  can  be  used  for  evaluating  it. 


It  follows  from  Series  (15)  that  _the  main  part  of  the  impact 
force  will  be  obtained  by  setting  in  ,Q( t)  a-ft= 0,  which  corresponds 
to  quite  large  values  of  o ^  and  M.  In  the  linear  case  0*1)  the 

transform  of  the  impact  force  and  its  principal  part  (a~0)  can  be 
represented  in  a  form  analogous  to  Formula  (7): 


Q'(s) 


(16) 


It  follows  from  Formulas  (5)  and  (13)  that  the  case  of  a-0 
has  corresponding  to  it  the  following  transform  of  the  deflection 
of  the  passive  system: 


a 


(17) 


Consequently,  the  case  of  a=0  should  be  regarded  as  a  case 
corresponding  to  limiting  expression  (17)  for  the  deflection  of 
the  passive  system  when  c*>>c0.  Here  the  constant  a\  (11)  in  the 

formula  for  the  dimensionless  time  t-  —  (10)  remains  finite. 

a, 

§2.  Solution  of  the  Problem  According  to  Hertz-TImoshenko 

Let  us  consider  in  this  section  the  process  of  repeated  im¬ 
pacts  of  the  mass  M  on  a  passive  system,  with  each  collision  pre¬ 
ceded  by  a  time  of  separate  motion.  Each  of  the  cycles  (consist¬ 
ing  of  separate  motion  and  impact)  will  be  assigned  a  number,  with 
the  subscripts  for  separate  motion  placed  in  parentheses.  The 
start  of  the  vtli  impact  is  denoted  by  Tvo»  its  termination  Is  de¬ 
noted  by  T  .  The  problem  will  be  considered  in  dimensionless  var¬ 
iables  t,  Q(t).  introducing  dimensionless  displacements  A  f  A  being 
the  dimensional  displacement)  and  k 
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Reduci  5  Eq.  (2)  and  the  boundary  conditions  to  the  above  di¬ 
mensionless  variables,  we  write  them  in  the  form 

~h  -  ~bQi  +  *;  *  -  Tu-=  0;  =  0;  z10  =  1.  ( 19 ) 

Integrating  Eq.  (19)  with  respect  to  t,  we  get 

J1(T)  =  -*|Q1W(T-x)dx  +  T  +  -^-l  (20) 

here  *i-y*i+yei,  since  the  geometric  relationships  of  Formula  (4)  are 
valid. 

For  the  dimensionless  contact  deformation  y we  will  obtain 
instead  of  Relationship  (1) 

y*i  <T)  =  QiF(t)  .  (21) 

and  for  the  dimensionless  deflection  of  the  passive  system  we  will 
get  on  the  basis  of  Representation  (12),  using  the  curl  of  trans¬ 
formations 

_  t  ' 

&l(TJ-=.fQl(*)l|>(T  —  X)dx, 


where  the  kernel  of  the  curl  ^(t)  is  determined  as 

*$(*)  -  (f)  •>♦<*>  -  t-7(t)  ;  m  +  0.  (23) 

Formula  (23)  is  valid  for  a>0,  since  it  follows  from  Expression 
(5)  that  ye  (0)  -0. 

Substituting  Expressions  (21)  and  (22)  into  (20),  we  will  get 
a  nonlinear  integral  equation  for  the  impact  force  Q,(t) 

1  T 

Q7  (t)  +  J ' 3i  (*)  F(x  —  x)dx  =  0,  (t);  0,  (t)  =  t  +  -y- ; 

F(x)  =  ^(x)-\-bx.  (24) 

The  first  collision  terminates  when  x  =  Tu.  when 

$1  (Tu)  =  0. 

In  the  following  separate  motion  the  deflection  of  the  system 
is  written  in  the  form 

r„ 

Qi(x)y(x-x)dx,  (25) 

and  the  initial  conditions  for  the  mass  M  are  obtained  on  the 
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basis  of  (20) 


«  /» 


x  “  Tu>  *<*»-  ~  b  ty*WTu  -  *)**  +  Tu  +  ; 


If 


O 


*<»  +  (26) 
Integrating  differential  equation  (19)  for  Q»  0,  we  get 

»0) <T>  =  »(»|  +  »n.) ('-?•„)+  >(t~ r“>‘  •  (27) 


It  is  obvious  that  the  second  impact  will  take  place  when 
t-Tjo,  when  2(i) (fjo)  —  yltt)(Ti0).  The  initial  conditions  for  the  second  im¬ 
pact  are  determined  by  the  expressions 

T  “  T*  zjo  ~  »)•  ~  *(*)  (^»)  Hi t3){T»)‘  ( 28) 

The  deflection  of  the  passive  system  before  the  vtli  collision 
is  written  in  the  form 

.  i 

V<t’)( T)“  2:  J°Qi(^)^(t  —  x>dx,,  (29) 

im\  ru 


and  the  equations  for  the  force  Q,{ t)  take  on  the  form 


•<t) 


1  T 

Q«  (t)+  f  Q,(x)F(x  —  x)dx  =  8,  (t); 
*»o 

•  »-  ru 

=  [^”2  f  Qi (*) T (T - 2) rfx ]  +  ** (r - T*,) 


f  2 


/ 


(30) 


b 

1 

1  PiCMCT  mi  9L1BM 

|  2  n«peCMft 

5-1.5 

j  ,9-1  ;0 

no  trn,$(pHUHFKTy  b, 
Sipopxyji  (98) 

O 

Ymai 

’mi. 

^nu* 

Tm„ 

3-1.5 

b 

•  % 

5 

4  •  N 

5 

H 

«« 

4  »  % 

5 

H 

<• 

E 

m 

9* 

4  ■  % 

5 

M 

m 

E  ‘ 

m 

H 

4  ■  X 

5 

0 

0.125 
0.25 
0,375 
,0.5  , 

0,944 

0.883 

0.829 

0,785 

0,749 

1,715 

1,553 

1.499 

1.419 

1.346 

0,874 

0.818 

0,774 

0.738 

0,706 

1,709 

1,540 

1,450 

1,338 

1,286 

0,944 

0.896 

0,854 

0,817 

0,764 

+3,0 

‘  i 

0.874 

0,635 

0,801 

0,770 

0,748 

+5U; 

SI 

0,935 

0,888 

0,875 

0,773 

0,787 

-1.8 

-1.0 

-1.6 

-1,6 

-l.b 

1.966 

1,610 

1,728 

1,614 

1,448 

+15,2 

+16.5 

+15,3 

+13.7 

+16,6 

1.495 

1,370 

1,307 

1,221 

1,166 

-12,8 

-11,6 

-12,8 

-14 

-11,8 

1)  Calculations  on  electronic  digital  computer 
[EDC ]  OUBM) 

2)  Recalculation 

3)  Using  the  coefficient  b ,  Formula  (98) 

4)  Using  the  index  0,  Formulas  (91,  93) 

5)  In. 


The  above  formulas  are  sufficient  for  calculating  any  number 
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of  success  I  vo  i::.;.  -  ct.:  .  As  can  oe  seen  from  Thor,'  fi  ias.  t  he  im¬ 
pact  velocity  on  recurrent  impacts  is  determined  by  the  difference 
In  the  velocities  of  the  mass  M  and  of  the  passive  system  (30). 
Consequently,  an  Increase  in  the  Impact  forces  on  recurrent  im¬ 
pacts  can  be  expected  when  the  passive  system  will  move  toward  the 
mass  Mt  with  the  velocity  of  this  system  having  to  exceed  the  ve- 
ocity  losses  of  the  mass  M  during  preceding  impact  collisions  in 
crder  for  this  to  happen.  Here  it  is  obvious  that  a  substantial 
effect  on  the  intensity  of  recurrent  impacts  in  real  systems  will 
be  exerted  by  damping  in  the  system  (for  example,  in  the  railroad 
track  bed) .  We  note  that  consideration  of  a  constant  force  on  im¬ 
pact  (the  inertia  force)  results  in  such  a  number  of  impacts,  af¬ 
ter  which  the  mass  is  found  to  be  at  rest  on  the  passive  system. 

We  now  consider  a  method  for  calculating  the  force  (?,(*)  from 
Eqs.  (24)  and  (30). 

a)  «>!•  In  this  case  for  kernel  F  and  6V,  the  following  sub¬ 
stantive  condition  is  satisfied: 

F(0)  =  0;  e, (T,)  =  0.  (31) 

It  is  obvious  that  always  Q.(f,)=  0-  Replacing  the  integrals  in 
(24),  (30)  by  a  finite  sum  in  the  form 

’ii  " 

f  <p (x)dx^hT,  a}"><p<;  tfl  =  r  +nh,  (32) 

r,  i- o 


we  get  a  quite  simple  algorithm  for  calculating  the  force  Q>(1  =  Q,(t„): 
<■>>:  «*-<>:  Ar=  h  £  Q,  F„_,  (33) 


/- 1 


On  setting  up  Algorithm  (33)  in  the  case  of  n— 1  we  have  used 
the  trapezoid  formula  and  Condition  (31),  by  virtue  of  which  the 
sum  An,  which  has  replaced  the  Integral  in  (24)  and  (30),  does  not 

contain  the  unknown  QVn-  As  quadrature  formula  (32)  we  can  use  the 

following: 

1)  for  an  even  n  —  the  Simpson  formula 

%  +-J  <P»+---+y  <P„).  (34) 

2)  for  an  odd  n  —  a  combination  of  Simpson's  formula  with  the 
Newton-Cotes  formula  for  four  ordinates  (the  "3/8  rule") 

/n  ~  4  ( j  (p0  -J- 1  (fj  + 1  ((,,-) +  II 

+  |(P„-2  +  |<Pfl.-i  +  |<pn).  (35) 

with  errors  proportional  to  AV4,(S); 

b)  0<a^l.  In  this  case  Condition  (31)  for  F(  0)  is  not  satis- 
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fled,  and  for  0<a<I  quadrature  formula  (32)  should  be  modified  by 
introducing,  near  the  point  ,  a  weight  which  takes  into  account 

the  integrated  singular  point  of  the  kernel  $(*)•  If  the  function 
qj(jt),  remaining  after  introducing  this  weight,  is  replaced  at  the 
two  extrmee  Intervals  by  a  parabola  passing  through  three  points, 
then  the  quadrature  formula,  analogous  to  the  Simpson  formula  for 
two  intervals,  takes  on  the  form: 


K-  f  ~  *  S?*,  +  | ; 

J  (t„  —  xy 


t/i— 2 


fl<2)  =  h—  - — -  ;  a<7>.=  A*-1  _ "1-  . 

(a  +  1 )  (o  -f  2)  "-1  (<1  -f- 1  >  (a  -h  2)  ’ 


-i  2*  a 


2«+J 


qU)  =  2*  (2  —  a) _ 

"  a(a  +  l)(a+2) 


(36) 


This  is  precisely  the  manner  in  which  a  quadrature  formula 
with  a  weight  is  obtained  for  one  interval,  analogous  to  the 
trapezoid  formula,  whose  coefficients  we  denote  by  n<i>  .nd^<D  For 

n —  I  a  • 

that  part  of  integral  Jn  which  remains  after  separating  the  singu¬ 
lar  point  of  the  kernel  we  can  use  Formulas  (3*0  and  (35).  Since 
violation  of  Condition  (31)  for  F(0)  introduces  into  the  sum  re¬ 
placing  integral  Jn  an  unknown  quantity  Qvn,  then  the  algorithm 

for  calculating  Q^n  contains  an  iteration  with  respect  to  r  for 
P4=  1: 


0 Q,.- 0; 


1 


Q  =  f  -  -  A« 

I 

~A"  ”  *  1,1  f»-<+ 0„  ; 
'F(t);  F( t)  - /(t) -f  6t2~*. 


(37) 


As  a  zero  approximation  with  respect  to  r  it  is  convenient 
to  take  in  Expression  (37)  Q<n(p  =  |),  which  can  be  calculated  without 
iteration. 

It  follows  on  the  basis  of  the  methodology  for  calculating 
the  impact  force,  presented  in  Sections  1  and  2,  that  the  problem 
of  impact  may  be  regarded  as  solved  if:  1)  transforms  were  found 
for  the  deflection  of  the  passive  system  produced  by  a  suddenly 
applied  force  and  the  coefficients  of  this  transform’s  expansion 
in  terms  of  the  inverse  powers  of  the  operational  variable  (for 
finding  Expansion  (15)  of  the  impact  force  according  to  N.A,  Kil'- 
chevskiy);  2)  the  inverse  transform  was  found  for  the  kernel  of 
curl  (23)  for  the  Hert z-Tlmoshenko  solution  [Algorithms  (33) > 
(37)]. 
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§3.  Solutlort  for  Specific  Systems 

3.  Representation  of  the  impact  force  in  the  linear  case  for  ele¬ 
mental  j  8yeteme  (a=*0)  using  tabulated  functions 

We  consider  here  the  inverse  transform  of  Transform  (16)  when 
fl-0,  which  corresponds  to  the  main  part  of  force  (15),  which  is 
determined  by  the  principal  term  of  Formula  (17)  of  Expansion  (5). 

1.  Case  of  “■!.  Impact  in  the  system  of  a  hydraulic  shock  ab¬ 
sorber.  For  a- 1  Formula  (17)  takes  on  the  form 

Q*  =*cpy‘t^Q{t)**cyt(t),  (38) 


which  corresponds  to  the  statement  of  the  heading.  Here  c  is  the 
damping  factor  of  the  shock  absorber.  It  will  be  shown  below  that 
a-=  I  also  corresponds  to  impact  on  an  infinite  plate. 

Transform  (16)  of  the  impact  force  for  a=I  takes  on  the  form 


Q*  (s)  -  Eq  Q*  (s);  Q*  (s)  ^Q(r)  -S  -  atp^x  —  ~  ,  (  39  ) 

whose  inverse  using  known  inversion  formulas  [9]  is: 


— -  ■  g  2  sh[/l— 4 b--; 
b  V  2 

1 

X€\  2  ; 

- - - e  2  ’sin  Vlb~  1- ; 

✓  2 


0; 


0<  b 


*“T  = 


T<6- 


(HO) 


The  maximum  of  impact  force  Q( i)  is  evaluated  quite  easily: 


,  _ 

Q  —  1  p  2  Tmix  . 

mu  —  ,  _  *-  , 

V  b 


0  <6<— ;  shl/  1  • 

4  2  2/b  ' 


b~-  L 


:  r„ 


~<h-  sin  V  4b—  i 

4  2 


tfjb^  l 
2  /b 


(4l) 


here,  as  b~*0,  Qmax --  |,  tending  to  infinity  with  Increasing  t.  It 
can  be  seen  from  Formula  (40)  that  for  >>  ■  the  impact  force 
tends  to  zero  asymptotically  and  the  impact  in  the  system  ends 
only  for  b>~. 
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2  Case  of  a-  —  Impact  upon  an  Infinite  (serai -infinite) 
beam.  Dutli: faction  of  the  requirement  that  ®" y.  specified  In  the 
hea-iing,  will  be  proven  below.  Fora-  —  ,  Transform  (16)  of  the 
impact  force  takes  on  the  forn 

•(*);«*(«) - 7; - -««;  i-aji-x  -  — . 

l'4  /l+t  *»  V  "2) 

whose  inverse  will  be  thought  applying  the  Efros  transformation 
[10]  .  -  __  _ 

«  X*  m 

£)*(s)4£)(t);  £>•(/»)*>  f£jLD(*)<f*»~=  ?r*  D(2/7  x)ix  (lj3) 

J  /nt  V  ' n  j 


to  Transform  (42) 

Q*(s)  =  D*(|/7) 


«*+/»  +  * 


;  />•(*)- 


«*+•+*  • 


(44) 


The  Inverse  transform  D*(s)  is  calculated  by  residues  of  the 
Mellin  transform  [8] 

•-H* 


,1 


(45) 


in  terms  of  poles  of  Expression  (44) 

s*  +*  +  6-0. 


(46) 


The  poles  can  be  determined  by  solving  Eq.  (46)  in  terms  of 
radicals  [11]:  _  _ 

1)  b  =  0; 

—  0;  S|  —  —  1;  sa>l  =x  0,5  ±  /■  0,866; 

2)  0  <  b  <  0,4725; 

*»,«  =  —  0,4454  r0  ±  0,8903^5111  ~  :  s,(4  — 

*=  0,4454r,  ±  /•  0,8908  rx  cos-^- ; 

3)  b  =  0,4725; 

*j.»  =  -0,63;  Sj,4  =  0,63  ±  /  •  0,8908; 

4)  0,4725  <  b  <  00 

si.t=*lfb  0,7598  [-/?,  +  /(/?,-- /?,)];  s,,4  =  J/T  0.7598X 
X[Rl±i(Ra  +  R,)]- 

f«a/«+o;  rx=  tg<p= 

u  -f-  0 

«=/ 1  +  /r  —(2,1164*)*  ; 


0  =  / »-/  1  -(2,11646)'  ;  7?!  =  /iToT^f; 
=  ■/ J  COS  ±  -^jj  ;  cos  3t|>=  . 

-  45  - 


(47) 


Calcui  iting  the  residues  of  Transform  (45)  I j .  ortns  of  ooles 
defined  by  Expression  (47),  we  get: 


6>0;  6*  0,4725;  D( t)  =  V— ^ e 


6  =  0:  D(x) 


6  -  0,4725;  D  (x)  =  (0. 14  -  0,2646 x)  e  V  +  V - 54—  e  v  . 


(48) 


Substituting  Expressions  (48)  into  Formulas  (43)  of  the  Efros 
transformation  yields  the  following  expressions  for  tnverse  trans¬ 
form  (42) 


(49) 


(50) 


are  functions  of  the  complex  argument  of  the  probability  integral, 
tabulated  in  [12]. 

3.  Case  of  a -2.  Collision  Impact  of  two  masses.  When  o=2. 
Formula  (17)  takes  on  the  form 

y>~P _2;  f),  (51) 

which  corresponds  to  the  situation  of  the  heading  if  c  =  M2. 

When  a«=»2  the  formulas  in  the  N.A.  Kil'chevskiy  solution  can 
be  simplified  by  combining  in  of  Formula  (7)  the  term  60s(r(,+!’> 

with  the  first  term  of  expansion  so<1-?),  with  the  result  that  it 
is  no  longer  necessary  to  sum  over  m  in  Expression  (15).  In  the 
case  of  collision  impact  of  masses  M  and  M 2,  when  only  one  term 
of  Expansion  (6)  is  present.  Formula  (15)  takes  on  the  form 


6  >  0;  6  *  0,4725;  Q(t)  =  \^_l* 

*•1 


„T); 


6  =  0;  Q(r)  -  y  ]£-“-»(—  lskV  T); 

*-2  * 

6  =  0,4725;  Q(x)  =  (0,14  -»•  0,3334t)w(-/«t  /T)~ 


-0.2986 


^ 1 

*-3 


where 


I 

w(z)  =e~*  |l  4-  -Jl_  | Vdxj  — 
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t 


Q(t)-£9Q(t);  5(t)- 


ro+w 


+ yd, 


,(«+/!) /-H I 

noTpuTTiji : 


(52) 


where  in  Formulas  (11)  and  (15)  for  a i  and  EQ  one  should  set  o 

UU  V 

due  to  combining  the  terms  of  r„  in  (7). 

AT  ~r  Alt  P 


It  is  quite  obvious  from  Formulas  (16)  and  (52)  that  when 
a-2 «nd'p« i  we  v;ill  get  a  trivial  formula  for  the  inverse  transform 
of  the  impact  force 

P  -1;  Q(t)-£pQ(r);  Q(t)  =  sint;  Qmtl  —  I;  t«.m  - -y  ;  (53) 

corresponding  to  collision  impact  of  two  masses  separated  by  a 
linear  spring. 


We  now  present  in  our  notation  the.  solution  for  collision  im¬ 
pact  of  two  masses  according  to  Hertz  with  a  nonlinearity  iridica- 
tor  3,  obtained  on  the  basis  of  the  solution  in  [3]: 


Q  =  £o0(  t); 


-  Mtttt) 

“»— ■ - rfr~— : 


_ dx 

V  I— x'+.’ 


(54) 


where  Bz(p,  q)  is  an  incomplete  beta-function. 


In  conclusion  of  problem  "a”  we  note  that  an  attempt  to  ob¬ 
tain  an  expression  for  the  impact  force  in  terms  of  tabulated 
functions  results,  even  in  the  most  elementary  case  of  a  =  0  in 
quite  complex  expressions  (even  when  6=1)  for  nontrivial  sys¬ 
tems,  for  example,  for  an  infinite  beam  (0==_^)*  Consequently,  it 

is  reasonable  to  expect  that  in  more  complex  systems  it  is  impos¬ 
sible  to  represent  the  exact  solution  of  the  impact  problem  in 
terms  of  tabulated  functions  ,  which  means  that  the  methods  pre¬ 
sented  in  Sections  1  and  2  do  yield  results. 


b.  Infinite  (semi-infinite )  beam  with  linear  damping  on  an  elastic 
Winkler  support 


the 


The  equation  of  free  vibrations  of  the  beam  in  this  case  has 
form 


Ehy?  H-  Ntyc  -j-  u.v,  -f-  p6yc  =  0, 


(55) 


where  y is  the  beam's  deflection;  EJ ^  is  its  flexural  rigidity; 
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N .  Is  the  linear  damping  coefficient,  referred,  to  the  beam;  u  is 

D  c 

the  elastic  modulus  of  the  foundation;  is  tne  beam's  mass  per 
unit  length. 


The  Laplace-Carson  transform  of  Eq .  (55)  with  zero  boundary 
conditions  is 


£-/6i/;,v+K  +  ^  +  P6P,)^==°;  ylrVt:  P~t. 


(56) 


Reducing  Eq.  (56)  to  the  standard  form  for  static  design  of 
beams  on  an  elastic  foundation,  and  using  the  ready  static  solu¬ 
tion  [13],  we  will  get  a  representation  of  the  deflection  beneath 
a  suddenly  applied  force  for  a  semi -infinite  and  infinite  beam  in 
the  form  y.  _ 

c  c0  C  i 

3  _  2 
^o(so)  =  (so-f-'i0so+  *)  V:  ^,(s)  =  (s1  +  ns+fl*)'  4 

c==v^:  kA  -  y 

.  ^  =  |/f"  ;  n°  = 


Nbaa 

P6 


(57) 


c0  =  =  v  ~ ;  C,  =  n  -=  a«0 


N(,a\  . 

I 

Pc 


a  =  fl. 


Here  c0  is  the  static  stiffness  of  a  beam  on  a  Winkler  foun¬ 
dation,  with  v=2  for  an  infinite  and  v=  y  for  a  semi-infinite  beam. 


Expression  (57)  corresponds  to  a  =  _.  in  (6)  and  (12)  and  for 

n»a= 0  (Ne^Ut^O)  yields  the  beam  which  was  examined  in  Subsection 

"a." 


Using  the  known  operational  relationship  [7]: 

lim/(t)  =  lim/*(s).  (cfl) 

i-0  v  J  ' 


we  shall  show  that  deflection  y  on  sudden  application  of  a  con- 

stant  force  tends  to  the  static  value  for  t  -*■  °°.  On  the  other 
hand,  for  a  beam  without  a  foundation  (a  =  0)  the  deflection  in¬ 
creases  without  bounds,  i.e.,  the  model  of  an  infinit®  beam  with¬ 
out  a  foundation  can  be  used  only  for  calculations  of  the  first 
stage  of  the  impact. 


Using  Eq.  (56)  and  the  already  available  static  solution  of 
[13],  we  will  get  the  bending  moment  in  an  infinite  beam  beneath 
the  forc_e  in  terms  of  a  curl  of  representations,  assuming  that 
Q (t)  =* EqQ (t)  is  known: 


*■-  -  k 


-  «•  IS)  --—-—ITT  - 

S  (s>  1-ftS  +  o*)1'’ 


0 


m  (T  —  x)  dx 


— l 

b  r=  b  a  2 
K\ 


(59) 
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The  Kernel  of  curl  (59)  corresponds  to  the  following  Inverse 
tran„,  form 


(60) 


On  the  other  hand,  the  kernel  of  curl  (33)  which  Is  needed 
for  solving  the  problem  of  Impact  according  to  Hertz -Timoshenko 
corresponds  In  the  case  of  (57)  to 


s\|>,  (s) 


_ S 

(j*  +  ns  + 


(61) 


The  Inverse  transforms  of  kernels  (60)  and  (61)  are  a  par¬ 
ticular  case  of  an  Inverse  transform  which  can  be  calculated  ap¬ 
plying  the  rules  of  operational  calculus  [7,  9]: 


v  >  0; 


K’+t) 


r<2v) 


7v_!  (£t); 
2 


(62) 


where  /v(x)  Is  a  first-order  Bessel  function. 


The  sought  kernel  (6l)  is  obtainable  from  Expression  (62)  for 

3  1 

v“  — .while  kernel  (60)  can  be  obtained  for  v=— .  It  is  seen  from 

4  4 

Formula  (62)  that  in  the  case  of  a  large  resistance,  when  n>2a, 

the  beam's  vibrations  are  aperiodic,  since  J  becomes  I.. 

*  v  v 


It  can  be  proven  that  in  the  given  problem  Expansion  (15)  of 
the  impact  force  according  to  Kil'chevskiy  will  contain  a  degen¬ 
erate  hypergeometric  function  due  to  the  presence  of  three  param¬ 
eters  (a,  b  and  n)  .  In  particular  eases,  when  a  and  n  are  taken 
into  account  separately.  Formula  (15)  retains  its  previous  form. 
Taking  into  account  Expressions  (12),  (13)  and  (57),  we  get  for 
the  coefficients  of  Expansion  (15) 


1)  a  +  0; 
2)  a  = 


•-"J-:  k  =  2'  Hl.m 
0;  /  ■  =£0;  a  =  -2-  ;  k  ~  1; 


—  ^0m  ~ 

h  ms  Ci 
"l.m 


Km  =  1;  a  --=  n. 


(63) 


Expression  (63)  validates  our  claim  that  Series  (15)  Is  sign-vari¬ 
able  with  respect  to  i. 

o .  Infinite  (semi-infinite)  beam  on  elastic-mass  bars 

This  computational  model  of  a  foundation  for  steady-state 
vibrations  was  considered  in  [14,  18] .  Being  sufficiently  simple, 
it  makes  it  possible  to  clarify  the  principal  effect  of  the  iner¬ 
tia  forces  of  the  foundation,  which  are  not  taken  into  account  by 
the  Winkler  model.  Thus,  we  shall  assume  that  the  beam  is  at  rtbC 
on  unconstrained  elastic-mass  bars  of  finite  length  l,  fastened 
by  their  opposite  end  on  an  undeformable  plate.  The  equation  of 
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longitudinal  vibrations  of  the  bar  has  the  form 


c*  , 

c  aj*  “  dt'  ’ 


(64) 


whe”e  a  is  the  displacement  along  the  bar;  £  is  the  coordinate 
long  a  bar  with  an  origin  at  the  upper  end;  £r,  pr,  C  are  the  elas¬ 
tic  modulus,  specific  weight  of  the  bar  and  the  rate  of  propaga¬ 
tion  of  compression  waves  in  it. 

The  transform  of  Eq.  (64)  with  zero  initial  conditions  is 

C'2--pV  =  o.  (65) 


Solving  Eq.  (65)  with  load  n*(p)  applied  to  the  upper  end  of 
the  bar  whose  lower  end  is  fastened,  we  get  the  displacement  of 
the  upper  end,  which  is  equal  to  the  deflection  of  the  beam  y  * 
in  the  form  *  c 


n*  ( p )  C 
ErP 


(66) 


Using  Formula  (66)  one  can  obtain  a  formula  for  the  elastic 
repulse  of  bars  /?,  which  acts  on  the  oeam 


R  +  R*  (p)  -  6n*  (p)  =  P  cth  w~  y'e  » 


pi 


~f( 


1  +2<je 

k-l 


V*  -ipt* 
> .  -  c 


)  P»'c\ 


Q  =  -~-yM  o 


•21 


2 1_ 
C 


(67) 


where  6  is  the  width  of  the  beam;  y  is  the  inverse  transform  of 
its  deflection;  here  R-* — j-  yc  as  t-*<=o  . 


Consequently,  the  elastic  repulse  of  the  bars  is  determined 
by  the  successive  reflection  of  compression  waves  from  the  fas¬ 
tened  ends  of  the  bars,  which  corresponds  to  introduction  of  lin¬ 
ear  damping  into  the  beam  and  is  a  result  of  consideration  of  the 

VI 

inertia  forces  of  the  bars.  For  0  </< —  according  to  Expression 

c 

(67)  a  beam  on  elastic-mass  bars  can  be  examined  using  as  a  model 
problem  "b"  with  damping 


1  ) 


Aft  f'F'r  =  6C|»r  uf  1  -  Vu,lb\y, 

L  w 

I  r* 

where  -is  the  static  modulus  of  elasticity  of  the  founda¬ 

tion;  here  N^,  the  beam's  damping,  increases  with  an  increase  in 

the  foundation's  elastic  modulus  and  in  the  mass  of  the  founda-- 
tit‘.o  which  art  i 0  i  vat e  :•  in  '•  ?  vibrati.  :r.s  . 
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K«ti  .-  W  WlfVV-JSft  PJMWkA(W  't'”,\ 


) 


Proceeding  in  the  same  manner  as  in  problem  "b,"  we  will  get 
the  transform  of  the  beam's  deflection  due  to  a  suddenly  applied 
force  in'  the  form 


iC  -  7*  *•  (p)  -  ~S(  *o)  -  7t  lIW; 


Q*  2. 


c0  =  ra^3;  c,  =  ca^; 


-  //  = 
ii  * 


#6 


Ityr 

PO 


(68) 


2/  /  2//  \ 

In  the  case  when  the  impact  interval  under  study  is  #>  —  (t  >  — ) 

and  the  model  of  problem  "b"  cannot  be  used,  then  in  order  to  take 
into  account  the  leflected  waves  (the  fact  that  the  elastic-mass 
layer  is  finite)  one  must  find  the  inverse  transform  of  kernel 
(23)  in  case  (68) 


s  $(s)  - 


■*W“  SIT 


1  /* 


2n/ 


.V4 


('  + 


acth 


Hs  »/4 


(69) 


It  follows  from  Expression  (69)  that  the  singular  points  in 
this  case  will  be  branching  points  located  in  s-0  and  in  the  roots 
of  the  equation 


Urn 

s  +  acth—  =  0;  s  =  ±  iBk\  k  =  0, 1,2, .. .  (70) 

Aligning  the  integration  contour  in  Formula  (69)  with  the 
imaginary  axis,  we  get 


hak 


where  points  Ah  correspond  to  ctg — -  =  j  oo 

K  a 


The  integrals  obtained  above  have  integrable  singular  points 
in  -40=0  and  B^.  These  integrals  can  be  evaluated  by  using  the  in- 

tegral  /  —  j'  -  (‘  <<,y<P (V)dy  . 

1  '**»’  J  '  m~°-  <72, 
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Integrating  by  parts,  we  get 


J  =-- 4  (B-  AY'*  el'B  ]3/4  —  4 
/(B)  J 


y(y)= !  mn'»\y-A 


[y-A\  1  f(y) 


4 


|  'eto(y-AW(0dyt 
'a 

f(y)-f(y)(y~A)  • 

r(y)  r 


(73) 


here  ty(y)  in  the  vicinity  of  singular  point  y=A  can,  with  a  small 
error,  be  represented  as 


_i _ 

\f(y)  I3'4 


r\yy 
r  (y)  .  ' 


(7^) 


The  integral  in  (73)  no  longer  has  a  singular  point  and  can 
be  evaluated  by  Filon  [sic]  formulas  for  rapidly  varying  integrals 
[15]. 


Contour  integral  (69)  can  also  be  evaluated  by  a  quadrature 
formula  for  contour  integrals  on  the  complex  plane,  suggested  by 
Salzer  [16]  and  developed  in  [17];  however,  the  applicable  expres¬ 
sions  are  not  presented  due  to  limited  space. 

d.  Infinite  plate  with  linear  damping 


1.  Infinite  plate  on  an  elastic  Winkler  foundation.  Using  the 
solutions  given  in  [7]  and  additionally  introducing  damping  into 
the  plate,  we  will  get  a  transform  of  the  beam’s  deflection  due 
to  a  suddenly  applied  force  in  the  form 


£1 

Co 


ft  ( 5o)  =  7- 


> 


^(so)  =  (so  +  noso-|L 
c  =  8/Z^p7;  a0  = 

c\  =  no 


l)-1'2  •  (s)  =  (s>  +  ns  +  ; 

V ^  1  co  8=3  caoi  =  8 

_  N  na 0  .  _  Nna  1 

'  1 

?n  Pa 


(75) 


where  Dn,  Nn,  pn  are  the  cylindrical  flexural  rigidity,  the  damping 
coefficient  and  mass  of  the  plate;  uQ  is  the  elastic  modulus  of 

the  foundation;  r0=8  /  Uaur  is  the  static  rigidity  of  an  infinite 
plate  on  a  Winkler  foundation. 

Expression  (75)  corresponds  to  a  =  1  in  (6)  and  (12).  The  in¬ 
verse  transform  of  kernel  (23)  in  the  case  of  (75)  is  calculated 
according  to  the  rules  of  operational  calculus  [7,  9] 

-  nr  / - ' 

(s)  -  _.  rj>  (t)  ^V,  (Ex);  E  -  1/  a*  -  ill ,  (  76 ) 

V  s*  -J-  ns  -|- (i1  V  4 

where  h(x)  is  a  first-kind  Bessel  function. 


It  follows  from  Formula  (76)  that  in  the  case  of  a  large  re¬ 
sistance,  when  rr>  2a,  the  plate  vibrations  are  aperiodic,  since  J0 
becomes  1 0  . 


I 
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The  coefficients  of  Expansion  (15)  of  the  impact  force  ac¬ 
cording  to  Kil'chevskiy  in  the  given  problem  have  the  form 

1)0  +  0;  n  =  0;  o-l;  4  =  2;  ;  4„=1; 

2 

2)  a  =  0;  0;  a  =  A  =  1;  hlm  =  Clm\ 

i 

^0  HI  *“  h  O  —  fl. 

Formula  (77)  validates  our  contention  that  Series  (15)  is  sign- 
variable  with  respect  to  i. 

2.  Infinite  plate  on  an  inertialess  elastic  half-space.  The 

equation  of  the  plate's  vibrations  has  the  form 

DM  yc  +  Nnyc  +  p„< )c  =Q—R,  (78) 

where  is  a  distributed  load  acting  on  the  plate; 

R  is  the  reaction  of  the  half-space,  while  the  balance  of 
the  notation  is  that  of  Expression  (75). 

The  Laplace-Carson  transform  of  Eq .  (78)  with  zero  initial 
conditions  is 

+  ( PnP2  +  HnP )  y*c=Q*—H*'  ( 79 ) 

Applying  to  the  solution  of  Eq.  (79)  for  the  case  of  a  con¬ 
centrated  force  Q  acting  on  an  Infinite  plate  the  method  due  to 
B.G.  Korenev  [18],  we  will  get  the  transform  of  the  deflection  in 
the  form  of  the  integral 


According  to  [18],  for  an  inertialess  elastic  half-space  we 
as  s  ume 


1 

C(v) 


Er 

2(1  -v*) 


V  — 


(81) 


where  £r,  v,  pr  are  the  elastic  modulus,  Poisson's  ratio  and  the 
shear  modulus  for  the  half-space. 

Changing  in  Expression  (80)  to  dimensionless  variables: 


/ 


.*/  (I-  v)hn 

V  '  Pr 


*0 


Nnl'  , 
Dna9  ' 


So  —  Plao  "V  *o 


(82) 


we  will  get  the  following  expression  for  the  transform  of  the  de 
flection  (80) 
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(83) 


\ 


_Q(L_  Wp M 

2llD"  J  s2  +  "0^  +  l(l+S*) 
0 


It  is  obvious  that  Integral  (83)  converges  uniformly  in  a o 
for  Rcso>0,  since  it  is  majorized  for  s0=0.  It  is  also  obvious  that 
the  integrand  increases  monotonically  as  s0  ->  +o,‘  Re  s0>0,  i.e.,  the 
conditions  of  the  generalized  Dini  theorem  are  satisfied  [19].  In 
conjunction  with  this,  by  writing  the  Inverse  transform  of  Expres¬ 
sion  (83)  in  terms  of  the  Mellin  transform,  we  can  vary  the  order 
of  integration,  which  corresponds  to  the  feasibility  of  using  or¬ 
dinary  transformation  formulas  [7,  9  3  for  the  integrand  of  Inte¬ 
gral  (83).  In  addition,  it  is  possible  to  make  limit  transitions 
in  the  integrand.  Taking  the  above  into  account,  and  using  known 
rules  of  operational  calculus  [7,  9],  we  can  write 


i*01  ye  (p>  T0)  ~  i™  (p»  s0)  = 


_  <?'*  I'JAppdj  _ 


lj-»0 


2  nL). 


1‘  Jq  (P6>  _  ..  . 

]  1+5*  yc  CT’ 


lim«/c(P-To)  =  lim  y*  (p,  s0)  =  0, 

t,-»0  «„-»  “  c 


(84) 


and  the  inverse  transforn  of  the  deflection  then  has  the  form 


yAp,**)-  ye»  2  j/i(|.t0)  — ; 

0 


/l'(S.T„)  = 


^  shtOT0  +  chcoT0;  0  <£<£,; 


^  sina>T0-f  coscot0;  10<1<CO', 


© 


-«(6H  V 


ki+i;  ~ 


;  «  +  6o—  - 


-0. 


(85a) 


Replacing  in  Expressions  (80)  and  (83)  the  force  by  the  ef¬ 
fect  of  the  momentum,  we  will  obtain  similarly  the  deflection  due 
to  momentum  5,  i.e.,  the  kernel  of  Problem  (23): 


Vc  nun 


SI 

2nD„a* 


— n,,t, 

e  3 


jl/,a.r0)J0(pl)dl 


ft  (£»  t0)  — 


—  sha)t0;  0<£<Eo; 

(1) 

To-.  £  ~  5o> 

-1-  sina)T0;  5o<S<°o. 
“ 


/ 


(85b) 


In  order  to  evaluate  them,  the  integrals  In  Expression  (85) 
should  be  broken  up  into  parts: 
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(86) 


*  ) 


l  =  l0  +  l,  +  lr]  l=  f;  4o  =  [*;  Lt-J 

5  6  t. 


where  Li  contains  the  varying  terms  and  for  small  p  results  in  a 
form  which  makes  possible  the  application  of  Filon  formulas  [15], 
while  is  a  correction.  If,  for  p=0,  the  limit  R  is  selected  in 

a  manner  such  that  the  integrands  can  be  represented  ir  asymptotic, 
form,  then  integration  of  L ^  by  parts  reduces  to  tabulated  func¬ 
tions;  for  example,  in  the  case  of  Eq.  (65b): 

Lr  =  — y  si  (*)  +  ^{cos  *  ~  V2nx  —S(x)  1  j— 

~ ~mT  (sin  *  -  x  ci  (*)]  ii^j  {cos*  —  2*  sin  x  —  ( 87 ) 

- 2xV2^\j-C{x)  .]}—  •;  *  =  V?\ 

where  si(-0.  ci  (j:)  are  the  integral  sine  and  cosine,  while  S(x),  C(x) 
are  Fresnel's  integrals. 

§4.  Results  of  Numerical  Computations 


Computations  using  the  above  method  were  made  on  the  M-20 
EDC .  Formula  (15)  and  Algorithms  (33)  and  (37)  were  programmed  for 
the  first  collision.  The  calculations  were  made  for  an  infinite 
(semi-infinite)  beam  on  an  elastic  foundation  for  n=*0;  k  =  0  (Figs. 
1-4),  for  an  infinite  (semi-infinite)  beam  with  damping  for  a  ■  0, 
fe  =  0  (Fig.  5)  and  for  an  infinite  plate  on  a  Winklsr  foundation 
for  n  =  0;  A=0  (Figs.  6-8).  Figure  9  shows  estimates  of  the  effect 
of  a  constant  force  (weight)  on  the  force  of  impact  upon  a  plate 
for  R=l,5;  b=*  0,125;  n=0,  while  Figs.  10  and  11  give  the  maxima  of  the 
Impact  force  for  beams  and  plates  .  Comparison  of  results  using  the 
Hert z-Tlmoshenko  and  Kil'chevskiy  methods  in  the  nonlinear  case  of 
p=l,5  is  given  in  Figs.  12  and  13  for  beams  and  in  Fig.  12  for  con¬ 
centrated  masses.  The  correctness  of  results  obtained  in  this  work 
and  the  selection  of  pitch  h  for  Algorithms  (33)  and  (37)  were  es¬ 
timated  by  comparing  calculations  on  the  basis  of  Formulas  (15) 
and  (33),  (37)  for  (3=1,0,  when  both  solutions  should  be  identical, 
as  well  as  by  comparing  with  Expression  (40)  for  calculations  for 
plates  with  a*=0.  The  exactness  of  summation  in  Expression  (15)  was 
1-10-4.  The  pitch  4-0,1,  assumed  for  calculations,  has  guaranteed 
an  error  of  less  than  2 •  10~3  in  the  impact  force  for  beams  and  of 
i  •  10-'  for  plates  . 

It  can  be  seen  from  results  presented  in  Fig.  13 ’that  the  im¬ 
pact  force  calculated  according  to  Kil'chevskiy  is  asymmetrical 
in  the  case  of  collision  impact  of  two  masses,  which  contradicts 
the  statement  of  the  fact  (since  we  are  considering  a  process 
without  residual  deformations)  and  the  oscillogi’ams  presented  for 
steel  spheres  in  [4],  The  experimental  results  published  in  [4] 
show  that  calculations  according  to  Hertz  are  in  agreement  with 
the  experimentally  obtained  impact  force,  while  calculations  ac¬ 
cording  to  Kil'chevskiy  give  a  higher  Impact  force  than  according 
to  Hertz-Timoshenko:  +9. 2/E  for  mass  (Fig.  13)  and  +10.6%  for  beams 
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\  ) 


(Fig.  12).  The  period  of  collision  .'impact  of  two  masses  according 
to  Kil’chevskiy  for  p=l,5  is  determined  from  Formula  (52).  Since 
ip.  [3]  first  2  and  then  3  terras  were  retained  in  the  series  for 
Q(t),  then  the  root  Q(t)=0  was  calculated  by  us  also  for  different 
j  (by  the  inverse  interpolation  method  with  At=0,1).  Roots  Q(t)=0 
are  presented  in  Fig.  13.  It  can  be  seen  from  this  that  the  value 
of  root  Q(x),  calculated  in  [3  .1  and  equal  to  2 .977 ,  is  incorrect 
and  is  a  result  of  an  unsuccessful  Iterative  process  used  in  [3]. 
It  follows  from  Fig.  13  that  the  interval  of  the  Impact  calculated 
according  to  Hertz  and  Kil’chevskiy  is  practically  identical 
(3-203  and  3.218),  i.e  ,  the  interpretation  of  experimental  re¬ 
sults  in  [20],  in  whic  1  the  experimental  impact  interval  was  found 
smaller  than  that  calculated  according  to  Hertz,  is  given  in  [20] 
on  the  basis  of  the  incorrect  result  of  [3].  It  should  also  be 
noted  that  due  to  the  great  amount  of  machine  time  required  for 
a,b  +  0  Expansion  (15)  can  be  used  only  for  calculating  the  first 
maximum  of  the  impuct  force . 

It  follows  from  the  results  of  calculating  the  first  colli¬ 
sion  for  infinite  beams  presented  in  Figs.  1-5  and  30  that: 
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1)  The  first  maximum  of  the  impact  force  corresponds  to  im¬ 
pact  upon  a  beam  without  a  foundation  (a=0)  and,  consequently,  it 
can  be  interpreted  as  an  impact  of  mass  M  and  the  reduced  mass  of 
the  infinite  beam,  separated  by  a  contact  spring.  For  the  first 
maximum  of  the  Impact  force  in  the  assumed  system  of  dimensionless 
quantities  one  discovers  that  the  linear  (0=1,0)  and  nonlinear  (P*=l,5) 
(Fig.  10)  differ  by  about  8%.  The  first  maximum  of  the  impact 
force  depends  very  little  on  the  relative  stiffness  of  the  beam 

on  impact  for  a < 0,Q7.r>  and  varies  somev/hat  more  strongly  with  vari¬ 
ations  in  the  damping  of  the  beam.  The  first  maximum  characterizes 
the  period  of  "self-impact"  for  passive  systems,  when  the  result 
is  not  as  yet  affected  by  the  vibrations  of  this  system. 

2)  The  second  maximum  of  the  impact  force  is  related  to  the 
motion  of  the  passive  system  (beam)  ?nd  mass  M  toward  one  another 
and  hence  depends  on  the  period  of  vibrations  of  the  system  (coef¬ 
ficient  a)  and  loss  of  velocity  of  impacting  mass  M  due  to  the  mo¬ 
mentum  of  the  force  (coefficient  b) ;  here  for  b  =  0  (M=  9 °)  the  max¬ 
imum  increases  beyond  bounds  ,  since  then  this  loss  of  velocity 
does  not  take  place.  Consequently,  a  case  is  possible  for  small  b 
(large  M )  when  the  second  maximum  of  the  impact  force  in  the  first 
collision  will  exceed  the  first  maximum. 
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Fig.  7 


We  note  that  the  second  maximum  of  the  dimensionless  impact 
force,  which  is  determined  by  induced  vibrations  of  the  passive 
system,  turns  out  to  be  practically  identical  for  infinite  beams 
in  the  linear  O— 1,0)  and  nonlinear  (P=l.-r>)  cases. 

This  circumstance  in  also  verified  in  calculating  impact  upon 
Infinite  plate:-.,  with  the  greatest  error  from  replacing  the  non¬ 
linear  case  (|V-l,.r>)  by  the  linear  (P  1 .0)  for  the  second  maximum  of 
the  Impact  force  obtained  for  plates'  (Fig.  H  - a~0,37f>;  &*»0,04)  and  is 
equal  to  4.7*.  In  the  remaining  cases  this  error  is  less  than  2%. 
For  infinite  plates  the  previously  made  statement  on  the  relation 
between  the  value  of  the  first  and  second  maximum  of  the  impact 
force  for  small  b  is  verified  (Figs.  6-8).  The  first  maximum  of 
the  impact  forc^  for  infinite  plates  is  expressed  much  more  weakly 
than  for  beams ,  and  the  effect  on  it  of  index  8  and  coefficient  a 
is  practically  unsubstantial  (Fig.  10).  Comparison  of  impact  for 
concentrated  masses ,  beams  and  plates  shows  that  the  intensity  of 
the  first  maximum  or  the  Impact  force  depends  on  increases  in  the 


1 


/ 


deflections  of  the  passive  system  during  the  initial  period  of  the 
impact,  i.e.,  on  indicator  a  ih  Expansion  (5).  For  this  reason, 
the  first  maximum  is  more  pronounced  on;  impact  of  concentrated 
masses  (a=2)  and  is  least  pronounced  for  impact  upon  plates  (« =- 1 ) . 

We  note  that  the  effect  of  tne  constant  force  (weight)  or  the  im¬ 
pact  force  (coefficient  k )  can  be  substantial,  particularly  for 
the  second  maximum  of  the  Impact  force  (Fig.  9). 

It  can  be  seen  from  the  above  calculations  for  the  first  col¬ 
lision  that  the  impact  force  is  characterized  by  not  less  than  5 
parameters  (a,  b,  n,  k,  and  3);  here  for  small  b  it  is  the  second  max¬ 
imum  of  the  impact  force  which  is  more  important  from  the  point 
of  view  of  contact  strength,  with  the  fii’st  maximum  being  more  im¬ 
portant  for  large  b.  It  is  of  substance  in  analyzing  the  above 
factors  that  the  second  maximum  of  the  dimensionless  force  in 
beams  and  plates  is  practically  independent  of  the  nonlinearity 
index  3.  The  following  two  methods  of  approximate  calculation,  re- 
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Fig.  9.  1)  Maximum  of  impact  force;  2)  first 
maximum;  3)  second  maximum. 


lated  to  the  fact  that  the  first  maximum  arises  at  the  "self-im¬ 
pact"  stage,  may  be  useful  in  calculating  the  first  maximum. 
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Fig.  12.  1)  According  to  Hertz-Timoshenko;  2) 
according  to  Kil' chevskiy  . 


Fig.  13.  A)  According  to  Hertz;  B)  according 
to  Kil* chevskiy;  C)  roots  of  partial  sums  Q 
according  to  Kil’ chevskiy  (52)  for  3  =  1.5; 
D)  there  is  no  root. 


>  * 

^  /■ 


n 

a.  Approximate  consideration  of  the  effect  of  nonlinearity  index  3 

It  was  suggested  in  [1],  for  simplifying  the  nonlinear  prob¬ 
lem,  to  solve  the  linear  problem  with  a  contact  stiffness  selected 
from  assuming  an  equal  energy  of  local  deformation  in  both  cases 
for  a  maximum  contact  force. 
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^'he  work  of  the  contact  force  In  the  linear  case  (0  =  1), 
i.e.,  A1  and  in  the  nonlinear  case  (0  ^  1),  i.e.,  A ^  will,  using 

Relationship  (1),  be  written  in  the  form 


i  0  1  ,.mix  n'/M-i 

=  7  QdQ=^--,  A9  =  -~{  Q'»dQ  =  — 9™' 

SJ  2c»  f  ti!9}  c^O+P) 


(88) 


where  oq  is  the  equivalent  linear  stiffness. 

It  is  easy  to  establish  from  geometric  considerations  that 
when  A„=A?  and  for  identical  #max  the  maximum  contact  deformations 

cannot  be  identical,  while  when  these  deformations  are  equal,  the 

values  of  fl  are  different.  Consequently,  when  Aj,=A?  the  time  at 
max 

which  the  maximum  impact  force  arises  may  be  distorted,  which  can 
be  seen,  in  particular,  from  the  example  in  [1], 

The  use  of  iteration  is  suggested  in  [1]  for  calculating  the 
impact  force  in  the  nonlinear  case.  We  shall  proceed  differently, 
by  assuming  the  solution  of  the  linear  problem  Gum.*  to  be  known; 
then,  according  to  (15), 


Qx  max  ~  ^,^1,  Qx  max  —  Qx  max  (Ax  —  £,)•  •. 


(89) 


The  use  of  Expression  (89)  and  the  condition  that  An~A$ 
yields  for  the  equivalent  contact  stiffness  for  identical  Q 


max 


.+3-1 


Substitution  of  (90)  into  (89)  yields  the  sought  maximum  of 
the  impact  force  for  p=f=l 


0  E  o  Q  '<> 

^max  Q  max’  “xniax  I  2  /  ^a  max 


a+P-1 


(91) 


If,_  however.  It  is  assumed  that  yi<max  is  the  same  for  B  =*  1 
and  p=)M,  then  we  get  for  the  equivalent  contact  stiffness  a. 


.+3-1 


C.,-C„  ^  ■  (92) 

Substitution  of  aQ  Into  the  formula  for  the  time  of  Impact 

/  =  o,:)t  (10)  yields  the  following  expression  for  recalculating  the 
time  at  v.hich  maximum  impact  force  occurs  for  p«£l: 


O 


t  zzl  Q  X  r  --  f  a  r  T  — -  p  a  — 

I  »  maxi  >1  ^  mix’  *  max2  ~  max  * 


(93) 


We  consider  recalculation  using  Formulas  (91)  and  (93)  with 
passive  systems  with  different  a.  Using  Expression  (53)  for  linear 
collision  impact  of  two  masses,  we  get  from  Formulas  (91)  and  (93) 
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*e  Qo max  is  identical  with  (54),  the  exact  Hertz  solution,  while 
i.m.x  gives  for  0“  1,5'  errors  of  -14.6$  (Tmmii)^  +6,7%  (t,m«a). 


Results  of  recalculations  using  Formulas  (91)  and  (93)  for 
beams  a  =  0,375)  are  presented  in  the  table  from  which  it  fol¬ 

lows  that  Expression  (91)  is  in  good  agreement  with  calculations 
using  the  EDC,  while  Expression  (9  3)  introducers  an  error.  For 
plates  (a  =  1)  it  follows  from  Formula  (91)  that  Q3max=  Qn  max,  i.e., 
when  *  the  energy  equality  A„=A  is  satisfied  for  any  3.  Above 
we  have  noted  that  the  first  maximum  of  the  impact  force  for 
pla_tes  depends  little  on  index  6,  with  replacement  of  Q  max  0=1 ,5) 
by  Qji max  according  to  (91)  giving  an  error  of  -3%  (Fig.  11)  • 

It  is  seen  from  the  above  results  that  recalculation  using 
Formula  (91)  is  in  good  agreement  for  the  value  of  the  first  max¬ 
imum  of  the  impact  force;  however,  the  t  curve  must  be  distorted. 
It  can  be  seen  from  the  data  presented  in  tables  and  figures  that 
to  approximately  obtain  the  entire  curve  of  the  impact  force  for 
P=£l  it  is  necessary  to  calculate  the  dimensionless  impact  force 
for  p=l,U.and  then  to  introduce  a  correction  only  into  the  first 
maximum  of  (91). 


b.  Approximate  consideration  of  the  effect  of  mass  M  (coeffi¬ 
cient  b) 


Since,  as  was  noted  above,  the  first  maximum  of  the  impact 
force  for  infinite  be  ims  =  can  be  interpreted  as  the  colli¬ 
sion  Impact  of  two  masses,  we  now  determine  MQ,  the  reduced  mass 

of  the  beam,  for  the  first  maximum  of  the  impact  force  by  setting 
equal  the  maxima  of  the  impact  force  for  the  beam  for  coeffi¬ 
cient  b0  (impacting  mass  )  and  impact  force  Q M  for  collision 
impact  of  two  masses  according  to  Hertz.  From  Expression  (15)  for 
a«-~  and  from  Formula  (54)  it  follows 


f*+  -V 


P+1 


V^'co'-P;  aiM=r-  V  Ct'M.v'-?-,  Af,=  — -f- 


M. 


(95) 


Introducing,  according  to  (11),  the  dimensionless  mass  M 

M  =  ca'l •  M  (  q  g ) 

and  using  Formulas  (11),  (95)  uni  (96),  we  will  get  the  dimension¬ 
less  reduced  mass  of  the  beam  M  in  the  form 

e 
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(97) 


) 


Air 

1  f>o  Af£ 


M,  Mb, 

M,+  Mbo 


2  -  !±?  _ 


If  we  assume  that  the  value  of  M  remains  unchanged  within 
some  range  of  variation  of  coefficient  b ,  then  substitution  of  M ^ 
and  according  to  Expressions  (96)  and  (97)  into  the  Hertz  for¬ 
mula  for  impact  collision  of  two  masses  yields  the  following  ex¬ 
pression  for  the  maximum  impact  force  for  coefficient  b  in  terms 
of  <?**«:  ..  .  ....  _ . 

- (98) 


Results  of  recalculation  according  to  Formula  (98)  are  pre¬ 
sented  in  the  table  and  are  in  good  agreement  with  EDC  calcula¬ 
tions  for  a  pitch  of  b  equal  to  0.5  (error  of  up  to  5%)  • 

In  the  linear  case  0=0  it  is  possible  to  give,  in  addition 
to  Formula  (98),  still  another  formula  for  calculation  according 
to  coefficient  b.  According  to  Expression  (16),  the  transform  of 
the  impact  force  with  coefficients  b  and  b 0  has  the  form 


Ql 


•  i  r.  »  -.1 

'  J  *|l  +  ~  -H, 


(99) 


Assuming  Qbo=A0  sin  io0  trnlo  —  A0  — — —  ,  we  get 

S*+0,2 

Qb  —  A  sin  oit;  A  =  ;  u>  =  o)0A;  A  =  1/  |-f(6_60)^L.  (100) 

a  r 

It  Is  entirely  obvious  that  the  method  of  approximate  consid¬ 
eration  of  the  coefficient  b ,  suggested  above.  Is  unsuitable  for 
infinite  plates  (a-I),  since  the  first  maximum  of  the  Impact  force 
in  the  case  of  u=l  is  interpreted  as  impact  in  the  system  of  a  hy¬ 
draulic  shock  absorber  (see  the  problem  on  page  44).  Hence,  for 
approximate  consideration  of  the  effect  of  coefficient  bt  one 
should  in  this  case  use  Formula  (41)  which  corresponds  to  impact 
upon  a  plate  for  a  =  O*nd0=l,O,  as  well  as  the  previously  noted  lit¬ 
tle-felt  effect  of  nonlinearity  indicator  $  on  the  first  maximum 
of  the  impact  force  for  plates.  The  curve  of  the  maximum  impact 
force  calculated  according  to  Formula  (4l)  is  presented  In  Fig. 

11.  The  use  of  this  curve  instead  of  <2max>  calculated  on  an  EDC 

for  the  nonlinear  case  of  0=1.5  yields  for  a  <0,375  the  greatest 
error  of  -6%  for  6=0,25;  here,  with  an  Increase  in  b,  this  error 
becomes  smaller  (to  -3%  for  6  =  0,75). 

It  follows  from  what  was  said  in  Subsections  4"a"  and  "b" 
that  the  number  of  versions  to  be  calculated  In  estimating  the  im¬ 
pact  contact  strength  for  the  fir_t  collision  can  be  substantially 
reduced  for  the  dimensionless  variables  used  In  this  work  in  the 
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case  of  passive  systems  with  ot  =  1 ;  3/2;  2.  For  infinite  beams  and 
plates  use  can  he  made  of  data  on  the  maximum  dimensionless  impact 
force,  presented  in  Figs.  10-11;  here,  transition  to  the  dimen¬ 
sional  impact  force  takes  place  in  accordance  with  notation  of 
Formula  (15).  Certain  considerations  were  put  forward  on  page  42 
relative  to  the  intensity  of  recurrent  impacts;  however,  to  esti¬ 
mate  the  strength  on  recurrent  impacts,  it  is  necessary  to  deter¬ 
mine  n,  the  damping  coefficient  of  the  passive  system,  for  which 
for  a  given  a  the  recurrent  impacts  are  found  to  be  weaker  than 
the  first  impact.  Here  it  is  necessary  to  take  into  account  the 
effect  of  the  constant  force  (the  force  of  the  weight,  i.e.,  coef¬ 
ficient  k)  .  As  follows  from  problem  3"c,"  the  damping  source  for 
beams  and  plates  on  an  elastic  foundation  is  dissipation  of  energy 
as  a  result  of  the  wave  process  in  the  foundation. 
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ON  THE  INFLUENCE  OF  WEIGHT-SUPPORTING  SPRINGS  ON  THE  DYNAMIC 
EFFECT  OF  A  MOVING  LOAD 

Doctor  of  Technical  Sciences  A.B.  Morgayevskiy 
(Dnepropetrovsk) 

It  is  usually  assumed  in  calculating  the  dynamic  effect  of  a 
moving  load  with  consideration  of  its  mass  that  the  action  of  this 
load  is  directly  transferred  to  the  structure  [1],  Actually,  how¬ 
ever,  the  load  of  railroad  rolling  stock  or  motor  vehicles  usually 
consists  of  two  parts,  namely,  the  underspring  part,  consisting 
of  the  car  and  locomotive  undercarriages,  and  the  abovespring 
part,  consisting  of  the  bodies  and  the  payload. 

The  pressure  from  the  underspring  part  is  transmitted  to  the 
structure  directly,  while  the  pressure  of  the  abovespring  part  is 
transmitted  through  load-supporting  springs,  which  soften  the 
shocks  and  somewhat  modify  the  character  of  the  dynamic  effect  of 
the  moving  load.  The  present  article  Is  concerned  precisely  with 
this  effect  of  load-supporting  springs  on  the  dynamic  effect  of  a 
moving  load,  moving  along  a  smooth  track. 

Thus,  let  a  load,  with  underspring  mass  and  weight  of  M\  and 
Pi  and  an  abovespring  mass  and  weight  of  M 2  and  P2 ,  respectively, 
be  moving  along  a  smooth,  simply  supported  beam. 

At  the  instant  the  load  is  put  onto  the  beam,  the  static  de¬ 
formation  of  the  spring  is  Ast,  the  deflection  of  the  beam  and  its 

velocity  are  zero.  The  stiffness  factor  of  the  spring,  i.e.,  the 
reciprocal  of  the  static  deformation  produced  In  the  spring  by 
unit  force,  will  be  denoted  by  k.  The  beam's  deflection  in  any 
section  is  denoted  by  u(x,  t)  and,  restricting  ourselves  to  the  first 
harmonic,  we  assume 

u(x,t)=f(t)  sin-yl.  q) 

The  displacement  of  the  center  of  gravity  of  the  abovespring 
load  relative  to  its  position  on  the  undeformed  spring  is  denoted 
by  w(t).  By  virtue  of  the  above,  ^(0)  =  ACT.  A  schematic  of  the  load¬ 
ing  of  a  beam  by  a  load,  partially  supported  by  a  load-supp  rting 
spring  in  the  form  of  a  simple  spring,  is  shown  in  Pigs.  1  and  2. 

The  beam  under  consideration  has,  in  general,  an  infinite 
number  of  degrees  of  freedom;  however,  by  specifying  the  shape  of 
the  elastic  curve  by  Formula  (1),  we  thus  reduce  the  number  of 


V 


t 


degrees  of  freedom  of  the  system  consisting  of  the  ueam  and  of  un¬ 
derspring  mass  :4\  to  one. 


The  abovespring  part  of  the  load,  whose  mass  is  Af2,  also  has 
one  degree  of  freedom,  since  it  is  free  to  perform  vibrations,  in¬ 
dependent  of  the  beam,  along  the  axis  of  the  spring.  In  the  state¬ 
ment  under  consideration,  the  system  being  considered  here  thus 
has  two  degrees  of  freedom. 


Fig.  1 


Fig.  2 


V  ) 


The  motion  of  this  system  can  be  described  by  two  independent 
parameters  f(t)  and  w(t)3  the  first  of  which  characterizes  the 
time-variable  deflection  of  the  beam's  midspan,  while  the  other 
describes  the  displacement  of  mass  Mz  along  the  axis  of  the 
spring. 

We  first  set  up  the  equation  of  motion  of  abovespring  mass 
Mz .  This  latter  mass  is  acted  upon  by  three  forces,  namely:  the 

weight  force  P2 ,  inertia  force  M2  — and  spring  reaction 
—  u(vt,  0]. 

Using  the  d'Alembert  principle,  we  can  write 

2Y  —  Mtd'-  +  P.,-k(w  —  u)  =  0. 

1  dn 

In  the  given  case,  u  Is  the  ordinate  of  the  elastic  curve  of 
the  beam  beneath  the  load  and,  consequently,  using  Formula  (1), 
we  can  write  the  equation  of  motion  of  mass  Mz  in  the  form 

+  kwM ~  kf  sin  T~  =  P%'  (2) 


The  second  equation  characterizes  the  motion  of  the  beam  to¬ 
gether  with  underspring  mass  M i .  To  set  up  this  equation  we  use 
the  differential  equation  of  equilibrium  for  a  beam  element 


EJ 


d*u(x,  t) 
Sx* 


q(x,t)  =  0. 


(3) 


l  > 


We  assume  that  the  moving  load  is  distributed  over  some,  quite 
small,  segment  with  length  e.  Then,  disregarding  the  weight  of 
the  beam  proper,  everywhere,  except  for  this  segment,  we  can  write 
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g(x,t)-  —m 


dlu(x,  t) 
dt* 


(4) 


On  the  other  hand,  inside  this  segment  we  have 

d*u(x,t) 


^(a,/)  =  —m 


where 


<?/« 


AL  .^0_+  A  (t* 

e  dt1  e  e 


dtujvt,  0  _  ^u_  i  jy  d*u  i  vt  &HL 
dt 2  dt *  d*df  ^  d*1  ‘ 


(5) 


We  solve  Eq.  (3)  by  the  Bubnov-Galerkin  method;  then,  taking 
into  account  (1),  we  can  write 


f  [EJ  d-!^rl  -  q  (X,  t)  ]  sin  SZ  dx  -  0. 


Taking  into  account  Relationships  (1),  ( *0  and  (5)  and  inte¬ 
grating  after  transformations,  we  get  the  following  differential 
equation  of  motion  of  the  beam  and  mass  M2 : 


where 


( 1  +  2|a,  sin1*  nl)f  ( t )  +  2^,  sin  2 «£/'(£)  + 
+  (x—2n,ntsin»n£)/(£)~6sinrt£a/(£)-f 

+  fl<insn5/(5)  =  ^psirurg, 

mu* 


„  _  Mi  Mt  •*>?  I*  1 

«/  ’  V~; 


(6) 


1  /»  K  m  ’ 


P' 


/CT 

<6»jkh , 

Act  ' 


and 


ml  o* 


«-f 


(7) 

(8) 


As  was  pointed  out  above,  the  purpose  of  the  present  study 
is  the  problem  of  the  influence  of  load-supporting  springs  on  the 
magnitude  of  the  dynamic  effect  of  a  moving  load. 

For  this  purpose,  it  is  pertinent  to  compare  the  magnifica¬ 
tion  factor  for  load-supporting  springs  of  different  stiffness  at¬ 
tendant  to  the  motion  of  one,  fully  spring-supported  load  (i.e., 
assuming  Wi  =  0)  with  the  magnification  factor  for  a  load  fully 
nonspring-supported . 

System  of  equations  (2)  and  (6)  for  vVf,  =  o  simplifies  and  can 
be  written  as 

wo  (5)  +  H  (6)  - 1  sin  n£/0  (6)  =*  a; 

/o(S)  +  (x0-Msin*;i£)/0(S)_  6sin  n£  u;0(£)  =  0.  ■ 


(9a) 

(9b) 


A  transition  was  made  in  System  (7)  to  dimensionless  vari¬ 
ables  wo  and  f o  by  means  of  the  substitutions 
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where 


(10) 


w(i)=fcrw0(i)^f(i)=fcxm, 


f  _  _  Pf0  _  pi* 


n*EJ  CT  48  EJ  ’ 
and  also  the  following  designations  were  introduced: 


,  k  l*  1.1  v  n  .  / 


1 


x0=^-(l+2(i1);  a 


a* 


Ptl * 


2|i,a» 


£/ 

m  Vr+ 

(l+2|i,). 


n» 


(id 


System  of  equations  (9)  should  be  integrated  with  the  initial 
conditions 

/o(0)  =/,'(0)  -  «  0)  -  0;  tr0(0)  =  y.  ( 12  ) 


The  last  of  Eqs .  (12)  expresses  the  requirement  that  at  the 
start  of  motion  the  deformation  of  the  spring  be  equal  to  its 
static  deformation  produced  by  compressive  force  P z . 


Fig.  3.  1)  Taking  spring  sup¬ 
port  into  account;  2)  for  a 
perfectly  stiff  spring;  3) 
graph  of;  4)  or. 


System  of  equations  (9)  with  initial  conditions  (12)  can  be 
solved' by  numerical  methods.  In  this  case  both  Eqs.  (9)  should,  be 
integrated  simultaneously,  extending  the  tables  by  means  of  Stor- 
mer's  formula 

^  [A’  V-2  +  A'1  n„_8  +  {l  A4  Tin~<]  • 

For  Eq.  (9a)  the  term  n •  is  meant  to  denote  the  expression 
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T)(®)  =  A ‘[fl-x®0 (5,)  +  X sin  nl.  f0 (£,)Jf 
and  for  Eq .  (9b)  it  denotes  the  expression 

n5r)  “  A,[*sin«6|O0(M-  (x  +  fisin3a&,)/0«,)]. 

where  A  is  the  interval  of  integration. 


Pig.  A 


/ 


The  initial  rows  of  the  table  can  be  filled  either  by  succes¬ 
sive  approximations  or  by  means  of  series,  which  are  power  expan¬ 
sions  of  functions  foil)  and  «MS)  in  the  vicinity  of  the  zero  point. 
These  series  are  obtained  most  simply  by  the  method  of  indeter¬ 
minate  coefficients 

w0(l)  =  D0-Dt  £•; 

where 


C,=  yP;  C5 


—  P;  - —  n*  flP; 


-  -  -  (x  +  n3)  p. 
120  y 


Integrating  Eq.  (9)  numerically,  we  will  find  for  each  posi¬ 
tion  of  the  load  the  deflection  foil)  and  displacement  w0(l)  for  load 
Mi.  Knowing  them  it  is  not  too  difficult  to  determine  the  total 
depression  of  the  spring 

6(£)  ^/cT K(D—  /0(!)sin n£],  3 \ 


as  well  as  the  pressure  P(t)  of  load  M 2  on  the  beam,  or,  which  Is 
the  same  thing,  the  force  compressing  the  spring.  It  follows  from 
Formula  (13) 

P(0  =  M(|)  =  f>Ki|)-/n(|)sinn$|^  , 
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The  above  method  was  used  for  a  number  of  calculations  for 
certain  values  of  parameters  a,  p»nd[i2. 

Fig  re  3  presents  for  comparison  graphs  of  variation  in  the 
relative  dynamic  deflections  foil)  of  the  midspan  (dynamic  deflec¬ 
tion  influence  lines),  constructed  with  consideration  of  spring 
support  for  p_  =  1  and  without  consideration  of  spring  support  for 
p=oo,  for  Ma-  “0,5,  as  well  as  the  graph  of  variation  in  displace¬ 
ment  i0o(£)  for  the  same  values  of  ya.  a»ndp=r. 


As  follows  from  Fig.  3,  the  magnification  factor  in  the  pres¬ 
ence  of  a  specified  load-supporting  spring  is  1.66  instead  of  the 
1.8  in  the  absence  of  a  spring. 

Figure  4  presents  the  dynamic  deflection  influence  lines  for 
the  midspan,  constructed  for  u=0,5«ndn2=l  for  different  values  of 
coefficients  0,  namely ,  P*3  °°.  4,  2,  Lnd0,5. 

The  table  gives  the  values  of  the  greatest  ordinates  of  these 
influence  lines  or,  which  is  the  same  thing,  of  magnification  fac¬ 
tors  +y  for  the  same  values  of  parameters  y,  a  and  0. 


oo 

4 

1 

l+f* 

1.8 

1 .76 

1 ,66 

1,37 

The  graphs  of  Fig.  4  and  the  table  give  a  sufficiently 
graphic  idea  about  the  influence  of  load-supporting  springs  on 
the  dynamic  effect  of  a  moving  load  having  a  mass  when  moving 
along  a  smooth  beam. 

Figure  5  presents  graphs  of  variations  in  the  pressure  of  the 
moving  load  on  the  beam  or,  which  is  the  same  thing,  of  the  force 
compressing  the  spring  during  the  time  interval  when  the  load 
moves  along  the  beam. 
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APPLICATION  OF  THE  VARIABLE  TIME-SCALE  METHOD  TO  THE  SOLUTION  OF 
PROBLEMS  OF  THE  DYNAMIC  EFFECT  OF  A  MOVING  LOAD  ON  STRUCTURES 

Doctor  of  Technical  Sciences,  Professor  N.G.  Bondar', 

Engineer  Yu.N.  Denishenko 

( Dnepropetrovsk) 


Problems  of  the  dynamic  effect  of  a  moving  load  on  structures 
are  one  of  the  oldest  problems  of  structural  mechanics  [1].  First 
these  problems  were  solved  without  consideration  of  the  masses  of 
the  moving  load.  During  the  last  forty  years,  starting  with  the 
work  by  Sailer  [2],  a  large  number  of  publications  has  appeared 
in  which  the  Inertia  of  the  moving  mass  is  considered.  During  the 
last  few  years,  a  great  deal  of  attention  was  paid  to  this  problem 
by  V.V.  Bolotin  [3,  4 ,  5],  A.B.  Morgayevskiy  [6,  7,  8]  and  S.I. 
Konashenko  [9,  10,  11,  12].  In  addition  to  theoretical  work,  ex¬ 
perimental  studies  of  structures  were  also  performed  [13,  1^,  15]. 

The  present  article  presents  an  approximate  method  for  solv¬ 
ing  problems  of  structure  vibrations  taking  Into  account  the  mass 
of  the  moving  load  for  slowly  varying  parameters  of  the  system. 

It  is  a  particular  case  of  the  more  general  method  of  the  variable 
time  scale,  developed  for  nonlinear  vibrations  [l6,  17,  18],  The 
substance  of  this  method  consists  In  tne  fact  that,  by  transforma¬ 
tion  of  the  time  scale,  a  differential  equation  with  variable  co¬ 
efficients  Is  reduced  to  the  well-studied  equation  with  constant 
coefficients . 

§1.  Substance  of  the  Method 

If  we  consider  only  the  first  (fundamental)  mode  of  vibra¬ 
tions  of  the  system  and  disregard  the  higher  modes,  which  is  usu¬ 
ally  done  in  the  applied  theory  of  vibrations,  then  the  overwhelm¬ 
ing  majority  of  problems  of  structure  vibrations  due  to  a  moving 
load  with  consideration  of  its  mass  can  be  reduced  to  a  single 
second-order  equation  with  variable  coefficients 

+  T(t)y(().  F(t).  (U 

Here  and  henceforth,  the  dots  denote  differentiation  with  respect 
to  time.  Equation  (1)  cannot  always  be  solved  in  terms  of  elemen¬ 
tary  functions.  For  this  reason,  we  shall  seek  Its  solution  on  the 
following  considerations.  We  shall  assume  that  its  solution  is  the 
solutlpn  of  a  differential  equation  such  which,  on  the  one  hand, 
allows  an  exact  solution  in  elementary  functions,  while,  on  the 
other  hand,  it  is  close  to  starting  equation  (1).  We  shall  term 
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this  equation  the  replacing  equation.  This  approach  vas  used  suc¬ 
cessfully  before  [9]  for  finding  an  approximate  solution  of  one 
particular  case  of  Eq.  (1),  with  an  entirely  different  method  used 
for  comparing  the  coefficients  of  the  starting  and  replacing  equa¬ 
tions  . 


We  shall  seek  the  replacing  equation,  assuming  that  it  is 
possible  to  transform  it  into  a  linear  equation  with  constant  co¬ 
efficients,  i.e., 


g*  (v) 

dy* 


+  z(y)  =  H  (y). 


(2) 


Using  the  idea  of  a  variable  time  scale  [16,  17,  18],  we  substi¬ 
tute 


z(Y)  =  y(Q*(Q,  Y  =  <p(0> 


(3) 


where  <D(0 •nd(j>(0  are  as  yet  unknown  functions  of  time.  Differentiat¬ 
ing  the  first  condition  in  (3)  twice  with  respect  to  y,  and  using 
the  second  substitution  of  (3),  we  get  . 


dz 

dy 


dz 

Yl 


7-  =(?/<!> +y<l>)-; 
Y  <p 


gz  _  _g  /  dz\  =  d_  fdt  \  dl 
dy *  dy  'dy  '  \<*Y  ) d Y 


=  7-  +  2  &  y+ytyy—y  (y  <I> +  «<!>)]. 

<ps 


Substituting  tne  last  expression,  as  well  as  the  first  of  Condi¬ 
tions  (3)  into  Eq.  (2)  and  performing  simple  transformations,  we 
get  the  replacing  equation 


9©/ 


(4) 


It  is  clear  from  a  comparison  of  Eqs .  (1)  and  (4)  that  the  solu¬ 
tions  of  these  equations  will  be  identical  if  their  coefficients 
and  right-hand  sides  are  equal,  i.e.. 


N(t)  =  2—  — -3L. 
©  ■  ’ 
9 


+  <p’-— ; 
CD  •  ’ 

9© 

F(t)  =  H  i!. 

© 


9©_ 


(5) 

(6) 

(7) 


From  these  three  conditions  we  must  find  the  three  unknown  func¬ 
tions  <D{/),  <p(0»ndtf(v)-  From  Equality  (7)  we  have 


<P* 


(8) 


79 


\ 


The  first  tvo  conditions  (5)  and  (6)  are  a  system  of  two  equa¬ 
tions,  of  v,  Lch  (6)  is  nonlinear.  It  is  impossible  to  obtain  an 
exact  solution  of  this  system  in  elementary  functions. 

It  ±s  possible  to  obtain  an  approximate  solution  by  taking 
into  account  the  fact  that  for  practical  problems  functions  N(t ) 
and  T(t)  vary  slowly.  A  similar  assumption  wias  used  in  [5]. 


It  will  be  shown  below  that  in  this  case  functions  ®(0?nd<p(0 
will  also  be  slowly  varying  functions.  Consequently  (&(<)  0“ndip(/)«0. 
and 


o 

D 


<p<D 


Disregarding  second-order  infinitesimals.  Condition  (6)  can  be  re¬ 
duced  to  the  form 


(9) 


Integrating  it,  we  get 

9(0  =  Jl/TiiMf  +  C,. 


(10) 


Differentiating  Equality  (9)  with  respect  to  time  and  substituting 
the  value  of  4>  and  cp2  according  to  Formula  (9)  into  Condition  (5), 
we  find 


N(t)  =  2 


T_ 
2  T  ' 


Integrating  this  equation  and  performing  simple  transformations, 
we  get 

*«>-[j/no<H’.  an 

where 

MO  —  J  N(t)dt  -}-  C2.  (12) 

In  Formulas  (10)  and  (12),  C i  and  C z  are  arbitrary  constants  of 
Integration . 

As  is  known,  the  solution  of  Eq.  (2)  has  the  form 

T 

*(y)  =  A  cosy  +  Bsiny  +  j  H (u)  sin  (y  —  u)du.  (13) 


Here  A  and  B  are  arbitrary  constants  and,  in  accordance  with  the 
second  of  Conditions  (3),  it  is  denoted  as  u  =  < p(t).  Substituting 
this  expression  and  its  differential,  as  well  as  Equality  (8)  into 
Solution  (13)  and  using  Conditions  (3)  for  returning  to  the  old 
variables,  we  get  a  solution  of  replacing  Eq .  ( *0  in  the  form 

— ( —  F(T)sin  (<p(0— v(t)J* 

9  (*) 


J.  (14) 


"  ^  ~  \t)  p  cos  <P  (0  +  #  sin  <p  (/)  + 
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The  limits  of  integration  are  here  determined  by  the  interval  of 
variation  of  variable  x,  namely 

Since  Solution  (l4)  contains  the  difference  of  functions 
<p(0— <p(t),  then  constant  C 1  in  Formula  (10)  can  be  taken  arbitrari¬ 
ly.  Assuming  it  equal  to 

L. 


it  becomes  possible  to  represent  Expression  (10)  thus 

=  (15) 

Similarly,  it  follows  from  Formulas  (11),  (12)  and  (1*0  that  con¬ 
stant  C 2  in  Eq.  (12)  can  be  also  chosen  arbitrarily.  Assuming  it 
equal  to 

ca  =  -f;vio 


we  write  Formula  (12)  in  the  form 


MO- 


j"  N(x)dx. 


(16) 


We  determine  arbitrary  constants  A  and  B  contained  in  Solu¬ 
tion  (1*0  from  the  initial  conditions,  which  for  problems  of  the 
effect  of  a  moving  load  on  a  structure  are  always  zero,  i.e., 

/  =  0,  y= 0,  y=0. 

Substituting  these  conditions  into  Solution  ( 1 0 )  and  into  its 
first  time  derivative 


y  <l>  +  y  $  =  —  A  siiup-fB  cos  <p  + 


1  O(t) 

4>  (■*■) 


F(t)cos  (ip  (0  —  q>  (r)J  c 


<p(0. 


we  get  the  homogeneous  system 

Acos<p(0)  +  fisin<p(0)  =  0;  —  /*sin<j>(0)  -f  flcosq>(0) 


Since  the  determinant  of  this  system  is  not  zero,  i.e,, 


cos  <p  (0) 
—  sin  q>(0) 


bm<Pm!  =cos*<p(0)  +  sin,q>(0)  -  1, 
cos  9  (0) 


then/l  =  fi  =  0.  Consequently,  Solution  (14)  is  reduced  to  the  form 


y(t)  =  -  f  -^-f(T)sin  l«p(0  —  «p(r)]cfT. 

u  6  <P(T) 

I 

This  formula  can  be  represented  in  still  another  form 
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y  (0  =  f/i  (<)  sin  q>  (7)  —  /,  (/)  cos  9  (/)] , 

where  ,  . 

A(0  =  |  ‘^•/7  (t)coscp(T)dT; 

0 

ft  (0  =  f  -  j—  ^  (t)  sin  9  (t)  dr. 
o  j 

Use  is  made  here  of  the  equality 

(DU)  =  gx<*> 

9(0  0<'>‘ 

which  follows  from  Formulas  (9)  and  (11). 

We  now  pass  on  to  specific  problems,  illustrating  the  above 
method. 

§2.  Problem  of  a  Load  Moving  on  a  Beam 

Let  a  load  with  weight  P  and  mass  M ^  be  placed  on  a  beam 

(Fig.  1)  at  time  t  =  0,  and  let  the  load  then  move  along  the  beam 
at  constant  speed  v. 

To  solve  the  problem  approximately,  it  is  permissible  [1-12] 
to  disregard  the  effect  erf  higher  modes  of  vibrations  and  to  con¬ 
sider  the  beam  as  a  system  with  one  degree  of  freedom  (Fig.  1)  . 

The  mass  of  the  beam  reduced  to  the 
midspan  (without  consideration  of 
the  mass  of  the  load)  will,  as  is 

fnl 

known,  be  Mv-  —f  where  m  is  the 

mass  per  unit  length  and  l  is  the 
beam  span,  if  we  take  as  the  ap¬ 
proximating  curve  for  the  elastic 
curve  of  the  beam  the  sinusoid 

Y(x,  0  =  y(t)  sin  y,  (19) 

where  y(t)  is  the  beam  midspan  de¬ 
flection. 

According  to  the  d'Alembert  principle,  we  can  write  for  the 
displacement  of  the  beam  midspan  the  expression 

y(t)  =  (P  +  l)blp-Mpy[t)bxu  (20) 

where  611  is  the  influence  coefficient  for  displacements,  equal  to 

a  =  l'  ~  —— 

11  ~~  <18  F.J  ~~  n*EJ  '  (21) 


(17) 


(18) 
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EJ  is  the  rigidity  of  the  beam; 

*ip  is  the  influence  coefficient  for  displacements,  which 
can  be  approximated  by  the  sinusoid 


f>ip  ~  6n  sin  ~  vt  (x  =  vt), 


(22) 


I  if  the  inertia  force  of  the  moving  load  which,  according 
to  d'Alembert's  principle  is 


I  =  -Mk 


(23) 


Since  function  of  deflections  (19)  is  a  function  of  two  vari¬ 
ables  x  and  t ,  its  total  second  derivative  will  consist  of  three 
terms 


<PY 

dt* 


d*?  n  &  Y 

— - f-  2v  — 1 — 

dt1  dx  dt 


(24) 


which  are  called  the  translational,  Coriolis  and  relative  accel¬ 
erations  . 1 

Introducing  Formula  (19)  into  Eq .  (24),  and  then  Into  Eq. 
(23),  we  get 

/=,—  jy  (/)  sin  ef  -f  2  y (/) e cos et  —  y (t) e* sin et], 


where 

nv 

e  =  —  . 
I 


Substituting  this  formula  into  Eq .  (20)  and  referring  to 
Equalities  (21)  and  (22),  after  elementary  transformations  we  find 

( Mp  -}-  Musin’ it)y  +  Mk  e  ysir»2ef  + 

M*e*  sin* y  =  P sin  eh 


Dividing  both  parts  of  this  equation  by  and  introduc¬ 


ing  the  dimensionless  parameter  P =MJinl ,  we  get 


(l-f2|3sinaeOy  +  2ePy  sin  2e/  — 2e*Psin*e0y  =  —  sine*, 


M. 


(25) 


where  ® 


-i/ 


EJ 


m 


is  the  frequency  of  the  principal  mode  of  free 


vibrations  of  the  beam  without  a  weight. 


This  equation  was  set  up  by  the  same  method  as  in  [2,  19,  20], 
where  only  the  translational  inertia  force  was  taken  into  account. 
Equation  (25)  is  a  corollary  of  the  more  general  Bolotin-Inglis 
equation  [3,  4,  21]  and  can  be  obtained  in  the  first  approximation 
from  this  general  equation  [3-5].  Equation  (25)  was  for  the  fir$t 
time  obtained  in  [9],  where  It  was  set  up  by  the  method  of  gen- 


l/99 
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eralized  coordinates.  This  reference  also  called  attention  to  the 
fact  that  the  cjefficients  in  Eq.  (25)  are  related  by  a  certain 
relationship,  namely,  if  we  denote 


p(0^=  1  +  sin’c/;  a  =  —  ;  uKp 

^Kfi 


S=  1  —  a*  P, 


(26) 


vhere  v,  is  the  critical  velocity  with  whiin  a  constant  force 
kr 

moves  along  a  beam,  then  Eq .  (25)  can  be  written  as 

py  +  p  y  +  (~  R  +  s&)y=  £psinef-  (27) 


This  equation  is  reduced  easily  to  form  (1).  In  the  case  un¬ 
der  consideration  th coefficients  an,d  the  right-hand  side  are 


F  (t)  —  —  sine/ 

(  ~  Mp'  1+2(5  sin*  e/ 


(28) 

(29) 


Prom  Formula  (16),  taking  into  account  the  first  notation  in  (26), 
we  have 


Consequently, 


=  \N(x)dx  * 

■  o-P 


em  =  P(0- 


\ 


(30) 


For  middle-  and  large-span  structures  function  p(t),  which  repre¬ 
sents  the  mass  of  the  system  reduced  to  midspan,  varies  slowly. 
This  makes  it  possible  to  disregard  in  the  second  of  Formulas  (28) 

the  value  of  ^4~p(0  as  compared  with  02S,  i.e.,  to  assume  that 

4 


T(t)  = 


e*s 

P(t)' 


(31) 


? 


Fig.  3 


Using  Formulas  (15)  and  (31),  we  got  for  the  function  of  the  phase 
angle  the  expression 


wwmi' 


n:*i.  W^IWWIWSP^  ■^^wwim'ia 


j - **"l*«*,,»'  ,r'a 


<p(0  =  e  V  s  f  — —  =  9  / s  P - g - .  (32) 

J  V/P(t)  J  ^  1+20  sin*  et 


Then,  according  to  Formulas  (11),  (30)  and  (3D,  we  have 


*<o-[o<oy^jj  ]’  -p*  I /'ms. 


(33) 


In  the  case  of  free  vibrations,  setting  in  Solution  ( 14 )  F(x)  ®  0, 
we  find 

j,(0"  ®ioMco89(0+B-8<nfWi* : 


Substituting  here  Expressions  (32)  and  (33),  we  get 


_  i  _  j_  _  i 

1/(0  =  0  t5  1  p(t)  "4 


.4  cos  8  5  f-^=  + 

0  V  P  (*) 


+  8  sin  8  y-  S  f— 

■’  /p(t)  J 


i:  _J 

Including  e~  J  S  4  into  the  values  of  constants  A  and  B ,  we  shall 
arrive  at  the  expression  obtained  previously  in  [9]  in  another 
way. 


The  integral  in  Formula  (32)  cannot  be  expressed  in  terms  of 
elementary  functions.  For  this  reason,  we  shall  find  its  approxi¬ 
mate  value,  by  linearizing  the  phase-angle  function  from  the  con¬ 
dition  of  equality  of  areas  (Fig.  2) 


i  ■ 


f  d(vl) 

0  / 1+20  sin*  tt  -J  , 

1  ■  1  Ol  Ik  ©►;  1 

\  /l  +20/  J 

rf(o/)  =  n,/, 


where 

l~—(  1 - J - V 

*  \  V  j  +  20  /  (30) 

Consequently,  according  to  Formula  (32),  we  have 

/ 

V(/)=a:'0/5jn,<fT  =  0r ■Snlt  =  yt-  (i|>  =  0  ,/  S  m)  .  (35) 


Introducing  into  Equalities  (18)  Expressions  (29),  (30),  (33)  and 
(35),  we  find 
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V 


•  J 


t 

p  r  -  -  - 

A(0  =  - TT-=r  1  P  4  (t)  sin  ex  cos  xprdx, 

mp  v  «*•  J 

0 

t 

fz  (t)  = - - -  I  p(x)  4  sinet  sint(>Tdt , 

Mp/VS  J 


Substituting  here  the  approximate  expression  (Pig.  3) 

_  j_ 

P(t)  *=t - - - ~1—  njsine/;  n,  =  1 - — - - -  (36) 


V I  +  2{Jsin*e/ 


V\  +  2p 


and  integrating,  we  get 

A (0  “ — tt- - f —  ( i  cos  rji  0  -f  ~  (1  cos  »),/)  - 

- Slf - L  sin „j  / - —  sint|«/)|, 

4  \  ♦  n.  r u  14  /I* 

/.  (0  - - ir - (-r-  sin  t5l  /  —  sin  ii»  /  +  ~  (cos  i{>/  -r-  l)-f 

MP  KBITS-  1  2tu  .  2t“  4  L  ♦ 

+  -^-(c°sTla/— !) - '-(ccsru/—  1)]}, 

*13  1]4  j  I 

where 

'll  =  «  —  ^  =  -  —  9«1  /S  ;  T|3  =  2e  — ■  tj>  =  2  ~~  —  6^  /§" ; 

n,  =  e  +  Ij)  =  -y-  +  6/ii  /S;  rj4  —  2e  -f- 1|>  =  2  ~  -f  6n,  /S' . 

Introducing  expressions  for  /i(0"ndM0.  as  well  as  Formulas 
(33),  (35)  and  (36)  into  Solution  (17),  and  then  transforming,  we 
get 


y(t) 


Mp6/S 


=r-(I  —  «,sine/) 


e  simp/ — 1|>  sin  e/ 


e*-** 


+ 


nt  (•;  -  sin*  it  —  it*  sin*  y  /  j 


i|)(ie*  —  it)1) 


(37) 


Substituting  here  '’2=0,  Umm>=0,  We  obtain  the  known  [19]  so¬ 

lution  for  the  problem  of  motion  of  a  concentrated  force  along  a 
beam 

y  (0  “  TTVq/  —  I  sin  ~  sin  0() . 


M/e*-e*)( 


e 


Multiplying  the  numerator  and  denominator  of  Formula  (37)  by  6n 
and  taking  into  account  Equalities  (26)  and  ycr^Pdii;  =®2>  and 

1  AfpOu 

also  changing  to  a  new  variable  y=£.  we  get  the  following  expres¬ 
sion  for  the  magnification  factor  for  a  moving  load 
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j— rrijiMtiJ* 


•‘  -WtBi.tSKai^  W/'tlWS  (mnnm s^‘nmiim&m-0i,V&*''*l,es; 


<14-1*)  = 


y(6)  . 

yCT  a  ]TS 


r(l  —  n,sin  n£)X 


y'S  /S 

sin - /ii  nj  — - ni  sin  n$ 

a  u  , 


«» 


4- 


[("•  “T“)  sinJ"6-4sin*-^  •  -^-«{] 


»  VT  I  ✓  s’  \* 

4"«— -("«  — j 


(38) 


It  follows  from  analyzing  Formula  (38)  that  as  a-*nt/S  the  first 
term  becomes  an  indeterminacy  of  the  type  0/0.  Solving  this  inde¬ 
terminacy  by  l’Hospital's  rule,  we  get  an  expression  for  the  mag¬ 
nification  factor,  in  this  case 


(1  +n)  =  (1  —  n,  sin  n£)(sin  —  nfccosn£-f 

+  !«] sin‘ n£—  ™ n, sin*  y  sig ) • 


(39) 


To  estimate  the  accuracy  of  the  suggested  method,  the  results 
of  calculations  using  Formulas  (38)  and  (39)  were  conpared  with 
results  of  numerical  Integration  of  Eq.  (25),  which  was  done  in 
[8].  The  results  are  displayed  in  Figs.  ^  and  5,  which  show  graphs 
of  magnification  factors  for  mass  ratio  8  *  0.5  (Fig.  4)  and  8=1 
(Fig.  5)  for  different  velocity  ratios  (y/y\r)  given  on  the 

graphs  by  circles.  The  dashed  lines  show  the  results  of  numerical 
integration,  which  can  be  regarded  as  exact,  while  the  solid  lines 
present  results  obtained  from  Formulas  (38)  and  (39),  where 

V  i 

a  =  — •  —  .  . 

%  /l  +  2p 

Here  u#kr  is  the  critical  velocity  of  the  load,  which  is  [8] 


It  can  be  seen  by  comparing  graphs  in  Figs.  4  and  5  that  the 
magnification  factors  have  been  determined  with  a  quite  poor  accu¬ 
racy.  This  is  due  to  the  fact  that  function  p(t)  was  assumed  to  be 
a  slowly  varying  function  and  the  value  of  p(t)  was  disregarded  on 
this  basis.  It  is  natural  that  a  solution  of  Eq.  (27)  was  obtained 
which  is  valid  for  small  velocities  of  a  load  moving  along  a  beam. 

We  now  solve  Eq .  (27)  without  disregarding  the  value  of 
p(t) .  The  coefficient  of  y  in  Eq.  (27)  can  be  represented  still 
in  another  manner,  i.e., 

-1  p  (0  +  58*  =■  0*(1  —  2o* p sin* */) . 

Then  according  to  Formulas  (15)  and  (28),  we  have 
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Pig.  5 

I 
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I 


I  I 

H>  (0  -  j  /T  (r)dx  =  0  J 


■/ 1  —  2a}ftsin,  et 
^  1  +  2p  sin*  et 


dr. 


The  denominator  of  this  Integrand  was  approximated  earlier 
(3^)  by  a  straight  line  (coefficient  m).  The  numerator  Is  ap¬ 
proximated  similarly 


where 


(40) 


fl0  =  1 - —  (1  —  I  1 — 2a*P  )• 

71 


Then  we  get  for  the  phase  angle  function 

t 

<p(/)  =0  j  /i0MT  -  V;  (tf*!  =  ©««/*,). 


(4i) 


It  would  now  have  been  possible  to  write  on  the  basis  of  (37) 
a  more  exact  expression  for  the  midspan  displacement,  replacing 
there  /s  by  n0  and  ip  by  i|ii.  However,  this  formula  can  be  somewhat 

i_ 

simplified  if  p(t)  *  (Fig.  3)  is  also  approximated  by  a  straight 
line  from  the  equal-size  condition 

i  j  i 

p  *  (vt)d  (vt)~  ,f  (  p  2 
0 

where 


i 


then,  according  to  Formulas  (11),  (28),  (30),  (40)  and  (42),  we 
have 


<i*(0 


U'T(I) 


„x<0|  ■< 


(43) 


Introducing  into  Equalities  (18),  Expressions  (29),  (30), 
(41)  and  (42)  and  Integrating,  we  get 


/t(0- 


p  i/'«i 


/.  (0  = 


2A-f„  V  «n, 

P  I  ~n 


I  —  ros(e  ,  1  —  cos(f.  — 

f  H-S>i  e  —  \|>, 


2MeV  Qiu 


sm  (e  -  \|i,)  t _ sin  (e  -f  I 

e  —  M>i  e-f-tp, 


Substituting  the  expressions  for 
las  (41)  and  (43),  into  Solution  (17) 


M0,ndM0.  as  well  as  Formu- 
and  transforming,  we  get 
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y(t)  = 


Pn , 

MpSno  («'  ~  S’?) 


[e  sin  —  \j>,  sin  e^J. 


(44) 


Charu  ing  to  the  variable  5=  —  for  the  magnification  factor 
for  a  moving  load,  we  get  the  expression 


(1+1*)  = 


(45) 


In  the  case  of  a  =  nnnu  eliminating  the  indeterminacy  we  have 

(1+1*)  =  [sinn£  —  Ji£cosn£).  (46) 

‘2n0  * 


Due  to  the  additional  approximation  of  function  P~~  ■*(/)'  the  ex¬ 
pressions  for  the  magnification  factor  have  been  thus  substantial¬ 
ly  simplified  and  their  appearance  is  similar  to  the  solution  of 
a  second-order  equation  with  constant  coefficients. 

The  question  can  be  raised  whether  the  same  result  could  not 
be  obtained  by  approximating  the  coefficients  in  starting  equa¬ 
tion  (27).  Since  functions 

p (t)  =  2e§  sin  2e/  and p (/)  =  cos  2 el 

have  a  frequency  2e,  then,  when  approximating  from  the  requirement 
of  equal  areas,  we  get 

p(0  —  0,  p(0  =  0. 


This  corresponds  to  disregarding  a  part  of  the  relative  and 
the  entire  Coriolis  acceleration.  It  is  natural  that  this  solution 
will  not  conform  to  reality;  to  obtain  a  more  exact  (but  more  cum¬ 
bersome)  solution  it  would  be  necessary  to  break  up  function  p(t) 
into  a  sufficiently  large  number  of  segments  and  to  integrate  them 
with  different  initial  conditions,  as  this  was  done  in  [9]. 

To  determine  the  accuracy  of  Formulas  (45)  and  (46),  graphs 
were  constructed  which  are  shown  in  Figs.  6  and  7.  The  designa¬ 
tions  in  them  are  the  same  as  in  Figs.  4  and  5. 

A3  follows  from  the  graphs,  despite  the  substantial  simplifi¬ 
cation  of  the  formulas,  the  accuracy  with  which  the  maximum  values 
of  magnification  factors  was  determined  increased  perceptibly. 

This  took  place  because  the  term  containing  p(t)  was  taken  into 
account . 

For  small  load  velocities,  the  results  obtained  from  Formulas 
(45)  and  (46)  are  compared  with  the  maximum  values  of  magnifica¬ 
tion  factors  obtained  experimentally  in  [14].  The  results  of  this 
comparison  are  presented  in  the  table. 
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A 

M 

n/n 

a 

14+ 

A 

M 

n/n 

a 

B 

Ha  onuTi 

TeopCTHMC- 

0  Cn'HC 

B 

Ms  nnwTfl 

TeopcTHie- 

c 

- 

0,124 

1.14 

1,15 

6 

0,0955 

1,10 

1.12 

2 

0,116 

1,14 

1.17 

7 

0,0915 

1,08 

1,11 

3 

0,11 

1,15 

1,15 

8 

0,0£6 

1,05 

1,06 

4 

0,105 

1.12 

1,16 

9 

0,0825 

1,02 

1,06 

5 

0,101 

1,13 

1,15 

10 

0,074 

1,04 

1 ,08 

A)  Ordinal  No.;  B)  experimental;  C)  theoretical. 


As  can  be  seen  from  the  table,  the  maximum  values  of  magnifi 
cation  factors  at  low  velocities  are  also  determined  with  a  satis 
factory  accuracy  and  the  averag  error  is  ^ 2.2 %. 

The  accuracy  in  determining  the  magnification  factors  can  be 
improved  further  by  approximating  the  functions  (Figs.  2  and  3) 
not  by  one  but  by  several  steps  . 

§3.  Problem  of  the  Motion  of  a  Distributed  Load  along  a  Beam 

Let  a  uniformly  distributed  load  q  per  unit  length  with  mass 
m per  unit  length  be  placed  at  time  t  =  0  on  a  beam  with  reduced 

mass  Mp^mrl/2  and  then  move  with  constant  velocity  v  (Fig.  8). 

The  differential  equation  of  the  beam's  midspan  vibrations, 
set  up  similarly  to  Eq.  (20),  has  the  form 

Vt 

y{t)=  j(v  +  i)6lp(x)dx-  Mp'y(t)bn.  (4 7) 

o 


Here  the  equation  of  the  deflections  influence  line  at  beam  mid¬ 
span  flip (x)  and  the  displacements  influence  coefficient  6m  can  be, 
as  before,  determined  from  Formulas  (21)  and  (22). 


The  inertia  force  per  unit  length,  according  to 
principle,  is 


d»y 


(  d*y 


i——mk  —  ==  +  2v 


di* 


\  dt 1 


d*y  a*y 

— = - 1-  V1  — = 

Oxdt  dx* 


)■ 


d '  Alembert '  s 


(48) 


Here,  as  before.  Sinusoid  (19)  is  taken  as  the  first  vibra¬ 
tory  mode.  Substituting  Expressions  (19),  (22)  and  (48)  into  Eq. 
(47),  we  get 

vl 

y  =  All  j  j  |<7—/n*(y Sin  yx-f-2(/y  cosy  JC  — 

— ^!/(y)Jsin  y  x  j  j  sin  y  xdx  —  M„y  ) . 


Integrating  and  transforming,  we  get 


MpJ4  +  l  (it - sin  2et  jj  y  +om*</sin'ef  + 

+ [<£  _  1 *  a1  (e‘  ~  T sin2" )]  y  -  £  o  -  cos  */). 

The  notation  used  here  is 


(49) 

(50) 


Dividing  Eq.  (49)  by  the  coefficient  of  y ,  which  is  the  reduced 
mass  of  the  system,  we  arrive  at  Eq.  (1),  where 


W(0  = 


F(/)  = 


2flt)sln1c/ 

/|'+ip(0]  ' 

(1  —  cos  tt) 

av*[1+-J-p(oJ 


7(0- 
;  p(0 


n 

i  +  -^-p(o 

e/  —  sin  2e(. 
2 


(51) 


Here  02— l/MPdn  is  the  square  of  the  frequency  of  free  vibrations 
of  a  beam  without  a  load. 


Fig.  9 


If  we  introduce  the  notation 

W(()  =  1  -f  1  /*/)« 1+1-  fe/  -  ~  s>n  2e/  ) . 

n  n  l  2  / 


then,  as  follows  from  Expressions  (50)  and  (51),  coefficient  N(t) 
can  be  represented  as 


yv(0  = 


H 7(/) 


In  accordance  with  Formula  (16)  we  have 

i  i 

MO  =  f  -  f  =  lnr<0;  | in  r„  -  0], 

o’  d 


From  this  follows  that 


■  ttetfcMMMEJI 
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(52) 


/ 


\ 


.  <'>=  W(t)=  1  +  l  +±Ut-  -1  sin  2c/  ). 

To  sj  mplify  the  further  computati  ons  we  shall  operate  in  the 
first  approximation  by  an  average  value  of  function  W ,  which  is 
equal  to  (Fig.  9) 

**  l  +  T*  (53) 

In  addition,  since  e<<0,  then  it  is  possible  to  disregard  the 
quantity  —  pp(f)  as  compared  with  02 . 

31 

Thus,  according  to  Formulas  (15)  and  (51) >  we  find  the  fol¬ 
lowing  linear  approximation  for  the  phase  angle  function  q>(/) 

/  i  _ 

9(0  -  f  VT&dx  « J  -  9*.  (50) 

Here 

9- - ^ - .  (55) 

Now  by  virtue  of  Formulas  (11),  (52),  (53)  and  (55)  we  find 

d>  (t)  =  ,/'p) ~  */& (1  +  p/2).  (56) 


Further,  substituting  Expi*essions  (51),  (52),  (53),  (55)  and  (56) 
into  Equalities  (18)  and  integrating,  we  have 


A(0 


nMp/e»(  l+p/2)  [  + 

+  ~  sin  t]a/  JJ; 

/.  (0= 


sin  9* — r  f—  sinri,/-f- 

i  \  ’ll 


•  i 

70- 


cos  90  -f- 


n/Wp  /  b'(l  -I- P/2) 

+  4*  (—  cos  r)(/  -I-  —  cos  V - - - -  )]  . 

2  \m  *ii  m  n» /J 


(57) 


where 


i),  =  9  +  e;  ri2  =  9  —  e. 


SuDstituting  these  expressions,  as  well  as  Formula  (56)  into  Solu¬ 
tion  (17)  and  transforming,  we  get 


»(t)  = 


<?/ 


nMfd/  1  +  p/2 


-J-  (1  -  cos  90  +77“  (COS  9/ 
9  91— e* 


cose<)j. 


(58) 


Setting  here  p=O«nd9=0,  we  arrive  at  the  known  [19]  solution 
for  a  massless  distributed  load 

<7 1 


y(t)  = 


nMp  («*  -  e«) 


Td-cose/)-^)  (1 — cos  Qt)  . 


(59) 


*  *■ 
«*► 


1 


_  9H  _ 


'1 


Expression  (58)  can  be  imparted  a  similar  form,  namely 

- T—fr - [(l-cosrf)-( -M'd-io.*)  ].  (60) 


Multiplying  the  numerator  and  denominator  of  Equalities  (59)  and 
(60)  by  6 i i  and  taking  into  account  the  formulas 


_j _ 


2/»  _  4g/« 

«<£/  ’  ^eT~  n'EJ  ’ 


(61) 


we  get  the  identical  expression  for  the  magnification  factors 


1  +  P  =  =  2 (i  -  tf)  K1  cos tf)  C0SMJ> 


(62) 


where  k—ety  in  the  case  when  the  inertia  of  the  moving  mass  is 
considered  and  A«*e/8  when  it  is  not  considered  (t|>“0).  Introducing 
the  new  variable  vt/l^l,  it  is  possible  to  write  Expression  (62)  in 
the  form 


1  +  ji  =  — 


*[>— (*  +  T*}| 


«•(*  +  yP)cos 


Y'  +  T' 


—  cosnfc], 


(63) 


where  a  is  determined  from  Formula  (26). 


In  the  second  approximation  we  approximate  function  W(t)  by 
two  steps  (Fig.  9) 


0  <  e/<  ■—  ;  Wx  =  1  +  ^(y  —  1  )  =  1+0, IP; 
-|<e/<«;  wt=\  +  —  (_in+l)=  1+0,9P. 


Similarly  to  the  preceding  we  find 

o<e'<T:  =  ; 

v  i  +o,ip 

® i  =  /W7 -  \f  e*(i  -h  o.ip); 

<  8/  <  n  ;  <p,  (/)  =  V,  ijj,  =  —  9  -  ■■ ; 

/  i+o.sp 

=  YW7  =  V  «*(1  +0.9P7. 


It  is  easy  to  see  that  as  long  as  0<7<  Quadratures  (18)  are, 

'Jr. 

as  before,  given  by  Formulas  (57)  if  ^  is  replaced  there  by  ipi 
and  -i-p  is  replaced  by  0  .  IB  . 

Consequently,  for  the  case  when  the  load  is  situated  on  the 
first  half  of  the  span  the  midspan  displacement  and  the 
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magnification  factor  should  be  determined  from  Formulas  (p8),  (60) 
and  (63),  replacing  there  \p  by  ipi  and  8/2  by  0.18,  i.e.. 


2  +  2(1  — a*(l  +  0,10))  ad+O,10)cos  av/1+0(ij} 


•cos  n£}. 


(64) 


If  the  load  is  situated  on  the  second  half  of  the  span 

and  since  the  initial  conditions  will  no  longer  be  zero, 

use  should  be  made  of  Solution  (14)  which,  by  analogy  with  Formula 
(17),  can  be  written  as 


y  (0  "  ZTTTT  ( +/» (01  sin  <pa  (/)  +  [A  -f,  (01  cos  q>a  (/)}, 

a)*  (*) 


(65) 


where  M0and/2(0  are  determined  by  Expressions  (18)  upon  replacing 
the  lower  limit  of  integration  by  ir/2e,  while  constants  A  and  B 
are  found  from  the  initial  conditions,  obtained  from  Solution  (64) 

for  the  first  half  of  the  span  for 

Substituting  the  values  of  A  and  3,  as  well  as  of  M0flnd  MO 
into  Solution  (65),  we  finally  get  the  following  for  the  magnifi¬ 
cation  factor  for  a  load  moving  on  the  second  half  of  the  beam 


(|-fu)=  - - ! - cos  n£+ 

1  ^  2  2  { 1  —  a*  ( I  +0.90) 


2  [  1  —  a*  ( 1  +  0,10) 


a*  (1  +  0,10)  COS -  - X 

2a/l+0,lp 

1  ~  1  q«  f _ O.8o*0 _ 


Xcos  — (S  -0,5)  -  a  /l +0 90 
o  / 1  +0,90 


f— ® 

[  1  —  a* 


(I +0,90) 


+  ayT+ 0,10  sin - ■  sin — 7— - - (£  —  0,5)  ).  (66) 

2a/  1  +0,10  a/ 1  +0.90  J 


Fig.  10 
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Pig.  11 


To  compare  the  accuracy  of  the  results.  Figs.  10  and  11  pre¬ 
sent  graphs  of  magnification  factors  calculated  from  Formulas 
(63),  (64)  and  (66)  for  a  ratio  of  masses  per  unit  length  of  B  = 

=  0.3  (Fig.  10)  and  8=1  (Fig.  11)  and  for  different  ratios 
r/v*kr,  where  u*kr  by  analogy  with  the  problem  of  a  moving  load 

is  given  by  the  expression  %  =  ~^==-  The  dashed  lines  on  the 

graphs  show  the  magnification  factors  calculated  from  the  first- 
approximation  formula  (63),  while  the  solid  lines  denote  the  fac¬ 
tors  calculated  from  the  second  approximation  (64)-(65).  The  cir¬ 
cled  numbers  denote  ratios  u/y»  . 

K  3? 

Comparison  of  the  graphs  shows  that  the  second  approximation 
is  close  to  the  first.  This  means  that  the  second  approximation  is 
sufficiently  accurate. 

In  conclusion  it  should  be  noted  that  the  above  approach 
yields  a  simple  and  sufficiently  accurate  analytic  solution  of 
problems  of  dynamic  effect  of  a  moving  load  on  structures  for  an 
arbitrary  disturbance. 
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‘The  components  of  inertia  force  (23)  have  analogous 
designations. 
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Kp  -  kr 
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CT  =  St 

Transliterated  Symbols 

kriticheskiy  =  critical 
staticheskiy  =  static 
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THERMOELASTIC  AND  THERMOPLASTIC  VIBRATIONS  OF  BARS 
SYSTEMS  AND  PLATES1 

Doctor  of  Technical  Sciences  Professor  A.P.  Sinitsyn 

(Moscow ) 

§1.  Statement  of  the  Problem 

A  sudden  change  in  the  temperature  of  elements  of  elastic 
systems  brings  about  a  rapid  increase  in  the  structure's  deforma¬ 
tion,  with  the  result  that  vibrations  which  have  a  substantial  ef¬ 
fect  on  the  stressed  state  of  the  entire  system  are  excited.  In 
this  case,  temperature  stresses  are  produced  even  in  statically 
determinate  systems.  Of  substantial  significance  for  estimating 
the  effect  of  sudden  heating  is  the  problem  of  heat  propagation 
inside  elements  of  elastic  systems. 

In  a  number  of  problems  of  practical  Importance  the  problem 
of  thermal  conductivity  was  solved  by  Academician  A.N.  Krylov  [l]j 
the  method  he  has  developed  makes  it  possible  to  find  the  prin¬ 
cipal  parameters  of  the  temperature  field  for  varlc  us  simple  com¬ 
putational  systems.  Consideration  of  inertia  forces  attendant  to 
sudden  heating  of  an  elastic  half  space  was  implemented  by  V.I. 
Danilovskaya  [2,  3]>  whose  work  was  followed  by  a  ."'arge  number  of 
Soviet  and  foreign  scientists. 

New  problems  were  examined  and  solved  by  A. A.  Il'yushin,  N.A. 
Slezkin,  P.M.  Ogibalov,  P.M.  Malinin,  V.V.  Novatskiy,  A.P.  Syni- 
tsyn,  R.  Chadwick,  I.N.  Sneddon,  W.A.  Bailey,  H.  Parkus,  E.  Melan, 
I.H.  Weiner,  I.E.  Michaels,  E.  Sternberg,  R.  Muki,  N.  Hoff,  and 
others.  As  a  result  of  this,  the  general  theory  of  tbermoelastic 
vibrations  Is  at  present  sufficiently  well  developed  and  It  Is 
possible  to  use  it  for  engineering  calculations  of  complex  compu¬ 
tational  schemes  of  bar  systems  subjected  to  thermal  shock.  A 
problem  worked  out  much  less  is  that  of  the  effect  on  the  stressed 
state  of  a  system  of  temperature-induced  changes  in  physical  con¬ 
stants,  i.e.,  linear  expansion  coefficient,  elastic  modulus  and 
the  Poisson  ratio  of  elastic  system.  Of  substance,  in  particular 
for  new  materials,  are  also  changes  in  creep  and  ductility  proper¬ 
ties.  Up  to  lately,  these  factors  were  estimated  without  taking 
inertia  forces  into  account;  the  problem  then  was  solved  in  the 
linear  approximation  [4,  5].  Another  substantial  complication  of 
the  problem  is  due  to  taking  into  account  the  interrelationships 
between  the  thermal  conductivity  and  elasticity  equations  [6,  7, 
8]. 


Vl22 
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The  present  papei  presents  a  method  oi  dt.  sing  oar  systems 
and  plates  for  thermal  shock,  taking  Into  accent  variations  in 
the  physical  parameters  of  the  system  which  ta.a  ,  lace  due  to  tem¬ 
perature .  This  method  of  calculation  is  a  development  of  a  method 
worked  out  by  the  present  author  previously  and  presented  in  [9, 
10,  11],  Elastic  bar  systems  will  be  considered  as  systems  with 
several  degrees  of  freedom,  and  the  nonlinear  vibrations  will  be 
analyzed  by  methods  presented  in  [12,  13]. 


The  problem  may  become  nonlinear  for  various  reasons.  For  ex¬ 
ample,  the  thermal  shock  may  produce  in  individual  elements  of  the 
system  stresses  which  go  past  the  elastic  limits,  with  formation 
of  plastic  domains  and  attendant  nonlinear  vibrations.  Nonlinear 
vibrations  of  a  system  with  variable  physical  parameters  will  be 
considered  by  a  method  of  stepped  approximation,  which  yields  sat¬ 
isfactory  results  in  solving  engineering  problems. 

The  difficulties  which  arise  in  thermal-shock  design  of  con¬ 
tour-supported  plates,  of  triple-layer  plates  and  of  plates  placed 
on  elastic  foundations  can  be  circumvented  by  constructing  the  so¬ 
lution  in  the  numerical  form  with  the  use  of  generalized  surfaces, 
whose  ordinates  are  calculated  on  an  electronic  digital  computer 
[EDCj  (3UBM).  This  approach  to  the  solution  of  such  a  difficult 
problem  makes  it  subsequently  possible  to  obtain  a  formula  for 
calculation  of  plates  subjected  to  a  heat  flow,  varying  with  re¬ 
spect  to  time  according  to  any  given  law.  By  its  physical  nature 
the  effect  of  sudden  heating  corresponds  to  a  nonsteady  effect  and 
hence  produces  a  wave  process  which  may  have  a  substantial  influ¬ 
ence  on  the  stressed  state  of  the  system.  The  propagation  of 
stress  waves  produced  by  the  thermal  shock  in  complex  systems  is 
a  large  and  independent  problem,  for  which  reason  its  solution  in 
the  present  paper  will  be  touched  upon  only  for  the  steady-state 
cases.  For  this  purpose,  a  study  is  made  of  the  reflection  of 
thermoelastic  and  thermoelastoplastic  waves  from  the  end  of  a  bar 
with  different  end  supports  . 


The  application  of  the  general  method  here  developed  to  the 
design  of  beams,  frames,  trusses,  triple-layer  plates  and  other 
elastoplastic  systems  makes  it  possible  to  find  the  distribution 
of  bending  moments  and  other  forces  in  these  systems. 


§2.  Method  of  Calculation  of  Bar  Systems 


We  consider  a  complex  bar  system  as  a  system  with  several  de¬ 
grees  of  freedom,  the  mechanical  model  of  which  are  concentrated 
coupled  masses.  The  equation  of  motion  of  an  ith  mass  in  a  system 
with  n  degrees  can  be  written  in  the  form  [10]: 


— 

,l  1  dt •  *  J  dt * 


4-  •  •  •  + 


d'yi 
dt * 


-) - ~  +  yi=  &it,  (  1  ) 


where  6 ..  is  the  (unit)  static  displacement  of  mass  m.  due  to  unit 

K  Ts 

force  applied  to  mass  k\ 

is  the  temperature-induced  displacement  of  mass  ; 
y  is  the  inertia-force  induced  displacement  of  mass  ; 


102 


y  •  is  the  displacement  of  mass  m.  aue  i.o  temperature  and 

Z  Z 


Inertia  forces;  here 

y<  =  y ut +a«. 


(2) 


Substituting  the  value  of  w  .  from  Formula  (2)  into  Formula 
(1),  we  find 

4„m,  +  S.yl,  +•  •  •  +  4„m,  +  • .  •  + 


dt »  ’  “  '  dt *  .  dt* 

+  Kmn  ^SHjuL±±nj)_  +  {yu  +  A|#)  =  A/„ 


rf/‘ 


(3) 


Performing  elementary  transformations,  we  find 

fiumi  -^r  +  fl‘am2  +  •  •  •  +  °“m‘  -jjr  +  •  •  •  +  +  yu  ~ 

—  —  +  ^12m2  At/  H +  All  H - f  fi/nmnAnf]  •  (  lj  ) 

The  right-hand  side  of  these  equations  is  a  function  of  time 
and  is  evaluated  by  solving  the  thermal-conductivity  problem. 
Quantities  m. A.  can  be  regarded  as  forces,  and  to  use  for  the 

Z  Z  Z 

solution  of  the  problem  methods  of  dynamic  calculations  of  systems 

with  a  finite  number  of  degrees  of  freedom  subjected  to  forces 

u  •  (t) 
z 


wi  (0  =  m.A.,. 


(5) 


Then,  for  the  induced  vibrations  produced  by  the  temperature,  we 
get 


Via  =  — f  f[—  «*»»  (“)  +  —  Wi  («)  + 

<»,  Ul  m i  m,  J 

o 


Pusinto,  (/ —  u)  ilu  -f 

+  (  —  ^(u)  +  — ’1  wt  (u)  H - ]  pa  sin  a)a(/  —  u)du-\ - 

J  tn  i  J 


(6) 


Frequencies  w . ,  ordinates  of  the  principal  modes  of  vibration  p., 

Z  Za 

and  the  amplitudes  of  vibrations  due  to  unit  velocities  A.,,  con- 
talned  in  Formula  (6)  are  calculated  in  the  ordinary  manner. 

The  total  solution  of  Eq  .  ( *0  is  obtained  by  adding  terms 
taking  into  account  the  free  vibrations 

yu i  =  ~y id  +  2  (A  sin  a>,/  +  B,  cos  <o,  t).  (  7 ) 

The  arbitrary  constants  A.  and  B.  are  determined  from  initial 

z  z 

conditions . 

It  follows  from  Formula  (5)  that  the  generalized  forces  w.(t) 

z 

are  proportional  to  those  accelerations  which  are  produced  by  tem¬ 
perature  displacements  A.  ,  for  which  reason  it  Is  expedient  to 

z  z 
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analyze  Liw\,..-  accelei aLions  for  dn  ferc-nt  :  >  jnsh.p:  governing 
variations  in  the  external  temperature  ; 

For  bar  systems  iv.  is  expedient  to  break  up  the  temperature 
field  into  the  symmetric  and  inverse  symmetric  components.  For  the 
symmetric  component  of  the  temperature  field  the  bars  of  the  sys¬ 
tem  are  heated  symmetrically  over  their  thickness  and  A . ,  is  cal- 

1 1 

culated  by  ordinary  methods  of  structural  mechanics.  For  bar  sys¬ 
tems  A.  varies  proportionally  to  the  function  of  temperature  var- 

iation  T  ,  for  which  reason  A.  will  be  proportional  to 
x*  y  i  t  it 

T  ,  which  circumstance  is  of  substantial  importance  in  con- 

x ,  y  j  t 

structing  engineering  calculations. 

If  It  Is  assumed  that  T  ,  varies  linearly  with  time,  then 

x,  y,t  J  5 

Tx,v,t=0, 1. .  e  .A<i*=0  *naWi(t)  =0  an(j  ^  according  to  Formula  (7),  it  remains 
to  study  the  free  vibrations  produced  by  Initial  conditions.  This 
circumstance  Is  of  substantial  importance  in  calculating  systems 
with  varying  physical  characteristics.  If  T  varies  pnraboli- 

X  y  y  t 

cally  with  time,  then  forces  w{(t)~Wi  become  constant  in  tjune. 

Finally,  the  third  Important  case  is  obtained  on  sudden  heat¬ 
ing,  when  T  is  proportional  to  c~nl .  Here  w(t)  will  be  propor- 

x,y j  t 

tional  to  a2c~al. 

Finally,  when  T  .  varies  according  to  the  harmonic  law 

x  3  y  y  t 

•  sin 0/  the  generalized  forces  w^(t)  will  var^  according  to  the  law 

0a  sinO  t. 


For  elastic  systems  with  several  degrees  of  freedom,  these 
fundamental  cases  have  been  sufficiently  well  studied,  and  hence 
the  dynamic  effect  produced  by  sudden  heating  can  be  calculated. 

Heating  of  an  element  of  a  system  changes  Its  elastic  modulus 
and  its  coefficient  of  linear  expansion  and  the  bar  material  takes 
on  ductile  and  creep  properties.  At  first  it  is  expedient  to  re¬ 
strict  ourselves  to  the  study  of  the  effect  of  variation  in  modu¬ 
lus  E(T)  and  coefficient  a (T,.  In  this  case  quantities  A(/, (T)  und  A U(T) 
in  Eq.  (4)  become  functions  of  the  temperature.  The  type  of  these 
functions  depends  on  the  material's  properties  and  is  determined 
experimentally.  In  order  to  make  possible  to  use  of  linear  approx¬ 
imation,  the  curved  graphs  of  functions.  E(T)  and  a(T)  are  replaced 

by  stepped  curves  for  values  ^M(n  =  1,2,3).  The  stepped  graph 

has  ordinates  E(T.)  corresponding  to  the  middle  of  interval  AT. 

Within  the  limits  of  tne  7th  Interval  of  At,  the  temperature 
variation,  values  of  E .  and  a.  remain  constant,  for  which  reason 

Formulas  (6)  and  (7)  can  be  used  for  this  time  interval.  Thus,  the 
displacement  of  the  i th  mass  will  be  calculated  from  the  formula 

(iJid)i  =  (yjt+  1(A).  sill  <0,/  COS  w./]...,  (8) 
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with  the  arbitrary  constants  {^()<and(fl<)<  determined  from  conditions 
corresponding  to  the  end  of  the  preceding  time  interval.  Calcula¬ 
tion  of  deflections  starts  with  the  first  time  interval  which  ex- 
tencs  from  0  to  Ait.  At  the  end  of  this  interval  the  system  will 
have  deflections  and  velocities  which  are  determined  from  Formulas 
(6)  and  (7)  with  values  of  £(7')=£i«.da(7’)=ai. 

Within  the  limits  of  time  interval  Ait  the  system  is  consid¬ 
ered  as  an  elastic  system  with  modulus  E \  and  with  ai .  Starting 
with  time  AW  >°<=A2<  the  system  is  replaced  by  another,  with  E 2  and 
a2.  The  motion  of  this  new  system  is  brought  about  by  the  initial 
displacement  and  the  initial  velocity  which  corresponded  to  the 
end  of  the  first  time  interval  Ait  and  to  the  external  temperature 
field  which  corresponds  to  the  second  time  Interval.  Quantities 
A T  and  At  are  interrelated  by  the  expression 

AT  =  TAt.  (9) 

For  an  external  temperature  field  varying  linearly  with  time 
7'  =  const  =  £,ifor  which  reason  AT=kAt  A«  =  0. 

The  motion  of  the  system  depends  solely  on  the  initial  condi¬ 
tions  which  vary  on  passing  from  one  time  interval  to  another, 
i.e.,  from  an  elastic  system  with  one  set  of  characteristics,  cor¬ 
responding  to  the  ith_  time  interval  (t),  to  another  elastic  system 
with  characteristics  corresponding  to  time  interval  ( i  +  1).  The 
computational  volume  in  this  solution  is  great  and  depends  on 
the  number  of  Intervals  into  which  the  entire  segment  of  the  sys¬ 
tem's  motion  is  broken  up.  In  individual  cases  it  is  possible  to 
obtain  final  formulas  in  the  general  form.  For  example,  the  fol¬ 
lowing  formula  is  obtained  for  the  deflection  of  a  beam  system, 
corresponding  to  time  interval  A^: 

1 

yn(x.t)=  X  sinI^[(T^r I  y<"-nsin^d*)sino,<»*  + 

/- 1.3...  "  0 

I  t 

+  (f  J  y<„  i>sin  ~d*)c°so)i,,/+  7^~J^7sin  “<"(*-“) ]<*“•'  (10) 

For  a  system  with  one  degree  of  freedom,  we  have 

yn  =  i/0  fsinwir,  sin  wjTjSin  o)3t3  +  ~^-cos  o^r,  coswjTa  sin  co;,Ta+...J ;  (  ^2.) 

y 0  is  the  deflection  at  the  end  of  the  lst_  interval;  are 

time  intervals. 

The  method  of  stepped  approximation  makes  it  possible  to 
study  the  motion  of  a  system  with  several  degrees  of  freedom,  in 
which  physical  parameters  are  functions  of  the  temperature  and 
vary  with  time;  here  individual  elements  of  the  system  may  be 
plastic.  For  viscoplastic  systems  even  with  a  linearly  varying 
temperature  field  Eqs  .  (*J)  will  be  inhomogeneous  and  Ait=fc  0  ;  hence 
the  solution  becomes  more  complicated  when  moving  from  one  time 
interval  cc  another.  The  same  is  true  with  respect  to  systems  with 
creep.  The  computational  procedure  for  this  case  will  be  illus¬ 
trate.!  iy  specific  examples. 
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§3.  Analysis  or  nonlinear  vibrations 

Nonlinear  vibration.!  arioxng  on  so  ocn.  .ui'-ii.j,  are  most  ex¬ 
pediently  examined  for  a  system  with  two  degrees  of  freedom.  For 
a  linearly  varying  temperature  equations  of  motion  (4)  will  be 
homogeneous  and  they  can  be  transformed  to  the  form 


mi0i  +  sr  +  ~  yt  =  0; 
Oil  Oj! 

qr  rtnyi  +  mtya+  ~  y%  -  0. 

Oil  Oji 


(12) 


Quantities  ^7  _'’ll‘‘nd'^  _r22  a  re  unit  reactions  which  ,  for  a  sys¬ 
tem  with  variable  physical  characteristics,  can  be  considered  as 
functions  of  the  displacement  of  masses,  since  the  rigidity  of  the 
couplings  situated  between  the  masses  will  change  with  heating. 
This  makes  it  possible  to  take  into  account  in  integral  form  the 
effect  of  variation  in  individual  physical  parameters.  The  varia¬ 
tion  in  the  restoring  force  of  the  spring,  as  a  function  of  the 
mass  displacement  must  be  obtained  experimentally  or  a  given  theo¬ 
retical  model  must  be  assumed.  The  best  possibilities  with  respect 
to  this  are  given  by  representation  of  the  restoring  force  in  the 
form  of  polynomials,  whose  coefficients  are  chosen  for  the  condi¬ 
tions  of  the  given  problem. 

Transforming  Eqs  .  (12),  we  get 
"hyi 
m2y2 


2  l*a»  y i  —  y* I ; 


*22*11  ~  *12 

— - i - *aif/l  +  . 

*22*11  -  *12 


(13) 


where 


The  expressions  in  brackets  are  represented  in  the  form 

^22  y\  ^12  y^i =  ^22  y i~^  ^12  y\  ^12  T2  —  ^22  y\  ^  ^2  (  ia  y 2)  > 

^21  y i-!-  ^11  y*~  ^21  yi^-  ^11  y^  ^21  y?~  yi  ^21  (y\  ^)> 

^22~  ^22"^  6l2end6,|  =  ^ll't  &12. 

Further,  using  (13) 3  we  have 


6  >.( 


*22  *11  ~  *12 


,  lJv  n  (y i  i/j); 

*22*11  — *12 


"hy-i  =  — 


*22  *11  —  *12 


-  y»  + 


*22  *11  —  *12 


7  (i/i  —  y»)- 


(14) 


The  unit  displacements  are  calculated  from  the  well-known  ex¬ 
pressions  , .. 

(15) 
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In  the  above  formula  the  elastic  modulus  is  a  function  of  the 
temperature,  but  since  it  is  contained  in  all  the  expressions  of 
the  type  of  Formula  (15),  ratio  6<fc/6nm  will  be  constant.  Formulas 
(1*1)  are  now  represented  as 


mxy  1 


milh - 


/i  -  —  i 

6j» 

6» 

1 

\  6„  ^ 

</l 

1 

1 

6.i  ' 

6», 

6„‘ 

j  .  6lt  ^11 1 

6.1  '  / 

6., 

6i»\ 

\  6,1  fi„J 

1 

l1 

"  6.i 

(yi  — 

yt)  =  —  I’ll  a. yx- 

—  i'll  Y  (i/i  ‘ 

-yi) 

• 

/l  _Al\ 

l 

6u  6|, 

i 

\  6n  1 

yt 

+ 

1 

fin 

6** 

n  _fii*  fiia_  j 

/ 

6„ 

6i»» 

1 

{  6u  6lf  / 

l1" 

"  6.i 

'  6.t/ 

X 


X  (y  1  —  y»)  =  —  r.„  0  y2  +  r12  Y  (t/A  —  yt) , 


(16) 


where^  a  and  3  are  numerical  coefficients,  while  unit  reactions 
I  fyu  rn  'h  rl2j  should  be  determined  experimentally  for  the  given  system. 


The  theoretical  study  may  be  extended  to  a  sufficiently  wide 
range  of  problems  by  representing  these  reactions  in  the  form  of 
the  polynomials 


12 


y,l 


(17) 


Now  we  write  Eqs .  (16)  in  the  form 

£/,  -  -  l  ak  y\  - 1  Ak  (  y—  y,)*; 
m2  y2~-Zbkyk,  +  ZAk(yr-yi)>‘ 


(18) 


and  obtain  their  solution  according  to  [12,  13]  using  potential 
function  U,  introducing  in  the  process  the  new  variables 


g -•=  ]/miy1-wTj=>/mlya;  (19) 


a* 

1 

*+'  6*  |  n 

*4-1 

-4*  l 

n 

*  +  J 

|/  /fl| 

*  +  ' 

1^  m, 

The  equations  of  motion  have  the  form 


\  = 


dU 

<U 


(21) 


On  sudden  heating  we  have  the  following  initial  conditions 

ti  (0)  -  Au/ j/m"j  Bnd  (0)  =  —~r  ■ 

V 


For  the  skeletal  curve  corresponding  to  the  second  mode  of 
vibrations  [13],  we  write  the  equation 
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Here  r  denotes  the  gamma  function  and  ah=ah/Ah.  The  skeletal 
curve  for  0<£<l  corresponds  to  a  reduction  in  rigidity  brought 
about  by  heating. 

Domains  of  unstable  motion  can  be  studied  by  transforming  the 
equation  of  motion  in  an  equation  with  variable  coefficients.  This 
was  done  by  Rosenberg  [13,  17]  who  has  obtained  instability  do¬ 
mains  in  Mathieu  coordinates 


Parameter  flu  for  each  mode  of  vibrations  is  calculated  from 

the  formula 


6n=2 


'V 


m, 


*+} 

2  *[«*+  (1  ~|»v*p, 


>*-^r 


(2*0 


Each  value  of  k  has  corresponding  to  it  a  straight  line  on 
the  plane,  and  points  corresponding  to  the  given  frequency  and 
mode  of  vibrations  lie  on  this  line.  When  the  rigidity  of  cou¬ 
plings  decreases  due  to  heating,  £<L  hence  the  straight  lines  de¬ 
fined  by  Eq .  (23)  will  lie  below  the  axis  e  =  0  (Pig.  1).  The 
smaller  k ,  the  steeper  the  straight  line  and  the  greater  its  seg¬ 
ment  devolving  upon  the  domain  with  unstable  motion.  When  k  is 
varied  from  1  to  0.5,  we  get  a  band  of  changes  in  5  from  0.2  to 
0.6. 


§4.  Thermoelastic  Vibrations  of  Trusses,  Beams  and  Frames 

Let  us  consider  a  statically  determinate  cantilevered  beam 
truss,  whose  bars  are  suddenly,  uniformly  and  symmetrically 
heated  to  temperature  To  degrees.  To  determine  A.  contained  in 

equations  of  motion  (1),  we  must  construct  a  diagram  of  the  dis¬ 
placement  of  the  truss  junctions,  taking  into  account  that  each 
bar  is  elongated  by  aTod.  The  strained  state  of  the  truss  will  be 
somewhat  unusual,  since  all  the  bars  will  elongate  and  the  diagram 
will  be  a  polygon  similar  to  the  outline  of  the  truss. 

The  truss  is  considered  as  a  system  with  several  degrees  of 
freedom,  and  it  is  assumed  that  the  mass  of  the  truss  is  concen¬ 
trated  in  the  joints.  On  sudden  heating,  each  joint  will  have  at 
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the  Initial  time  instant  its  initial  displacement  with  respect  to 
magnitude  and  direction.  Thus,  for  example,  the  upper  Joints  of 
the  truss  are  imparted  horizontal  displacements,  while  the  Joints 
of  tue  bottom  flange  of  the  truss  will  be  subjected  to  both  ver¬ 
tical  and  horizontal  displacements.  The  displacements  of  each  of 
the  joints  will  be  of  different  magnitudes  and  the  total  number 
of  degrees  of  freedom  will  be  10.  It  can,  however,  be  assumed  that 
the  horizontal  frequencies  will  be  appreciably  higher  than  the 
vertical  frequencies,  and  hence  it  is  possible  to  separately  de¬ 
termine  the  two  frequencies.  If  we  restrict  ourselves  to  only  the 
principal  frequency  of  vertical  vibrations  of  the  truss,  we  get 


yd  =  aTtfl  coso),/; 


*/<*,=  a7VKCOScDt /  = 


a  T<d 


m  i 


V  N > 

ef  s 


COS  G)|  t. 


If  EF  is  constant  for  all  the  bars,  then 

a  T0dEF  .  "  aTjdFF 

y<tl= PTTt cos  “i*  “nd  mi  yd,  =  -TT3 cos  wi <• 


m [£  Aq , 


EiVjs 


The  greatest  effect  S  produced  by  this  force  will  be  in  bar  BC 

(^Bc)  ini 


O  T0EF  /  V  rp  r  1 


£  N\  s Id 


£  s/d 


The  stresses  are  proportional  to  the  elastic  modulus,  linear 
expansion  coefficient  and  the  temperature.  For  example,  for  steel 
a  =  2-  KH,  £=2- 106  kg/cm2 ,  a£  =  40  kg/cm2  and  i,V’s/rf*=  12,6,  whence 


The  frequency  of  horizontal  vibrations  will  be  higher 

COS  (l),/ 


ydt  =  2a  T0d  cos  a >2* ;  yd>  =  2a  Tjl  n]  cos  b>7t  —  2a  rocf 


V 

=  Hr=2or0 


,c  ..  ‘2nT„EF  .  o  t  c  1 

(^flc)niix  v  2  .  *"  (°flc)m«x  —  ^a 

Zi/v,  s/a 


The  coefficients  of  To  have  the  dimensions  kg/cmz  *deg” 1 . 


High-frequency  vibrations  produce  high  stresses  In  the  bars 
of  the  truss.  For  a  given  truss  the  stresses  are  proportional  to 
the  temperature. 

If  the  elastic  modulus  is  temperature  dependent,,  then  the 
frequency  of  the  system  will  change  during  the  vibrations.  Here 
the  magnitude  of  stresses  depends  on  the  rate  of  change  in  the 
system's  frequency.  The  effect  of  this  factor  can  be  estimated  by 
means  of  Formula  (11),  from  which  it  follows  that  the  expression 
in  parentheses  depends  appreciably  on  tne  size  of  time  intervals 
t.  during  which  the  elastic  properties  of  the  system  change.  Fig- 

'I* 

ure  2  shows  graphs  of  variation  in  the  maximum  stress  of  bar  BC 
as  a  function  of  thc.  ratio  of  frequency  for  a  variable  elastic 
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Fig.  2.  1)  Constant. 
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modulus  of  the  truss  material,  to  frequency  u)0  for  a  truss  with 
constant  modulus.  The  graph  shows  that  the  slower  the  properties 
of  the  system  change,  the  less  are  the  stresses  in  the  bar  re- 
i  duced . 

The  greatest  stresses  are  obtained  in  a  system  with  constant 
characteristics,  while  the  smallest  prevail  in  a  system  in  which 
the  modulus  changes  instantaneously. 

The  solution  in  a  statically  indeterminate  truss  is  compli¬ 
cated  by  the  need  to  calculate  A.  which  must  be  found  in  a  stat- 

ically  indeterminate  system.  For  an  elementary  equilateral  trian¬ 
gular  truss  Au=  1 ,422  adT0  ;  here  on  static  application  of  temperature 
the  force  in  bar  CB  is  5=  +0/11  aT0EF.  We  now  take  into  account  the 
effect  of  a  gradual  increase  in  temperature  linearly  to  T0  during 
time  t,  which  is  less  than  one  quarter  of  a  period  of  the  funda¬ 
mental  mode  of  vibration  of  the  truss.  From  Eqs .  (6)  and  (7)  we 
also  get  formulas  for  the  vertical  deflection  due  to  inertia 
forces 

<i)|T  «i  T 

sin  -  —  .  sin  —— 

2  /  .  Wit  \  ,  .  .  .  2 

y'd  ~  (0.T/2  C0S  r‘*  ~  ~2  Al/  u.T/2  ’ 


The  total  deflection  will  be  obtained  by  adding  to  the 
flection  the  deflection  produced  by  static  application 
ture:  hence 


f/mu 


,( 


sin 


u)|t 


1  + 


<o,t/2 


dynamic  de- 
of  tempera- 


On  instantaneous  application  of  tempeiature.  i.e.,  for  x  =  0, 
(</,„ „)t=0  -  2A,;=  2  -  If422orf7'0  =  2,844-.  a  f0. 
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On  sudden  heating,  the  deflectioi  obtained  from  static  appli¬ 
cation  of  temperature  is  thus  doubled.  The  dynamic  part  of  the  de¬ 
flection  produces  large  forces  due  to  the  fact  that  the  unit  reac¬ 
tion.  corresponding  to  different  bars  are  calculated  for  a  stati¬ 
cally  i.  determinate  system,  which  is  a  more  rigid  system.  We  cal¬ 
culate 


_  *  H\d  —  0(6AW- 


sin 


<|),T 


EF 


«1t/2  0,568d 


EF 


The  total  maximum  force  is 

(SAB)n„  =  (SAsU+  (SAD)cr  =  0,6^  i,422adr0  4 
40,41a7o£F=  l,91aro£F. 


As  compared  with  static  application  of  temperature,  force  S AB 

increased  by  1.91/0.41  =  4.6.  This  interesting  property  of  stati¬ 
cally  indeterminate  systems  must  be  remembered  when  designing  them 
for  strength.  It  cannot  be  claimed  that  the  magnification  factor 
on  sudden  heating  is  two.  For  a  force  this  coefficient  will  be 
more  than  two,  as  can  be  seen  from  the  above  example. 

Let  us  consider  a  11-shaped  frame  (Fig.  3)  whose  crossbar  is 
suddenly  and  uniformly  heated  to  T 0;  this  system  is  peculiar  by 
the  fact  that  uniform  heating  in  this  case  produces  bending  of  the 
crossbar  ..  the  supports  of  the  frame.  In  this  case,  the  midspan 

vertica..  .ection  on  static  application  of  T 0  is  afo/.  while 

a>iT 

_  sin 

3  2 

the  dynamic  deflection  is  «/i d=—aT0l - ; — .  We  now  compare  the  bend- 

J  40  cojT  i 

ing  moments  produced  at  midspan  by:  a)  static  application  of  tem¬ 
perature 


b)  Inertia  forces  produced  on  sudden  heating 

(i)jT 


iAiA„H)np  —  y id^up  —  An  a 


_3_ 

40 


W|T/2 


15,3  ~~  —  1,1 3a  T0~ 

I*  • 


sin 


U)(t 

i - 

*’2 


b>,t/2 


where  }in„=l5,3—  is  the  midspan  bending  moment  produced  by  unit 

crossbar  displacement.  The  maximum  midspan  moment,  taking  inertia 
forces  into  account  is  i ,73/0,6 2.9  p,reater  than  that  obtained  on 
static  temperature  application. 

We  get  the  second  equation  for  the  support  moment,  since  the 
moment  at  the  support  due  to  unit  midspan  displacement  Is 


-  *.  nm.*.  -  K  i  -  4..-*. 


-  Ill 
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F.J 
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'  40  0  ■'  0^  ^ 


/V 
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^/IMH  ^CT.on 


+  (M„„„)  ='  1  ,097"  0 


EJ 


umi  fht*  r  *»f  1 1> 


1.09 
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1.81. 


For  the  study  of  variations  in  the  moment  diagram  with  re¬ 
spect  to  time  it  is  expedient  to  construct  an  influence  surface, 
as  this  is  done  in  Fig.  3.  Each  ordinate  of  the  diagram  consists 
of  two  components,  one  of  which  is  the  bending  moment  produced  by 
static  application  of  the  temperature  field.  This  moment  does  not 
depend  on  time.  The  second  part,  which  depends  on  inertia  forces, 
is  a  function  of  the  coordinates  of  cross  section,  as  well  as  of 
time.  It  can  be  concluded  by  analyzing  this  generalized  diagram 
that  at  the  beginning  it  is  the  support  moments  which  reach  the 
maximum,  with  the  maximum  in  the  span  obtained  much  later. 

This  circumstance  is  of  great  significance  for  determining 
the  position  of  plastic  hinges  when  the  system  goes  past  the  elas¬ 
tic  limit.  The  first  two  plastic  hinges  are  formed  on  the  supports 
of  the  crossbar,  after  which  the  properties  of  the  system  change, 
since  each  bar  of  the  frame  will  represent  a  beam  hinged  at  the 
ends.  The  moment  distribution  in  the  system  changes  and  the  mid¬ 
span  bending  moment  will  be  equal  to  the  limiting  value. 

§5.  Thermoel as  topi asti c  Vibrations  of  Plates 

In  the  preceding  section  we  have  considered  vibrations  which 
arise  on  sudden  uniform  heating.  To  study  the  nonsymmetri  case 
of  heating  we  now  consider  a  triple-layer  plate  consisting  of  two 
plates  separated  by  an  elastic  filler.  The  particular  cases  which 
follow  from  tnis  more  general  solution  are  plates  on  an  elastic 
foundation  and  plates  hinged  along  the  contour. 


If  heat  flux  q  is  applied  suddenly  to  the  upper  plate,  then 
the  vibrations  of  this  triple-layer  plate  can  be  represented  by 
the  following  system  of  equations  of  motion 


V*wi  W,  +  p  — =  0 ;  Da  v4  w,  -f  .Vj+A/Vj  -f  = 

’  v*Mt.  (25) 


1  —  V 


Here  Du  D2  are  the  cylindrical  rigidities  of  the  lower  and  upper 
plate;  avnduy2  are  the  deflections  of  the  lower  and  upper  plate;  Ni 
is  the  reaction  In  the  elastic  couplings;  Atfi  is  the  inertia  force 
of  the  elastic  couplings;  v  is  Poisson's  ratio;  Mt  is  the  bending 

moment  produced  in  the  upper  plate  by  static  application  of  tem¬ 
perature 

+>l/2 

Mr  =  aE  j  Tzdz\  .  (26) 

—hn 

T  is  the  temperature  distribution  function.  According  to  [11] 

AV-=a£-"-  /l-~!-  VJL 

r  24X  [  ji*  ^  n> 

/l-=tl  ,3.. 
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where  a  is  the  linear  expansion  coefficient  of  the  plate's  mate¬ 
rial;  E  is  the  elastic  modulus;  h  is  the  thickness  of  the  upper 
plate;  k  is  the  coefficient  of  thermal  diffusivity;  A  is  the  coef- 
fici  nt  of  thermal  conductivity.  Forces  N i  and  AA?i  are  expressed 
in  terms  of  deflections  wi  and  w2  by  the  formulas 


(28) 


h0  is  the  thickness  of  the  elastic  layer;  po  is  the  mass  of  unit 
volume  of  the  elastic  layer;  D 3  is  the  stiffness  in  compression  of 
the  elastic  layer.  Substituting  N 1  and  Atfi  into  Expression  (25), 
we  get 


d 1  m. 


0i  v*  ».+(■*, +  •**-)  a;. 


d'uii  .  .  .  D, 

- -  +  (wi  —  &i)  — -  = 

5/*  V  ’  "  h* 


6 

m  hr, 


I  -  0 


y*Mr. 


(29) 


We  first  consider  the  case  of  symmetrical  heating,  when  an 
amount  of  heat  q  is  suddenly  and  uniformly  applied  to  the  entire 
areas  of  the  lower  and  upper  plates.  Then  w2=  —  wt  =  w  and  from  Eq. 
(29)  we  get  one  equation  for  determining  w 


—  (D,-f  Dj)  v%-f  -y  (ji,  -f  -f 

_ _ i_  1 

"2  1—0 


\  d*w 
3  /  dp 

V*Mr. 


If,  on  the  other  hand,  D|  =  D2^D..ndn,  =  n2='n,  we  get 


h„  (10  \  d*  w  : 2D 3  I 

'  1 -  -|-  w - — - - 


dt1  hB  2  I—0 


V*Afr. 


(30) 


For  the  Inverse  symmetrical  case  of  sudden  heating  we  get, 
by  subtracting  the  second  of  Eqs.  (28)  from  the  first  and  setting 

W\  = 


+  - !—  v’Mr. 

V  V  2  /  dt*  2(1-0)  r 


(31) 


We  present  the  solution  of  these  two  equatJ one  In  the  form 
considered  in  the  second  section 

ivt  -  wi(  h-  wdl  (i  =  1,2);  (32j 

w  .  is  the  deflection  due  to  static  application  of  temperature; 

8 

this  deflection  corresponds  to  Eqs.  (30)  and  (31)  without  consid¬ 
eration  of  the  inertia  terms;  hence  we  get  for 

a)  on  symmetric  heating 
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uv'Wdi  +  (n  +  ™di  +  —h* 


w<n  ~  —  (V  +  J  ft  ~j  '■  (33) 


b)  on  inverse  symmetric  heating 


Dv*  Wgt  -f-  (fi  -f  wA  =  (n  +  “>,i  • 


(34) 


We  seek  the  solution  of  these  equations  as  the  series 


»,i  =  s  X (*»«>< sin  sin  ~TL  (‘  =  1  • 2) : 

di  =  s  Yi  (Oh  s>n  sin  J!~  (i  =  1.2). 


(35) 

(36) 


For  the  coefficients  of  the  expansion  [14]  we  get 


(Knm)l 


m  ^  [  j  *  fin  »"  /  mn  1  1  2Dt  \ 

S(l-.)«-o(«.|^— )+(— jj+—  j 


(K,J,= 


m-t-n 

16Mr  (-1)  2 


^  .  f/  nn  *  /ran 
2(l-,)D«*nm[(—  j  +  (— j 


(3?) 


(38) 


Functions  (</nm(01<  are  solutions  of  the  equation 

(Qnm)l  3"  (  (a/"n}l  (Qnm)i  —  (^nm)l 


(39) 


The  solution  of  this  equation  for  function  obtained  from 
Formula  (27)  was  obtained  in  [151  and  has  the  form 

(<7nm)i  =  -  J-  (*<.")'  [  «*(«!),  S’n  (&)nm)'  *  5  /TP*+("«m)l  X 

x  (cos  K  J,  t  +  ■  j  sin  («.„),  <  -  )J .  (  40 ) 


The  symbol  3  denotes  the  quantity 

nk  la  nk 


nk  la  nk  \ 

/«*  ’  \  /i*  / 


(41) 


Formula  (40)  also  contains  frequencies  which  are  different 
for  symmetric  and  inverse  symmetric  modes: 

7  X  |  j  nn  *  ,  /  mn  *  *  ,  2D3  \  D 

i"-)'  “111  vi  +1— ;J  +  mt 


I'+tH 

.  ,  .  . j  H5  ,  m*  *  D 

Km).'  *  (  a.  +  >'j  /  , 


(42) 

(43) 


The  deflections  are  calculated  from  Formulas  (35)  and  (36) 
after  substituting  into  them  quantities  defined  by  Expressions 
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(37),  (33),  (40),  (42)  and  (43)  and  is  a  highly  work -consuming 
problem,  which  can  actually  be  solved  only  by  using  an  electronic 
digital  computer. 


The  influence  surfaces  of  symmetric  modes  were  constructed 
on  the  "Ural-2"  EDC  for  the  following  starting  data:  a  “12*  10-*;  <7=100 
kcal;  o»0,17;  p-2400  e  =  0.21  kcal/kg°C;  X=0,22-!0"3  kcal/m*s;  y  = 

=  244.65  kg-s2/m4;  £=21-10*  kg/m2;  a  =  5m;2>*4m;fc  =  0.23  m, 
for  three  ratios  between  the  rigidity  of  the  plates  and  elasticity 

of  the  couplings  10’ 


Graphs  of  variations  in  reactions  of  midspan  couplings  are 
shown  in  Fig.  4.  It  follows  from  them  that  increasing  the  coupling 
rigidity  first  Increases  the  reactions  in  the  latter,  but  then 
this  process  is  slowed  down. 

§6.  Thermal  Shock  Calculations 

The  calculations  of  the  thermal  shock  St  =  qx,  where  t  Is  the 
time  during  which  a  heat  flux  with  strength  q  acts  upon  a  system 
in  the  elastic  range,  can  be  constructed  by  superposition  of  two 
solutions.  First  wo  shall  assume  that  at  t  =  0  a  heat  flux  of 
strength  q,  uniformly  distributed  over  the  entire  area,  is  applied 
to  the  surface  of  the  plate.  Then,  after  a  time  t,  the  same  heat 
flux,  but  of  opposite  sign,  is  applied.  Then  the  motion  of  the 
plate  will  be  brought  about  by  the  thermal  shock  S,  =  <?r. 

The  formula  for  the  deflection  will  then  be 

Wdi- =  £  £  1 1<7,„  (01,  - (‘  —  T», )  sin  sin  .  (44) 

We  evaluate  the  expression  in  the  braces  using  Formula  (40), 
which  yields 
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(45) 


If  we  restrict  ourselves  only  to  consideration  of  the  funda¬ 
mental  mode  of  vibrations  and  make  some  simplifications,  then  we 
will  find  the  following  formulas,  defining  the  maximum  deflection 
and  maximum  moment  for  a  single-layer  beam  plate 


Mt 

6  0  (l  \*  c  S_-JL 

ym”  ~  **  'ey  I  /.  )  ''  jot 

2 


A*m„x=  (46) 

z  c  y 


The  graph  of  coefficient  0  for  different  pulse  shapes  is 
shown  in  Fig.  5. 

The  system  will  go  past  the  elastic  limit  with  the  attendant 

formation  of  a  plastic  hinge  after  the  heat  pulse  will  stop  acting 

and  when  the  system  will  perform 

free  vibrations,  and  this  makes  it 

possible  to  find  that  time  instant 

to  for  which  M  will  be  eaual  to 
max 

i.e.,  the  limiting  bending  rno- 


M  . 
pr 

ment  corresponding  to  the  formation 
of  the  plastic  hinge. 

At  this  time  instant  the  de¬ 
flections  of  the  system  can  t  •  cal¬ 
culated  from  Formula  (45).  If  we  set 
t=to,  then  we  get  the  deflection 
(a»#ii) *=»/„ “  if'.o  and  velocity  (t«d») *«=< „  —  ty.-o- 
Using  the  method  presented  in  §2, 
we  should  now  consider  the  motion  of  the  new  system  with  the  ri¬ 
gidity  reduced  due  to  formation  of  the  plastic  hinge.  This  new 
system  is  set  into  motion  with  initial  conditions  (t£»d/)/ -o=«ho  and 
(wdi,  )t  -o=a\o  and  is  described  by  the  equation 

/  •  - 
2  ('  wi.n-i  .  tux  . 

\ - sin  —  dx 


Fig .  5 
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No'  tne  deflection  increases  at  a  much  higher  rate,  and  this 
can  be  ..  noun  by  comparing  the  graphs  of  midspan  deflection  for  an 
elastic  and  elastoplastic  beam  plate. 

§7.  The  Wave  Effect 

The  propagation  of  thermoelastoplastic  waves  in  a  semi-infi¬ 
nite  bar  was  considered  by  this  author  in  [1*0,  where  it  was  es¬ 
tablished  that  as  a  result  of  sudden  heating  of  one  end  of  a  bar, 
first  a  longitudinal  elastic  stress  wave  is  formed,  which  can  be¬ 
come  a  plastic  wave  while  moving  along  the  bar.  It  is  now  expedi¬ 
ent  to  estimate  the  effect  of  the  interrelationship  between  equa¬ 
tion  of  motion  (48)  and  the  thermoelasticity  equations  (49).  Ac¬ 
cording  to  [16]  we  have 


J_  d*u  z=Pu_  dT_. 
e*  '  dt*  dx *  °  dx  ’ 


pct\  1  4-  2e  (1  —  u)j  ~ 


•f  aT0E 


ofu 
dx  dt 


(48) 

(49) 


We  solve  these  equations  by  the  method  given  in  §2: 

u=ud  +  u„  (50) 

where  u  is  the  total  displacement,  u ^  is  the  displacement  due  to 

inertia  forces,  u  is  the  displacement  due  to  static  application 

s 

of  temperature. 

For  u  Eq.  (48)  simplifies  to  the  form 
s 

d*  u.  OT  n 
—  -  J  —  a —  —  0. 
dx1  dx 


upon  integrating  which  with  respect  to  x,  we  get  -aT.  Differen¬ 
tiating  now  this  equation  with  respect  to  t  and  substituting  into 
(49),  we  get  the  classical  equation  of  thermal  conductivity 
0*P 

—  7.  i.e.,  for  statically  applied  temperature  field  Eqs .  (48) 

and  (49)  become  separated  and  u  can  be  obtained  from  ordinary  so- 

s 

lutions . 


If,  however,  we  drop  the  right-hand  side  of  Eq .  (49),  then 
this  equation  can  be  Integrated  with  respect  to  t  and  then  differ¬ 
entiated  with  respect  to  x,  and  then  the  value  of  —  can  be  sub- 

dx 


stituted  into  Eq . 
get 


(48).  For  the  dynamic  part  of  the  deflection  we 


1 (Pud  _  o'“d 

(c'f  dt*  dx*  ’ 


(51) 


where 


\ 


(O*  =  — 

p 

(c'f  —  [l  + 


|  i  + 


B  i  i  t>',  {  <  £) 

(l+o)[l+2e(l  -o')j  j 


e  <  I  —  t>)(l  — 2t>)  e  _  __  a*  ro _ 

(!+!>)[! -2e(l -■«,)}  I  ’  p lctk7rvl 


kf  —  3(1  — 2v)/E\ 


(5?) 


(53) 


<?e  is  the  specific  heat,  T0  is  the  temperature  of  the  stressed 
state 

2  =  JL  (i-») 

Vp  p  (l-fu)(l— 2o) ' 


We  now  consider  the  case  when 

T (x,  t)  =  ale~bx.  (54) 

The  solution  of  Eq .  (51)  now  has  the  form 

ud  =  Ae-^,]  +  Be-**'". 

Taking  into  account  the  fact  that  when  /  =  0,  ud  =  0,  we  get  A -■ — B  and 


(55) 


du 


Using  the  second  initial  condition  for  /  =  0-*nd— =0,  we  find 

o  t 


A  -f 


a  a 

2  b1  c' 


(56) 


mulas 


For  stress  waves  propagating  through  the  bar  we  get  the  for- 


a  —  — 


Eaa 


fe“*''sh(foc)l*  <c'/;' 
e~h*  sh  (bdi)  j  x>c't., 


(57) 


The  maximum  stress  is  obtained  for  x^c’t 


=  -0,5  —  (1— <f76c''). 
be' 


(58) 


Let  us  compare  this  result  with  that  obtained  previously  for 
separated  Eqs .  (48)  and  (49),  for  which  we  calculate  the  maximum 
stress  ratio  for  these  two  cases 


a  Id' 

max  max 


c_  (\~e 

C7'  ‘ 


(59) 


Figure  6  shows  the  surface  of  propagation  of  thermoelastic 
waves  along  the  bar.  The  solid  line  corresponds  to  the  case  of  un¬ 
related  elasticity  and  thermal  conductivity  equations,  while  the 
dashed  line  was  constructed  upon  consideration  of  the  interrela¬ 
tionship  between  Eqs.  (48)  and  (49).  The  maximum  stress  with  con¬ 
sideration  of  this  interrelationship  is  found  to  be  lower,  as  is 
shown  by  Formulas  (59).  In  the  limit,  as  bct  =  oo  ,  we  get 


I 
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1 


Fig.  6.  1)  Thermoplastic  wave; 
2)  thermoelastic  wave;  3)  modi¬ 
fied  thermoelastic  wave. 


a  /a0 

max  max 


-W  V\ 


I  + 


e(l  -t>)(l  -2p) 
2e(l— i»)j 


if  [i+o,3«]: 


(60) 


Thus,  for  example,  when  e=0,5— i.e.,  the  stresses 
are  lower  by  10?. 

A  plastic  wave  will  form  when  The  stresses  for  this  case 

are  shown  in  Fig.  6.  The  construction  was  performed  by  the  method 
of  characteristics. 

§8.  Discussion  of  Results 


The  above  general,  method  of  calculating  bar  systems  and 
plates  for  the  effect  of  sudden  heating  makes  it  possible  to  de¬ 
termine  dynamic  forces  in  elements  of  these  systems,  making  into 
account  variations  in  their  physical  parameters  brought  about  by 
temperature.  Approximate  formulas  were  obtained  for  bending  mo¬ 
ments  and  other  forces  calculated  for  thermal  shock. 


Stresses  due  to  consideration  of  inertia  forces  arise  on  sud¬ 
den  heating  of  statically  determined  systems.  Formulas  were  ob¬ 
tained  for  calculating  the  stress  in  a  statically  determinate 
truss  suddenly  subjected  to  a  temperature  field. 

In  statically  indeterminate  systems,  displacements  on  sudden 
heating  cannot  be  more  than  two-fold  greater  than  the  displace¬ 
ments  produced  by  static  temperature  application.  But  the  bending 
moments,  reactions  and  other  forces  are  here  increased  more  than 
two-fcTd.  For  a  n-shaped  frame,  for  example,  n  will  be  2.9-fold 

greater  than  M  .  ,  due  to  which  an  unusual  sequence  is  obtained  in 

the  formation  of  plastic  hinges  upon  going  past  the  elastic  limit. 
A  study  of  the  effect  of  changes  in  the  physical  constants  of  a 
system  which  are  produced  by  heating  points  to  the  need  of  solving 
nonlinear  equations  of  motion.  It  Is  shown  that  the  nonlinear 
equations  which  describe  the  t’nermoelastic  vibrations  may,  as  a 
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result  of  special  transformations,  be  reduced  tu  the  ordinary  form 
and  that  It  is  possible  to  construct  domains  of  unstable  motion 
which  arise  in  this  case.  The  more  general  prct  lem  of  thermoelas¬ 
tic  vibrations  of  a  triple-layer  plate  was  solved  by  breaking  up 
the  vibrations  into  symmetric  and  inverse  symmetric  modes  which, 
unlike  the  ordinary  problem,  arise  even  on  uniform  heating  of  one 
of  the  plate  surfaces.  Two  groups  of  vibratory  modes  and  their 
corresponding  frequencies  were  found.  The  solution  v.as  worked  out 
on  the  "Ural-2M  EDO.  As  a  particular  case,  formulas  for  a  plate 
on  an  elastic  foundation  were  established  from  the  obtained  gen¬ 
eral  solutions.  The  dynamic  reaction  of  the  elastic  foundation  are 
found  to  be  greatest  for  a  clearly  defined  ratio  between  the 
plate's  and  elastic  foundation’s  rigidities.  Uncoupling  may  take 
place  for  this  inconvenient  ratio,  and  the  system's  motion  may  be¬ 
come  unstable. 

The  propagation  of  thermoelastic  and  thermoplastic  waves  was 
studied  by  taking  into  account  the  interrelationship  existing  be¬ 
tween  the  elasticity  and  thermal  conductivity  equations,  which 
also  affects  the  changes  in  the  wave-motion  parameters.  The  veloc¬ 
ity  of  the  modified  stress  wave  becomes  higher,  but  the  maximum 
stresses  are  here  smaller.  As  a  result  of  this,  an  appreciable 
change  takes  place  in  the  stress  distribution  along  the  bar.  Thus, 
in  engineering  calculations  one  must  take  into  account  the  effect 
of  mechanical  and  thermodynamic  processes,  which  are  brought  about 
on  sudden  heating  of  bar  systems  and  plates. 

The  quantities  obtained  on  the  basis  of  these  approximate 
theoretical  studies  were  compared  with  experimental  data  and  the 
agreement  was  found  satisfactory,  for  which  reason  the  formulas 
can  be  used  for  engineering  calculations  within  established  limits. 

Alongside  with  this  it  should  be  noted  that  the  topic  of  this 
study  is  quite  wide,  and  although  the  number  of  published  studies 
of  these  problems  increases  very  rapidly,  this  topic  has  by  far 
not  been  exhausted.  It  would  be  more  correct  to  assume  that  only 
a  beginning  has  been  made  and  that  major  problems  are  still  to  be 
solved. 
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Transliterated  Symbols 

flMH  *  din  =  dinamicheskiy  =  dynamic 
ct  =  st  -  staticheskiy  =  static 
t  =  t  *  temperatumvy  =  temperature 
np  =  pr  =  prolet  =  span 
on  *  op  *  opora  =  support 

cT.on  =  st.op  =  staticheski  opredelimyy  =  statically 

determinate 

nocT  =  post  =  postoyannyy  =  constant 
nepeM  =  perem  =  peremennyy  =  variable 
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VIBRATIONS  OF  VERY  SHALLOW  CIRCULAR  ARCHES  ON  VIBRATING  SUPPORTS 

Candidate  of  Technical  Sciences,  Docent  A. I.  Oseled'ko 

( Vo  ronezh ) 


This  article  presents  the  solution  of  the  problem  of  vibra¬ 
tions  of  very  shallow  circular  arches  of  constant  rigidity  orx  the 
assumption  that  the  hinged  ends  of  the  arch  perform  vertical  har¬ 
monic  vibrations  in  general  with  different  amplitudes  and  frequen¬ 
cies  (Figure). 


Solutions  of  this  kind  of  problem,  pertaining  to  the  study 
of  vibrations  of  straight  bars  are  given  in  [1-8]. 


Ajtopit 


The  author  of  [9],  by  transform¬ 
ing  the  known  Kirchhoff-Love  equa¬ 
tions,  describing  the  motion  of  a  thin 
curved  bar  of  any  shape,  has  obtained 
the  equation  of  motion  of  a  bar  with 
a  circular  axis  of  small  curvature 
(shallow  circular  arc).  This  fourth- 
order  nonlinear  equation  can  be  repre¬ 
sented  in  dimensionless  coordinates 
in  the  form 


Figure 


where 


*6 


t„+«3+x*i— 

6(0. 0-  -«(<U);  *  =  v  =  — — 

Pci  •  E 


(1) 


Here  «(0, /)  is  the  radial  translation  of  any  point  on  the  bar's 
axis;  e  is  a  variable  angle  (Figure);  po  is  the  initial  radius  of 
curvature;  i  is  the  radius  of  gyration  of  the  cross  section;  u  is 
the  mass  per  unit  volume;  E  is  the  elastic  modulus  in  tension. 


An  exact  solution  of  the  problem  can  be  obtained  easily  if 
it  is  assumed  that  the  translations  of  the  points  on  the  bar's 
axis  are  so  small  that  Eq.  (1)  can  be  linearized.  Dropping  in  this 

a*? 

equation  the  term  containing  the  product  we  get 


+X'£  =  -X'y-1. 
0'<?  r  dt ‘ 


(2) 
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We  restrict  ourselves  to  the  consideration  si  the  case  when 
the  hinged  ends  of  the  arch  perform  simple  harmonic  vibrations  in 
the  vertical  direction.  By  virtue  of  the  fact  that  the  arch  is 
very  shallow,  we  can  consider  angle  a  to  be  sufficiently  small, 
which  makes  it  possible  to  write  the  boundary  conditions  in  the 
form  ___ 

“(+ M)  =  /tiSlnpy;  u(—  a,t)  =A1smplt:  /^)  =0 

(3) 


or 


£(*f a./)=  — sin/j,/;  U—  <*.0  = 
Po 


=  0. 


(4) 


We  seek  the  solution  of  Eq.  (2)  in  the  form 

S(M)  =/i(6)sinp1<  +/j,(0)sin/>,/,  (5) 

where  /i(0)  «nd /a(0)  are  functions  to  be  determined.  Substituting  Eq. 
(5)  into  Eq.  (2),  we  get 

[fi  +/i**  (1  “TP?)]  sinp,  t  +  +/,*»(!  —  YPi>]  sin  p2  /  «=■  0. 


Subjecting  then  Expression  (5)  to  boundary  conditions  ( ^4 ) , 

M+  a)sin  p4  /  +  /,(+  a)  sinp,  /  =  sinp,/; 

Po 


fi  (—  a)  sin  pl  t  +  /,  (—  a)  sin  ptt  =  sin  p4 1\ 

Po 


sinp,  t=0; 
sinp»/=0. 


we  get 


By  virtue  of  the  fact  that  the  upport  hinge  movements  are 
independent  of  one  another,  we  shall  rrive  fcr  determining  func¬ 
tions  /i(0)«nd /j(0)  at  the  following  diiierential  equations  and  cor¬ 
responding  boundary  conditions 


/,,V(0)+/,(0)>.,(I-YP?)  =  O. 

/.(+<•)  =  0; /.(—«)  =■  — ;  j^-—)  -0; 

Po  \  P0*  /t-1. 

/jV  (®)  +  /2  (0)  A,*  ( 1  —  YP2)  “  0, 

/.(+«)- *•;/.(-«)- 0;  -0. 

Pq  \  00*  o~  1 1 


(6) 

(7) 

(8) 
(9) 


Equations  (6)  and  (8)  will  be  integrated  on  the  following  two 
assumptions . 

1.  1— vpi<0.nd  1— YP2  <Q,  which  is  equivalent  to  the  inequalities 


Ft> j/4 

v  m  v  w>o 


(10) 


2.  1— ■ YP?>0  and  l_Yp2>0,  or,  which  is  the  same  thing. 
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o 


o 


;  P‘ <]/—,■ 
v  m  V  w>o 


(ID 


The  first  case  corresponds  to  vibrations  of  the  arch  for 
which  the  frequencies  pi  and  p 2  of  the  vibrations  of  its  supports 
is  higher  than  the_  frequency  of  tension-compression  vibrations  of 
/  E 

the  arch  axis  :/  —7-  .  The  second  case  is  characterized  by  the  fact 

V  Wo  /-£- 

that  pi  and  p 2  are  smaller  than  1/  — 
r  r  K  m 


We  return  to  the  first  case.  Setting 


(12) 


we  rewrite  Eqs .  (6)  and  (8)  in  the  form 

=  0.  (13) 

Here  and  henceforth  m  -  1,  2. 

The  total  solutions  of  Eqs.  (13)  are  written  in  the  form 
fm  (9)  =  Clm  cos  km  0  +  Ctm  sin  km  0  +  Ctm  ch  km  0  +  Cim  sh  *„8.  ( 1 H ) 

Satisfying  boundary  conditions  (7)  and  (9),  we  get 


A(0) 


_ At  /cos  kiO 

^Po  Icos  Ata 
Ai  I  cos  At  0 


sin  AtO  ^  ch kt  0 
silica  chAia 


shjMj . 
sh^a/  ’ 


*  /o\  *i  / cos*,e  ,  sinA,0  ,  ch*,e  ,  shA,0 

/,(«)=  —  - - - h  — 7 - 1  rr - h  ~— 

ipn '  cos  A, «  sin  At  a  ch  A,  u  shAta 


) 


Thus,  on  conforming  to  Inequalities  ( 10) ,  Pi ■ndP*> 


we 


get  the  following  expression  for  the  dimensionless  function  of 
translations  £(6,  t)  : 


6(0,  n  =  dL/££i*i£_iili*L2  +ch*i0_»hMvs|n  .r 

4p0’cosAia  sin  A,  a  chA,  a  shAja’  * 

sh  At  0  \  .  . 

)  sin  PiC 


.  A\  j  cos  A,  0 
An  I  ■■ 


sinA|0  .  ch  A,  6  , 
+  TTT  + 


sh  At 


(15) 


4p#  cos  A,  a  sin  A,  u  '  ch  A,  a 

We  now  consider  the  case  for  which  Inequalities  (11),  pi  and 


Pi< 


/~E.r  are  satisfied.  Introducing  the  notation 
UPo 

nm  =  *’  (l—ypl)  ("*  =1.2), 


we  rewrite  Eqs.  (6)  and  (8)  in  the  form 

/'v  4.  n*  f  =  0 

Jm  '  mJm 


(16) 


(17) 


We  seek  the  general  solutions  of  Eqs.  (17)  in  the  form 

fm  (O)  Dim  cos  nm0ch/jm6  +  D2msinnB,0sh/ime  + 

+  Dtm  cos  nm  0  sh  nmQ  -f-  D4msinnm0chnmO. 
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Setting  in  succession  m=l,  m=2  and  satisfying  accordingly 
boundary  conditions  (7)  and  (9),  we  get 

sin  n,  0  ch  n,  d 


f  (Q)  dL  [  P i  cos  n'  ch  ",  9  + 

'  />?  +  *? 

/?!  cos  /»)  8  sh  «)  8  -f-  S|  sin  n,  8  ch  8 


/??.+$? 

Pt  cos  n,  0  ch  0  -j-  Qt  sin  nt  8  sh  nt  6 


+ 


•f 


fltCOSrtiQsh fi» 8  4- St»inn1Pchni8'] 


#2 +  $2 


J' 


where 


7,m  =  cos«machnBla;  Qm  =  sinnmashnma; 

Rn  =  cos nm a  sh  nm a;  Sm  =  sti  nm  a  chnma;  (m  =  l,2). 


(18) 


Forced  vibrations  of  an  arch  in  the  presence  of  Conditions 
(11)  will  thus  be  governed  by  the  following  relationship: 

t/a  t\  /  /*,  cos  n,  0  ch  n,8  +  Qsln  «i  0  sh /«!  0 

- pf+tf 

Ri  cos /i.  0  sli  n,  0  +  5i  sin /it  0  ch  fii  9.  .  .. 

- ! - * - — — - - - —  Um  p,t  + 

,  _At_  j  Ptcosn,  OchrtiO  +  Qt  sin  n,8sh  n,  0 
2Po  (  P]+Q] 

.  /?,  cos  rt,0  sh /Ij  0 -f- S,  sin  nt  0ch  zt,  0  .  .  .  /,o\ 

> - : - pin  p,i,  (19) 

Ki  4-  S  '  / 


where  Fm,  Qm, /?m.ndSm  are  given  by  Formulas  (18). 

It  is  easy  to  show  that  Solutions  (15)  and  (19)  obtained 
above  satisfy  all  end  support  conditions  of  the  bar. 

We  now  consider  in  more  detail  the  following  particular  case. 
We  assume  that  both  supports  perform  synchronous  vibrations.  We 
set 

Pi  “  Pi  ^  P,  =  A,  =  A, 

which  involves,  according  to  Formulas  (12)  and  (16),  the  equali¬ 
ties 


for  values  of  p  defined  by  the  inequality  we  ^et  from 

V  Wo 

Eq.  (15) 
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» 


-iiv  -  i**r**n«v** 


t/o  -4  /  coskQ  .  chfr0 

svm;  =  — - - — —  - 

2p0  \  ros  £  a 


ch  ka 


jsinp/. 


( 20 ) 


On  the  other  hand,  for  values  of  p  obeying  the  inequality 
we  8et  ^  Pcosn0ch«0 +  Qs»nn0Jhn0  ,  . 

£(0’'>  =  r - trif, - — 

e.  '"+«  (21) 

where  P  =  cosnachna;  Q  =  sinnashna. 

We  write  Expression  (20)  in  the  form 


+ 


_  _A 

cosO  \Z  —  (- 

PoP 

£ 

2p, 

'  «*  \ 

£ 

chO^ 

/  fi  ( el 

) 

ch  a  j/ 

/  4  14 

v  It  w'-' 

r 

-) 


■-') 


sin  Dt. 


(22) 


For  a  very  large  p  we  get 

cos  0po 

or 


«<M)-f 


sinp/ 


sinp/, 


(23) 


where  l  is  the  length  of  the  arc  subtended  by  the  central  angle  0, 
and  L  is  the  length  of  the  half-arch  axis . 

The  solution  of  Eq.  (23)  is  identical  with  the  solution  ob¬ 
tained  by  Ye.N.  Kaporulin  [3]  for  a  straight  bar,  if  we  take  l  as 
the  x-coordinate,  measured  from  the  middle  of  the  bar. 

Expression  (23)  can  be  obtained  from  (22)  also  by  the  limit 
transition 


u  <•  0;  0  ►  0,  ft,  -►  <x>;  0|>o  ->  /;  ap0  L. 


Thus,  for  supports  vibrating  at.  a  sufficiently  high  frequency 
(as  compared  with  the  tension-compression  frequency  of  the  bar's 
axis)  a  shallow  circular  arch  behaves  in  the  same  manner  as  a 
straight  bar  of  the  same  length. 
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It  is  known  [9],  [10]  that  the  freaueney  o±  1 ree  radial  vi¬ 
brations  of  a  shallow  circular  two-hinge  arch  can  be  represented 
by  the  formula 


“>J  =  CJ  ]/-r  (/—  1.2,3....). 

V  W>o 

(24) 

where 

II 

\ 

+ 

* 

£  » 
*  * 

(25) 

Whence 

W>o  C) 

E  “ '  «?  '  , 

(26) 

c2 

It  should  be  noted  that  ratio  —  is  independent  of  subscript  j. 

Having  reference  to  Eq.  (26),  we  rewrite  Expression  (22)  in  a 
somewhat  different  form 


We  assume  that  p,  the  frequency  of  vibration  of  the  supports,  is 
the  same  as  one  of  the  frequencies  u> .  of  free  vibrations  of  the 

arch.  Then 


+  - 


sin  fit. 


It  is  obvious  that  synchronous  vibrations  of  support  struc¬ 
tures  induce  symmetrical  forced  vibrations  in  the  arch  and  hence 
j  can  take  on  odd  values  only. 

It  can  be  seen  from  the  last  formula  that  the  amplitude  of 
forced  vibrations  of  all  the  points  on  the  axis  of  the  arch,  with 
the  exception  of  its  ends,  become  infinity  when  p=*a>j  (/=  1,3,5,...), 
i.e.,  we  get  ordinary  resonance  if  no  consideration  is  given  to 
the  effect  of  resistances. 

On  the  basis  of  Formula  (22)  it  Is  possible  to  determine  the 
resonance  onditions  P  =  «b  also  in  the  following  way.  It  is  seen 
from  Formula  (22)  that  the  amplitude  of  forced  vibrations  becomes 
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infinite,  if  we  satisfy  the  condition 


a4Po  /  P>  .  .  \  I* n*  ..  .  ,  .  , 

—  nrp ~ 1 J =  i r  (/ = *• d* 5’-)'  (27) 


which  is  equivalent  to  vanishing  of  the  cosine  in  the  denominator 
of  the  first  term  in  parentheses  of  Formula  (22).  From  Relation¬ 
ship  (27)  we  get 


We  now  point  our  certain  features  peculiar  to  the  motion  of 
the  arch  when  p<  l / First  of  all,  it  follows  from  Formulas 

V  W>0 

(24)  and  (25)  that  p<© t  and,  thus,  resonance  is  impossible.  The 
fact  that  the  translations  of  all  the  points  on  the  axis  of  the 
arch  are  in  this  case  always  bound,  can  be  obtained  only  from  For¬ 
mula  (21),  in  which  the  denominator  cannot  vanish.  Since,  as  p« 
increases  to  00  the  domain  of  values  of  p  narrows  down  to  zero, 
then  for  the  given  case  limit  transition  to  a  straight  bar  is 
meaningless . 

Let  the  ends  of  the  arch  perform  vibrations  with  a  very  low 
frequency  p.  We  set 


Then 


where 


n«  =  X*(l-Yp»)^X». 

A  P.cose/iche/ 1  +Q«5ineVTsh9VT  .  . 

Po  P24-Qi  npr> 

P*  =cosaK*.  chaKA.;  <?*  =  sinaKlshaj/jT. 


Combining  Solutions  (15)  and  (19),‘  it  is  possible  to  obtain 
other  particular  cases  of  the  problem  at  hand. 

Let  us  now  clarify  the  feasibility  of  approximate  solution 
of  the  problem  at  hand  by  the  Bubnov-Galerkin  method.  If  the  ap¬ 
proximating  function  5(9.  0  is  properly  chosen,  this  will  make  it 
possible,  f-'.rst  of  all,  to  subject  the  translation  of  supports  to 
more  gener.nl  laws,  and  secondly,  will  make  possible,  without 
changing  the  methods  of  solution,  to  enter  the  nonlinear  domain 
and  thus  clarify  those  points  which  were  lost  by  linearizing  the 
basic  equation  (1).  We  assume  that  the  hinged  ends  of  the  arch 
perform  vertical  motions  described  by  functions  0(/)«ndM r{t).  Select¬ 
ing  as  the  approximating  function  of  di  mens  i  on  less  deflections 


we  see  that 


{(+o,0=m.,5(_a,o=m:/a.)  „0.  (29) 

Po  \  do*  /».±«  > 


These  conditions  are  the  boundary  conditions  for  the  problem 

at  hand.  Functions  E  At)  are  to  be  determined.  Expressions  for  ap- 
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proximating  functions,  similar  to  (28),  were  us.:?,  by  h.S.  Kolesni¬ 
kov  [7]  in  the  study  of  vibrations  of  straight  bars  with  non- 
steadily  supported  ends. 


We  return  again  to  the  case  for  which  an  exact  solution  was 
previously  found.  Thus,  we  assume  that  the  ends  of  the  arch  move 
according  to  the  equations 

<H') - ;4sinp/;  V(/)  =  Asinpt. 

Having  reference  to  Eq.  (30),  we  rewrite  Expression  (28)  in 
the  form 


1(9 ,0-  sin  pt  +  ZEj  (t)  sin  lnSa~^  . 

Pi  2a 


(31) 


If  we  restrict  ourselves  to  the  first  term  of  the  series  and 
apply  the  Bubnov-Galerkin  method  to  the  solution  of  Eq .  (1),  then 
we  get 

lNi)<coi^-^(fsin','+£‘cos^)(t)‘£'cosv+ 

— «  t 

+  X*  (~*in  P*  +E 1  cos-^-j + X*y|—  ~‘‘sin  +  ^1  C0Sj^J cos  7j“]  dQ~0. 


After  integration  and  elementary  algebraic  transformations, 
we  will  get  the  following  ordinary  differential  equation  for  Ei(t) 

£-+“'(|- (32) 


where  E\  denotes  the  second  derivative  with  respect  to  time,  while 
<D  denotes  the  fundamental  frequency  of  free  radial  vibrations  [see 
Formula  (24)]. 

We  note  the  following  two  particular  forms  of  Eq.  (32): 

E,+a/EI-^-(p‘  (33) 

£i+"‘(‘-i^sinp')£i=^:(',,-t)sinp'-  (3,° 

We  first  of  all  note  that  Eq.  (33)  can  be  obtained  independ¬ 
ently  only  by  the  Bubnov-Galerkin  method  from  Eq.  (2);  here,  if 
we  do  not  restrict  ourselves  to  the  first  term  of  the  series  con¬ 
tained  in  Expression  (31),  then  instead  of  the  single  equation 
(33) »  we  get  the  following  ensemble  of  equations 

E2  +  E2  —  0; 

£4  +  o>2£4  =  o. 
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Solving  these  equations,  and  having  reference  only  to  forced 
vibrations,  we  get 


•(7-) 


- Isinp/. 


We  represent  the  last  equality  in  the  form 

6(0,0  =  V  —  sin  pt.  . 
p« 


where  V  denotes  the  expression 

r  n0 

.  I  COS  — — 

k  =  1  +  -1  / 1 - Lj  - ?a_ 

«  \  Y PV 


•7"1 


'•(4-0  *(4-0 


Calculations  show  that  when  using  in  our  problem  approximat¬ 
ing  function  (31),  a  satisfactory  agreement  of  the  exact  and  ap¬ 
proximation  solutions  is  obtained  for  sufficiently  shallow  and  not 
very  flexible  arches.  To  clarify  the  above,  we  present  in  abbrevi¬ 
ated  form  a  table  of  the  amplitude  coefficient  V  of  forced  vibra¬ 
tions  of  the  middle  point  of  the  arch  (0  ■  0);  the  parentheses 
contain  exact  values  of  this  coefficient  obtained  from  Formula 
(20). 


:r  J*  • 


0,01 

20 

— 2 ,799  (-2,024) 

15 

2,155  (  2,141) 

0,0004 

15 

10 

-0,586  (-0,459) 
-1,25  (-1,25  ) 

0,0001 

10 

-0,563  (-0,479) 

8 

-0,78  (-0,75  ) 

1)  In. 


It  is  obvi  us  that  by  specifying  ratios  ^  we  automati¬ 

cally  establish  a  given  relationship  between  frequencies  p  and  uk. 
Thus,  for  example,  for  an  arch  with  central  angle  2a  =  20°  and  for 

—  ’  =10000  and  —  =0,1  we  will  get  «*'f  =0,0107 p2;  <■>*  =0,541  p3\  w*  =4,111  p2,  etc. 
is  Y/’J 

On  the  other  hand,  by  keeping  these  ratios  constant  it  is  easy  uo 
find  the  values  of  central  angle  2a  for  which  resonance  will  set 
on.  In  the  example  just  considered  V  goes  to  infinity  if 
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2a1%5°40';  2aJssi6°40';  2aa^28032'. 

The  above  results  are  reliable  to  one  or  another  degree  only 
for  domains  far  removed  from  resonance,  since  the  fact  that  vari¬ 
ous  kinds  of  resistances  were  not  taken  here  into  account  when 
solving  the  problem  radically  affects  the  equations  of  motion 
proper  as  well  as  their  solutions. 

<• 

We  return  to  Eqs .  (33)  and  (3*0.  They  have  in  common  the  fact 
that  both  are  linear,  the  first  of  them  has  constant  and  the  other 
has  periodically  varying  coefficient.  We  recall  that  Eq.  (33)  can 
be  regarded  as  the  result  of  a  problem  initially  stated  in  the 
linear  form,  while  Sq.  (3*0  appeared  already  as  a  result  of  line¬ 
arization  of  Eq.  (32).  We  have  seen  that  the  solution  of  Eqs.  (33) 
and  (35)  appreciably  schematize  the  solution  of  our  problem.  As  to 
Eq.  (3*0 »  it  can  be  Judged  by  its  external  appearance  that,  on  the 
one  hand,  the  complexity  of  the  study  has  increased,  and,  on  the 
other,  that  it  makes  it  possible  to  discover  certain  specific 
properties  of  the  bar’s  motion. 

Thuj,  depending  on  the  stage  in  solving  the  problem  at  which 
we  leave  the  nonlinear  domain  and  start  treating  the  problem  lin¬ 
early,  it  is  possible  to  ret  lin  or  drop  substantial  characteris¬ 
tics  of  the  phenomenon  under  study. 

We  shall  restrict  ourselves  from  now  on  to  the  consideration 
of  one  particular  but  at  the  same  time  characteristic  case.  We  set 


i.e.,  we  shall  assume  that  the  frequency  of  support  vibrations  is 
identical  with  the  frequency  of  tension-compression  vibrations  of 
the  axis  of  the  arch.  We  have  seen  earlier  that  this  case  had  cor¬ 
responding  to  it  motion  of  the  arch  as  a  single  undeformed  body 
(if  free  vibrations  are  not  considered).  It  is  obvious  that,  when 
Condition  (36)  is  satisfied,  we  will  always  have  the  inequality 

P<(Oj. 


Equations  (33)  and  (3**)  will  in  this  case  become  the  following 
equations : 


E,  +  C>*F  =  0; 

- A*—  sin  pi)  Et 

4asp#yu>*  ^  / 


-0. 


(37) 


The  first  of  these  equations  has  become  an  equation  of  the 
free  vibrations  of  a  harmonic  oscillator  and,  consequently.  Rela¬ 
tionship  (36)  can  be  regarded  as  a  condition  eliminating  the  pos¬ 
sibility  of  appearance  of  forced  vibrations  of  an  arch  attendant 
to  the  vibration  of  supports  according  to  (30).  We  arrive  at  the 
same  conclusion  from  the  solution  of  the  problem  which  is  formu¬ 
lated  linearly  from  the  very  beginning.  We  obtain  another  solution 
if  we  turn  to  Eq.  (37)-  This  equation  can  be  converted  by  ordinary 
methods  into  a  Mathieu  equation  and  thus  it  would  become  possible 
to  study  features  in  the  vibrations  of  the  arch  which  are  related 
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to  the  stable  and  unstable  regime  of  motion. 

In  order  to  transform  Eq.  (37)  to  the  standard  form  of  the 
Mathi„eu  equation,  we  replace  the  independent  variable  t  by  a  new 
dimensionless  t,  using  the  substitution 


**  m| 

then  £j=— £J;  the  primes  denote  derivatives  with  respect  to  t..  Af¬ 
ter  elementary  transformations  we  get 


where 


£*  +  (a  —  2^  cos  2t)£1  =  0, 


An* 

P.o* 


It  is  known  from  the  general  theory  of  the  Mathieu  equation 
that  "...the  solutions  are  basically  stable  when  u>0«ui|2<)|<a  and 
are  basically  unstable  outside  of  this  range,  as  was  predeter¬ 
mined..."  [11,  page  368].  On  the  basis  of  this  general  conclusion 
we  can  set  up  for  our  problem  a  sufficiently  simple  condition  for 
stable  vibrations.  It  follows  from  the  inequality  2 q<a  that 


or. 


in  smother  version,  by  having  reference  to  Eq. 


(24) 


(38) 


On  the  basis  of  solely  practical  considerations,  parameters 
i.  po«.d~a!are  usually  assigned  values  for  which  the  stability  crite- 

<* 

rion  (38)  is  reliably  satisfied.  Thus,  for  example,  for  “7 -.0,0001 
and  2a  =  10°,  we  get  —<0,315. 

Po 

Thus,  if  force  factors  are  not  considered  as  being  the  direct 
causes  of  vibrations,  it  is  possible  to  take  specified  transla¬ 
tions  of  individual  members  of  a  system  as  sources  of  vibration 
processes.  Being  maintained  for  a  given  time  interval,  these  dis¬ 
turbances  may,  under  known  conditions,  produce  in  the  entire  sys¬ 
tem  vibrations  with  resonance  of  the  ordinary  (force)  and  para¬ 
metric  types.  This  kinematic  approach  to  the  study  of  vibrations 
processes,  which  was  used  in  the  present  paper,  can  be  found  to 
be  particularly  suitable  in  cases  when  it  is  possible  to  observe 
the  motion  of  individual  characteristic  points  (cross  sections) 
of  the  bar,  plate  or  other  vibrating  body.  Ordinary  or  force  reso¬ 
nance  is  found  in  this  approach  to  the  study  of  vibrations  without 
additional  analysis  of  forces  affecting  the  system. 
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J)  DESIGN  OF  FRAMES  WITH  PONDERABLE  ELEMENTS.  CARRYING  TWO 
CONCENTRATED  MASSES  EACH,  FOR  A  VIBRATING  LOAD, 

USING  THE  l*ETH0D  OF  TRANSLATIONS 

Candidate  of  Technical  Sciences  I.V.  Kiseleva 

( Moscow ) 


The  unknowns  in  designing  frames  by  the  method  of  transla¬ 
tions  are  the  angular  and  linear  translations  of  the  system's 
joints.  Standard  elements  of  the  main  system  are  statically  inde¬ 
terminate  bars  with  different  end  supports.  The  present  paper  de¬ 
rives  formulas  of  dynamic  reactions  of  Joints  of  different  bars  of 
a  main  system  with  a  uniformly  distributed  mass  and  with  two  con¬ 
centrated  masses,  due  to  vibration  loads  and  various  unit  vibra¬ 
tion  translations  (see  below).  These  formulas  are  needed  for  set¬ 
ting  up  canonical  equations  of  the  method  of  translations  and  for 
further  design  of  frames  for  vibrating  loads  for  the  nonde formed 
state  (for  the  nondeformed  scheme). 


The  dynamic  reactions  of  vibration  effects  with  frequency  0 
were  determined  from  equations  of  the  method  of  initial  parameters 


y  (x)  =  y0  Akx  +  —  Bkx—  — °-  Ckx - 5sl. 

*  *  klEJ  *  *»£/ 


Dkx — —  i); 


y' «  =  *</„  O,,  + !/;  A„  C 


k*  EJ  hx  k*  EJ 


* 

i  rf  h’ 


0  J*  -  kEJy- D „  +  M0  Akx  +fBkx+f  C*; 


M(x)  =  —  k*  EjyQC>  j  ka  a  i 

«!*>--*■  EJy„  B„  -  k'EJy C„  +  kM „  D„  +QtAt,+fBi 


where  yo.  «/« .  Mo.  Qo.  <7o  are,  respectively,  the  deflection,  angle  of  ro¬ 
tation,  bending  moment,  shearing  force  and  the  distributed  load 
at  the  left’ end  of  the  bar;  Ahx,  Bkx,  Ckx^Dhx  are  A.N.  Krylov's  func- 

m0t 

tions;ftt  ;  m  is  the  mass  per  unit  length  of  bar. 

£/ 

The  inertia  forces  produced  by  concentrated  masses  were  taken 
into  account  in  the  form  of  concentrated  forces  R-mfPy*,  where  m  is 
the  concentrated  mass  and  y*  is  its  coordinate. 

We  briefly  illustrate  the  process  of  solution  using  an  exam¬ 
ple  of  a  unit  vibratory  rotation  of  the  left  end  of  a  bar  clamped 
at  both  ends  (see  the  first  case  in  the  table  below). 
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TABLE 


1 

M(j 

. Qo  __ 

ML 

Qi 

0=JL 

”  V/ 

0-ui> 

*  y» 

•. =■& 

*7=$ 

u. 

Q>  _ 

•“  y2 

0 • 

I* 

0  -Jh 

0  -Mo 

.  V  V? 

0 

^  Vj 

<*  - 

y2 

0-M* 
»-  v. 

0 

<*=£' 

r3 

Um 

01B~  "vf 

0  JL* 

v n  y4 

th  --Uj3 
ys 

0 

a> 

»  v4 

JL 

^  -  U-2t 

0k'T 

0 

=-^ 

y. 

0 

II 

** 

0  Ujs 

j  ^§t\ 

(ft=-^’ 

yf 

_Uj» 

»2fvV 

.  t,  -Jlif 
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Notes:  1.  In  defining  M ^  and  in  formulas 

for  determining  u  and  v,  m  1  should  be  replaced 
by  mzy  and  subscripts  a  should  be  replaced  by 
l  -  by  and  b  should  be  replaced  by  l  -  a. 

2.  The  formulas  for  M 0  and  Q0  presented 
in  the  table  can  also  be  used  if  the  supports 
with  the  corresponding  translations  change 
places  (mass  mi  then  being  to  the  left). 


On  taking  into  account  that  the  boundary  conditions  at  the 
left  end  of  the  bar  «/o=0.  jfo"1*  the  equations  of  the  method  of  ini¬ 
tial  parameters  will  be  written  as  follows  for  the  individual 
sections : 


U 


1st  section: 0<x<fl 


*  w  =  V  ~ FT,  c"~hD‘-  *; «  -  V-j£ aa-^jCu! 


2nd  section:** < x <b 


AM  -  A  «  +  m~vfrD^  ■  4(4  - 4 «+aSf9eiM* 

3rd  section:^  <x  </ 


Satisfying  the  boundary  conditions  at  the  right  end:  when 
x  -  lt  yi=0  and  y',  =0,  we  get  the  equations  for  the  unknown  initial 
parameters  W0  and  $0  •  The  values  of  Mo  and  Qo  for  this  and  other 
cases  which  were  considered  are  presented  in  the  table. 

In  the  study  of  free  vibrations  of  frames  the  load  terms  of 
the  canonical  equations  should  be  set  equal  to  zero,  while  fre¬ 
quency  0  should  be  considered  as  the  unknown  frequency  of  free 
vibrations . 


The  notation  used  is: 


a,.a  = 

A 

^*((-0)  > 

ab,a  ~~  ^*(6-.)*  ~ 

:  &kt’  ^l.a  -  ^ta¬ 

M 

m.  O’ 

;  M,  =  ”,e’  ;  M  = 

rn,  mf0‘ 

1  k>EJ 

k*EJ 

A  (a) 

It 

C 

~ Chad h  A  (b)  — 

cl^l,b — cbb^li 

B(a) 

—  cl,acr 

-b,dha :  B(b)  = 

ci,bCi  —  bldltb\ 

C  =  cha^hb  —  Chb  dl,a'< 

D  (a)  =  b>  c/(U  at  d(l0;  E  (a)  ==  dlta  dt  —  at  ct,a; 

F(a)  =  bt  dlia  bna  dt',  K  (<*)  —  bhmcf  — ■fl(d/pa; 

L  =  bt,a  dhi  —  bho  dlta; 


(  ) 
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M  (a)  =  bha  b ,  —  d,,a  dt\  N  (a)  =  c,  dlta  -  a,  b,,a\ 

P  (a)  =  a,  c(ta  •/,„  c,;  Q  (a)  =  a/,„  6,  —  C/,„  d,; 

^  —  fl/,a  c<,*  —  fl/i*  c/.al  5  (fl)  ~  fl|,a  0/  —  <7, a  C(- 

(/4  =  -L  C/  -  a,  d,  +  Af  l  [b0  A  (a)  +daD  (a)]  +  Af,  \bb  A(b)+dbD  (b))  + 
H-  M  [ba dbta  A  (b)  +  da  dbta  D(b)  +C(bbda  —  badb)])-, 
UJ^-~[alcl-b^  +  Ml[baB(a)-c0D(a)}+MJ[bbB(b)-cbD(b)}+, 

+  Af  lfca  dbia  B  (b)  -  ca  db,a  D(b)  +  C  (ba  cb  -  b„ca)  j } ; 
u*  -  Y*  <d‘  +  Mid*d"‘  +  Madbd„b  +  Mdad,,edbia); 

U*  —  *jj~  (ci  "t*  c„  dha  -f  Af ,  cb  dllb  +  Mca  dhb  dbta ); 

;  >*±[d)-alct  +  My[daE(a)-aaA{a)]  +  M2[diE(b)-abA(b)\  + 

+  M  [da  db,a  E  (b)  -  a„  dbta  A(b)+C  (au  db  -  ab  da)]J; 

Ut  -  a,b,  -c,d,  -  Af ,  \aa  B(a)  +  caE  (fl)l  -  Mt  [ab  B  (b)  +  cbE  (6)J  - 
—  M  [a„ dbia  B(b)+cadbiaE ( b )  +  C{aac„-ab cfl)]; 

U-i  =  —  {Cf  4*  Mx  C/ta  da  -f-  Af,  cllb  db  -j-  M  ctibda  dbia) j 

Uf  ~  by  4*  MyCaC['a  MjCbCi,b M  Ca  tin 
u9  =  JL  (  b]  -  cP,  +  Af ,  [  ba  F  (a)  +  da  M  (a)]  +  M3  [  bb  F  (b)  +  db  M  (b)  J  + 

+  M  [ bad„,aF(b )  +dadbta  M  ( b )  +L  ( bbda -bad„) ]); 

(/«-  {e,d,  -  a,  by  +  Aft  [b0K(a)  -caM  (a) |  +  M 5  [&»*(&)  Af  (b) j  + 

4  M  IMft,a  *  (*)  -  c„  d6>a  Af  (6)  f  L  ( ba  c„  -b„ca) | } ; 

Uyy  = — —  -f  Mybi,ada  +  M2bllbdb  4-  Mbltbdadbia)\ 

R 

Uu  —  at  +  Af,  fy,a  cq  +  Af, bhbcb  4  Mbl<bcadb,a; 

~  +  Al,  [da  N (a)  —  aaF  (a)|  +  Ai*  \db  N(b)-ab  F  (ft)}  + 

+  M  \dadh<aN (b)  —  aadbta  F{b)  +L(aadb  —  ab da) | } ; 
Uy^a}-c]-Mx\aaK{a)  +  caN  (a)  |  -  Af ,  [  ab  K  (b)  +  cbN  (&)|  - 

-  M I aa  db,a  K  (b)  +  ca  db,a  N(b)+L  ( aa  cb  —  ab  ca)J; 

Uy%—  —  (by  +  Mlbitdi„l  4-  Mjbbdtlb+  Mbadi,bdbl„y, 

Uyt  =  a]  —  btd,  —  Ai,  f oaD(a)  +  baE (a)j  —  M2[abD(b) +  bbE(b)\  — 

-  Af  K  dbia  D  (b)  +  ba  dbta  E(b)  +  C  (aa  b„  -  a,  6fl)); . 

Uyi  —  —  a  1  —  My  baCyta  —  Af  tbbCylb  —  MbaCytbdbtai 
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uu  =  a] -  <*  +  Mt  [, ba  P (a)  +  < da S («)]  +  M2  | bb P (b)  +  db  S (b)]  + " 

+  M  [ba  db>a  P  (b)  +  da  dbta  S(b)+R  (bb  da  -  ba  db) J; 

Uit  =  klblcl-aldl+MllbaQ(o)-caS{a)]  +  Mt[bbQ(b)-cbSib)\  + 

+  M  [ba  dbta  Q  (b)  -  ca  db,a  S(b)  +  R  (ba  cb  -  bb cfl)]}; 

Un  =  k  {atd,  —  btc,  +  Mx[aaP(a)  +  daK.(o)\  +M,  \abP(b)  +  *,*(*)]  + 
+  M  [a.  dbta  P(b)+dadtiaK  (b)  +  R  (a„  da  -  a0  db)) } ; 

Un  =k'\b]  -d)  +  Mx  [  afl  N(a)  -caK  (a)J  +  M,  [  a„  N(b)  -  cbK(b )]  + 

+  M  [  aa  dba  N(b)  -  cadba  K(b)  +  R(aecb  —  abca)\ | ; 

Ua  =  al-o,d-M ,  f  aaD  (a)  +  baE{a) J  -  Mt[  ab  D(b)+bb  E(b) ]  - 
~M  [a. db  a  D (b)  +  ba db  a  E(b)+C(aaba  - afl ba) ] ; 

^23  ~  ai  "H  ^1  aa^t.a  ^2  ab^l.b  ^°a  4 l.b  ^b .o' 

U2i  —  —al  M{  al  a  da  M.2a(  b  db~ Mat  bdadb  a\ 

^25  =  *  (^/  ■+■  ^f|  a<.a  Co  "I"  ^2ai.bCb  Maltbcadb  a); 

^2G  —  ^(^/  +  Al|  +  ^iab  Cl.b  ^aaCl,bdb, a)  I 

uv~~r  lp>  '4(a)  +  p> 14  (b)+c  <M'  p>“°  ~M>P‘  <»)]  s 

U«=  *7i7  lp.  «f»)  +  P>  W  +C  ("« V.  -M,P, «.)  +  JX,  ) ; 

=  ~  [P,  P<«)  +  P,  P  (t)  +  £  (M,  *>,  <1.  - M, Py  db)+M,P,d,  .F (6)] ; 
U:„  =  ~^j[p,KW+  P,K(b)  +  L(M1p,ct-M,P,ca)  +  M,p,dti.K(b)]; 
y„  ^  (P.OW  +  />,£><*)  +C  (Afs/>, P,6„)+M,/>,<(,  aD(6)]; 

U»  ”  lP'  '><al  + P* m  +  *  1 1  P> d‘ -  M* P<  d‘>  +  P>  dM  ! 

[P,«(«)+  P,Q(b)  +  R(M,Plc,^MlP,c.)  ; 

U„  — (/>.  £«.)+P^(f.)+C(M,  P,a-M,P ,  a.)  j 

V,  =  ^  |c»-J,i,  +  M1[c.>l(o)  +  d„B(<i)|+MJ[e,-1(6)H-rf,8(6)|  + 

+  «(«  +  ;C  ( —  '.<<»)]  I ; 
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Vt  -  { b,  c,  -  a,  d,  +  M,  |ca  F(«)  +  4.  *  «01  +  M,  \cb  F  (b)  +  db  K  (b) )  + 

+  M  [ ca dbM F (b)  +  da dba K(b)  +  L(cbda  +  c . 4*)] } ; 

v,~Ve7  1°' c' "  M'  V* A  {a)  +  l6* A  (*>) + d>  6(b)  1  - 

V4  -  {a, b,  -  c,dt  +  Mx  (c.  P(a)  +daQ (a)]  +  M, (cb  P(b)  +  dbQ(b)\  + 

+  M  [  ‘A.  W)  +  da  d>.a  Q  &  +K(C>da-Cadt)]\-'  ' 

V,  -  -j—  (a,  6,  —  c,  <*, — [fla  B  (a)  +  c,E  (o))  -  Af ,  [c»  fl  (6)  +  *  *  £  (*)1  — 
- M [ a. (6)  +  cm dba E(b)  +  C(aacb- ab ck)] J . 
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ON  DESIGNING  MINIMUM-WEIGHT  BAR  SYSTEMS 

Corresponding  Member  of  the  USSR  Academy  of  Sciences  I.M.  Rabinovich 

( Moscow ) 


§1.  Method  of  Designing  Minimum-Weight  Statically  Indeterminate 
Trusses  on  the  Basis  of  the  Limiting  State 

The  problem  of  designing  a  minimum-weight  truss  is  treated 
here  not  from  the  most  general  point  of  view,  which  includes  in 
the  concept  of  design  seeking  in  the  first  place  the  system  of  the 
truss,  but  from  the  narrower  point  of  view  of  selecting  the  cross 
sections  of  the  bars  on  the  condition  that  all  the  remaining  di¬ 
mensions  are  specified.  The  truss  is  regarded  hinged,  the  materi¬ 
al's  deformation  is  considered  as  obeying  the  Prandtl  diagram,  the 
load  is  assumed  to  be  constant,  applied  only  in  the  Joints  of  the 
truss,  no  consideration  is  given  to  longitudinal  flexure.  The  term 
limiting  state  is  defined  as  such  for  which  the  truss  becomes  a 
mechanism. 

The  problem  consists  of  two  parts: 

1)  selecting  cross  sections,  ensuring  the  previously  speci¬ 
fied,  upon  the  designer's  consideration,  stress  distribution  be¬ 
tween  the  bars  of  the  truss; 

2)  finding  among  all  the  trusses  with  the  specified  stress 
distribution  that  which  would  have  minimum  weight. 

1.  If  the  scheme  of  the  truss  and  the  cross-sectional  areas 
of  its  bars  are  specified,  then  determination  of  stresses  produced 
by  the  given  load  can  be  called  a  direct  problem.  Determination  of 
the  coefficient  k  by  which  it  is  necessary  to  multiply  the  given 
load  to  convert  it  into  the  limiting  load  for  the  truss  under  con¬ 
sideration,  can  also  be  regarded  as  a  direct  problem.  Both  prob¬ 
lems  are  obviously  determinate,  allowing  for  a  unique  solution. 

It  is  possible  to  specify  exactly  the  entire  sequence  of  the  ap¬ 
pearance  of  yielding  in  the  bars  on  gradual  increase  in  the  load 
up  to  the  load  for  which  the  truss  becomes  a  mechanism. 

The  inverse  problem  consists  in  selecting  the  cross  sections 
of  all  the  bars  for  a  given  limiting  load.  Reference  is  not  had 
here  to  a  passive  checking  of  the  existing  force  properties  of  the 
truss,  but  to  "commanding"  these  properties.  This  problem,  unlike 
the  direct  problem,  may  have  an  infinite  multitude  of  solutions. 
Here  will  be  pointed  out  some  characteristic  features  of  this 
problem  as  compared  with  the  direct  and  inverse  problem  pertain- 


j  >1 1  - 


ing  to  design  in  the  elastic ;  stage. 

In  designing  trusses  as  elastic  systems  using  the  method  of 
specified  stresses.  It  is  sufficient  to  specify  forces  X .  in  the 

redundant  bars  and  the  stresses  in  the  principal  bars;  all  the 
cross-sectional  areas  are  thus  determined.  In  designing  on  the 
basis  of  the  limiting  state  a  new  problem  arises,  i.e.,  it  becomes 
necessary  to  select  the  failure  mechanism  which  sets  on  before  all 
the  other  possible  mechanisms  attendant  to  gradual  increases  in 
the  load  find  corresponding  inclusion  of  bars  in  the  state  of 
yielding.  If  the  truss  contains  n  redundant  bars,  then  for  con¬ 
verting  it  into  a  mechanism  the  yielding  should  embrace  either 
n  +  1  bars,  or  in  individual  cases  less  than  this  number.  In  the 
general  case  some  n  redundant  and  1  principal  bar  should  be  yield¬ 
ing. 


The  designer  can  select  a  failure  mechanism  from  among  a 
large  number  of  those  theoretically  possible.  Let  the  number  of 
bars  in  the  truss  be  m.  If  it  is  statically  determinate,  then  each 
bar  is  absolutely  necessary;  consequently,  the  number  of  possible 

mechanisms  is  m.  It  is  sufficient  to 
assign  to  any  of  the  bars  a  cross- 

sectional  area  "<<■—,  where  oo  is 

the  yield  strength,  and  to  assign 
to  all  the  other  bars  areas  for 
which  the  stresses  do  not  reach  the 
value  Co,  and  the  goal  is  thus 
achieved. 

If  the  truss  is  statically  in¬ 
determinate,  but  among  its  bars  it  has  mj  which  are  absolutely 
necessary ,  then  m\  mechanisms  which  are  formed  by  yielding  of  any 
of  these  bars  are  the  elementary  failure  mechanisms.  In  addition 
to  these  mechanisms  are  possible  others,  produced  by  yielding  of 
the  statically  indeterminate  (conventionally  necessary)  bars. 

Let  the  bar  contain  m  conventionally  necessary  bars,  includ¬ 
ing  n  redundant  bars.  The  number  of  mechanisms  due  to  yielding  of 
the  conventionally  necessary  bars  in  any  case  cannot  be  less  than 
the  number  of  combinations  of  m  elements  taken  n  +  1  at  a  time, 
I.e.,  the  number 

m  (m  —  1)  •  ■  ( m—n ) 

(«+!)' 


Thi3  is  a  tremendous  number.  For  example,  for  a  5-panel  truss 
(Fig.  1),  for  which  m- 26,  n=* 5,  the  number  of  possible  mechanisms 
exceeds  230,230.  Even  for  a  truss  with  one  redundant  bar  the  num¬ 
ber  of  mechanisms  cannot  be  less  than  for  a  statically  de¬ 

terminate  truss  it  is  m. 

2.  One  of  the  central  points  in  designing  statically  indeter- 
?ninate  trusses  on  the  basis  of  the  limiting  state  is  selection  of 
those  bars  whose  yielding  will  convert  the  truss  into  a  mechanism. 
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For  this  reason  it  is  inexpedient  here  to  completely  follow  the 
ways  whic  .  have  Justified  themselves  for  calculations  in  the  elas¬ 
tic  range.  In  particular,  it  is  inexpedient  to  start  with  specify¬ 
ing  forces  in  the  redundant  bars.  One  of  the  possible  computa¬ 
tional  procedures  is  as  follows. 

a)  Select  the  main,  statically  determinate  system  from  the 
total  number  of  - possible;  load  it  by  the  given  lim¬ 
iting  load  (which  also  includes  the  approximate  proper  weight  of 
the  truss)  and  determine  the  signs  of  forces  Hp  of  all  of  its 

bars .  The  determination  of  force  Np  proper  is  not  mandatory  at 
this  stage. 

b)  Seek  the  solution  of  the  problem  on  the  condition  that  the 
signs  of  forces  in  these  bars  will  be  the  same  also  in  the  actual 
truss  at  the  time  it  reaches  its  limiting  state.  For  this 

c)  without  determining  the  final  forces,  specify  the  corre¬ 
sponding  stresses  in  the  bars,  i.e.,  n  +  1  stresses  equal  to  Oo 
and  remaining  stresses  of  somewhat  lower  magnitude. 

Calculate  the  corresponding  elongations  or  foreshortening  of 
the  bars  from  the  formula  A<«- The  signs  of  the  stresses  should 
be  taken  according  to  those  of  f"c" . 

Instead  of  specifying  stresses  a.  and  then  calculating  the 
changes  In  length  A.,  It  Is  possible  to  specify  the  latter  ImmedI- 

Ik 

ately,  i.e.,  in  n  +  1  bars  A.  should  have  the  limiting  value  for 

IK 

elastic  deformations  while  In  the  balance  of  the  bars  their 

E 

value  should  be  somewhat  less  than  the  limiting.  Here  the  designer 
remains  free  in  selecting  n  +  1  bars . destined  to  yield  from  the 
total  number  of  m  —  n  bars  of  the  main  system,  I.e.,  he  Is  free 
to  select  one  from 


m  (m  —  !)•  ■  (w  -  n ) 
(n  +  i)l 


groups . 

d)  Upon  obtaining  the  changes  in  length  of  all  the  principal 
bars,  to  find  the  deformation  A.  of  the  redundant  bars.  This  part 

of  calculations  is  of  kinematic  character.  It  is  simplest  to  con¬ 
struct  a  Williot  diagram;  here  it  is  not  necessary  to  construct 
the  additional  part  of  the  diagram  which  takes  into  account  the 
rotation  of  the  truss  in  order  to  satisfy  the  end  conditions. 

The  deformation  of  the  redundant  bars  can,  obviously,  be  also 
determined  analytically  from  the  formula 

A, 

‘  EFj  **  EFi  E  '  ( 1) 

i  l 
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where  o.  are  the  specified  stresses  in  the  principal  bars,  N.  are 
^  3 

forces  produced  in  them  by  two  equal  and  opposite  forces  X.  *  1, 

J 

which  replace  the  redundant  jth  bar.  Calculations  using  this  for¬ 
mula  suffice  for  finding  the  deformation  of  one  redundant  bar;  to 
find  the  deformation  of  all  the  n  redundant  bars,  it  will  be  nec¬ 
essary  to  repeat  the  calculations  using  the  formula  n  times,  while 
the  Williot  diagram  makes  it  possible  to  obtain  all  these  deforma¬ 
tions  from  a  single  construction. 


e)  Let  the  graphically  or  analytically  found  deformations  of 
the  redundant  bars  be  found  to  be  elaatio.  In  this  case  it  is  pos¬ 
sible  to  pass  on  to  the  second  stage  of  the  calculation,  consist¬ 
ing  in  calculating  the  forces  A',  in  these  bars.  The  sign  of  these 

3 


forces  is  known. 


since  deformations  A  .  have  already  been  found. 

J 


The  complication  facing  the  designer  who  starts  his  calculations 

from  specifying  the  magnitudes  and  signs  of  X .  does  not  exist 

3 


here.  As  to  selection  of  the  absolute  values  of  X 


he  is  limited 


by  the  condition  presented  in  U"a,M  i.e.,  one  must  avoid  quanti¬ 
ties  so  la^ge  which  could  change  the  signs  of  the  force  in  any  of 
the  principal  bars;  for  any  bars  one  should  conform  to  the  in¬ 
equality 


np+  In.x. 

/-i 

Np 


>0. 


(2) 


It  Is  obvious  that  this  system  of  rr  -  n  inequalities  can  be  always 

satisfied  by  selecting  sufficiently  small  values  for  all  the  X .; 

3 

consequently,  there  exists  a  region  bound  by  some  final  values  of 
these  quantities.  It  Is  also  inconvenient  to  specify  too  low  val¬ 
ues,  since  this  will  make  the  use  of  a  statically  Indeterminate 
truss  unjustified. 

It  is  thus  necessary  to  specify  all  the  X  .  and  then  to  calcu- 

3 

late  the  forces  In  the  principal  bars  and  to  satisfy  Inequalities 
(2),  which  should  not  be  difficult. 

f)  In  particular,  it  is  possible  to  obtain  a  simple,  but  non¬ 
interesting  solution,  by  equating  all  the  X  .  to  zero.  Since  the 

3 

stresses  in  the  redundant  bars,  which  are  predetermined  by  the 
specified  stresses  o.  of  the  principal  bars  are  in  general  not 

zero,  then  it  would  follow  from  the  condition  X  .  =  0  that  F.  -  0. 

3  3 

Such  a  solution  would  thus  require  to  forego  designing  a  statical¬ 
ly  Indeterminate  truss  and  replacing  it  by  a  random  statically  de¬ 
terminate  truss . 

Note.  The  requirement  expressed  by  Inequality  (2)  is  not  gen¬ 
erally  mandatory,  i.e.,  one  may  allow  such  a  selection  of  values 

of  X  .  for  which  the  total  force  and  stress  in  one  or  another  prin- 
3 

cipal  bar  would  have  a  different  sign,  but  this  would  then  neces¬ 
sitate  checking  the  translations  in  the  directions  of  forces  X  .; 

3 
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this  check  should  show  whether  the  signs  of  X  .  can  be  retained  or 

3 

they  have  to  be  changed. 


g)  Select  the  cross  sections  of  the'  redundant  bars  from  the 
formula 

Xjh\ 


Ebj 


and  to  choose  the  cross  sections  of  the  principal  bars  from  the 
formula 


F, 


Np  +  ZNjXj 


where  A  .  are  the  previously  found  changes  in  length  of  the  redun- 
3 

dant  bars;  a.  are  the  specified  stresses  iri  the  principal  bars. 

h)  It  may  happen  that  for  the  selected  deformation^  of  the 
principal  bars  the  deformations  of  certain  redundant  bars  will  go 
past  the  elastic  limit.  Then  it  will  be  necessary  to  revise  the 
selected  deformations  of  some  of  the  elastically  operating  princi¬ 
pal  bars  with  a  view  to  reducing  or  increasing  them;  it  may  be 
necessary  to  increase  the  stresses  in  some  and  reduce  them  in  some 
other.  A  graphic  guide  in  this  respect  is  the  Williot  diagram. 
Finally,  it  is  possible  to  reclassify  some  of  the  redundant  as 
principal  and  some  of  the  principal  as  redundknt  bars.  An  attempt 
should  be  made  to  make  all  the  deformations  of  the  redundant  bars 
elastic  deformations. 

I)  Any  calculation  performed  by  the  above  method  will  result 
in  establishing  a  mechanism,  whose  stressed-deformed  state  due  to 
a  given  load  Is  satisfied  by  equilibrium  conditions  of  all  the 
joints  of  the  truss,  as  well  as  by  compatibility  conditions  for 
its  deformations.  Here  all  those  bars  of  the  truss  which  are  still 
in  the  elastic  range  are  subjected  to  stresses  close  to  the  yield 
point.  This  completeness  in  utilizing  the  truss  material  is  a  fea¬ 
ture  of  this  method  of  design. 

k)  Check  the  solution.  This  is  needed  since,  as  the  load  Is 
increased,  it  Is  possible  not  only  for  ever-new  bars  to  start 
yielding,  but  also  for  some  bars  to  return  from  the  state  of 
yielding  to  the  elastic  range.  In  the  process  of  loading  the  re¬ 
sidual  deformations  of  bars  functioning  past  the  elastic  limit 
produce  an  additional  stressed  state;  however,  the  mechanism  no 
longer  experiences  it.  All  this  makes  It  necessary  to  ensure  that 
no  mechanism  arises  before  the  load  reaches  the  specified  magni¬ 
tude.  A  recheck  of  a  truss  already  designed,  for  which  the  cross 
sections  of  all  the  bars  are  already  known,  can  be  performed  in 
(  )  the  ordinary  manner. 

In  the  case  when  as  a  result  of  calculations  the  proper 
weight  of  the  truss  is  found  to  differ  substantially  from  that 
previously  assumed,  it  is  expedient  to  include  it  in  the  external 
load  and  to  adjust  the  design  accordingly. 
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3.  As  can  be  seen  from  the  above  presentation,  the  possibili¬ 
ties  open  to  the  designer  in  designing  a  truss  on  the  basis  of  its 
limiting  state  are  much  more  extensive  than  those  available  to  him 
when  designing  the  truss  in  the  elastic  range.  For  this  reason  in 
seeking  a  minimum-weight  frame  in  the  first  case  it  has  to  be  se¬ 
lected  from  a  larger  number  of  various  trusses  than  in  the  second 
case.  In  designing  for  the  elastic  range  all  the  bars  which  are  a 
part  of  a  given  selected  main  system  can  be  called  equal,  while 
when  designing  on  the  basis  of  the  limiting  state  it  is  addition¬ 
ally  necessary  to  select  from  these  bars  in  one  or  another  manner 
a  group  which  is  subjected  to  a  stress  equal  to  the  yield  strength. 

In  order  to  approach  a  minimum-weight  truss  it  is  apparently 
necessary  to  increase  the  stresses  in  the  possible  greatest  number 
of  bars  of  the  main  system.  It  would,  consequently,  be  possible  to 
bring  the  stress  to  the  yield  point  not  in  n  +  1  bars,  but  In  a 
greater  number  of  bars  of  the  principal  system  or  even  in  all  of 
its  bars,  if  this  will  not  involve  impermissible  deformations  in 
the  redundant  bars. 

Such  a  solution,  however,  does  not  resolve  the  problem  of  a 
minimum-weight  truss,  since  it  is  still  possible  to  select  differ¬ 
ent  main  systems  and  redundant  bars,  as  well  as  to  specify  vari¬ 
ously  the  forces  X.  in  the  n  redundant  bars.  We  now  consider  the 

3 

last  question. 

The  theoretical  volume  of  material  of  each  bar  is  expressed 
by  the  formula 


- 


Nj_ 

<*t 


,  I* f,P  +  £l*uX/ 

°l 


h, 


(3) 


where  N{P,  N’{j  are  the  forces  in  the  ith  bar  produced  in  the  main 
system  by  the  external  load  and  by  the  force  X.  ~  1,  respectively. 

If  the  ith  bar  is  redundant,  then  W<p=0,  A^=o  (wh.„  «'=£/');  Nu- 1. 


Formula  (3)  is  peculiar  by  the  fact  that  it  contains  in  its 
right-hand  side  the  modulo  of  function  V<p+ZW<j^</a<-  Methods  of  op¬ 
erating  with  modular  functions  have  been  developed  in  a  number  of 
interesting  studies  by  Professor  Yu. A.  Radtsig,  pertaining  to  the 
problem  of  designing  minimum-volume  trusses  in  the  elastic  range. 
Professor  Yu. A.  Radtsig  has  Introduced  for  this  purpose  the  con¬ 
cept  of  "spectral"  and  "out  functions."  For  the  same  purpose. 
Professor  A. I.  Vinogradov  has  Introduced  the  concept  of  the  "sign 
variability  coefficient"  and  of  operations  with  functions  contain¬ 
ing  this  factor.  Modular  linear  functions  are  also  used  in  the 
theory  of  linear  programing.  The  present  study  is  done  without  re¬ 
sort  to  these  concepts. 


The  partial  derivative  of 
variable  X.  is 

^  dm 

dX, 


the  bar's  volume  with  respect  to 


=  + 


N,jh 


(4) 
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Formula  (4)  is  valid  for  the  present  method  of  design,  in 
which  t  e  /alues  of  a_.  are  regarded  as  specified.  The  absolute 

vali1';  of  the  right-hand  side  is  constant,  it  does  not  depend  on 
any  of  the  Xu  X2, ...  Xn;  in  general  it  is  nonzero.  It  is  also  inde¬ 
pendent  of  the  external  load  and  of  the  total  force  in  the 
given  bar. 


As  to  the  sign,  it  does  depend  on  these  quantities;  it  is 
easy  to  show  that  it  is  identical  with  the  sign  of  the  product 

NiNtiX,.  For  example,  if  X  .  compresses  the  jth  redundant  bar  (^<0), 

0 

while  force  Xj=  +  l  puts  bar  i  into  tension  (A^>0),  and  finally,  the 
total  force  in  the  ith  bar  due  to  the  combined  external  load  and 

all  the  forces  X  .  is  tensile  (iV,>0),  then  the  right-hand  side  of 

0 

this  formula  has  a  minus  sign. 


In  the  method  presented  above  the  sign  of  X.  cannot  change. 


since  it  is  determined  by  specified  and  unvariable  values  of 
stresses  a..  Consequently,  the  sign  of  the  right-hand  side  can 

change  only  when  the  sign  of  force  N ^  changes.  In  this  case,  all 

the  derivatives  — —  ,  i.e.,  the  derivatives  of  the  volume  of  the 

dX, 

ith.  bar  with  respect  to  any  of  the  forces  X,,  X2 . Xn  change  sign 

without  changing  magnitude.  These  derivatives  are  thus  discontinu¬ 
ous  functions. 


The  partial  derivative  of  the  total  volume  V  of  the  truss  is 
expressed  by  the  sum 

m 


=  v  +  j  Nijii 

dXj  "  “  I  a, 

1=3 1 


9 


(5) 


which  contains  all  the  bars  of  the  truss.  In  the  process  of  vary¬ 
ing  the  magnitudes  (but  not  signs)  of  forces  X.  all  the  terms  in 

J 

the  right-hand  side  retain  their  absolute  values  without  change, 
while  the  sum  in  the  right-hand  side  remains  either  unchanged,  or 
dis continuously  changes  its  magnitude,  or  its  magnitude  and  its 

sign.  Discontinuities  take  place  for  such  values  of  X  .  which  pro- 

J 

duce  a  discontinuity  in  any  given  term  of  the  sum.  Let  for  some 

given  values  of  all  the  n  forces  X  .  be  found  the  value  of  the  de- 

0 


rivatives 


<W  dV  dV 

dXt’  dX ,  .  dXn  ' 


The  total  differential  of  function  V 


dV  = 


dV 

dXt 


dV 


dXx  +  -^-dXt  +  ---  + 


dV 

dX„ 


dXn 


(6) 


makes  it  possible  to  point  out  in  what  direction  the  magnitudes  of 
Xj  should  be  changed  in  order  that  V  would  become  smaller;  it  is 
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rost  effective  to  make  all  the  terms  In  the  rignt-hand  side  of 
formula  (6)  negative.  For  this  the  increment  of  X  .  in  each  of  the 

-  dX}  should  be  assigned  a  sign  opposite  to  that  of  derivative 

OX  l 

SV 

-jg  •  This  can  be  done  with  retention  of  the  magnitudes  and  signs 

of  all  the  stresses  a.,  in  general,  by  an  infinite  number  of 

methods,  since  all  the  tension  bars  should  conform  to  inequalities 
in  the  form 

/-i 


while  all  the  compression  bars  should  obey  the  inequalities 

A/„-r2Af„Af,<0 

/-« 

(a  total  of  m  inequalities  containing  n  quantities  X  .) .  These  in- 

17 

equalities  are  a  priori  noncontradictory,  since  the  above  method, 
as  was  pointed  out  previously,  immediately  ensures  noncontradic¬ 
tory  selection  of  a  system  of  n  quantities  X  .. 

0 

It  is  obvious  that  the  greatest  effect  on  retention  of  the 
preselected  stresses  ck  is  obtained  when  n  of  these  inequalities 

become  equalities,  i.e.,  for  such  systems  of  compatible  values  of 

X corresponding  to  the  limiting  state ,  for  which  the  truss  is 
J 

converted  to  some  statically  determinate  truss. 

Here  we  have  an  analogy  with  the  known  theorem  on  the  weight 
of  a  truss  designed  for  the  elastic  range. 

The  number  of  the  possible  statically  determinate  trusses 
which  is  formed  from  a  given  statically  indeterminate  truss  is, 
as  we  know,  very  large;  among  them  exists  one,  lighter  than  all 
the  others,  satisfying  the  specified  stress  distribution  in  the 
limiting  state.  This  truss  is  still  not  the  minimum-weight  truss, 
since  the  number  of  possible  failure  mechanisms  is  also  great,  and 
by  specifying  stresses  a.  it  Is  possible  to  apply  the  same  delib- 

erations  to  each  of  them.  The  fact  that  in  the  problem  at  hand  one 
has  to  deal  with  a  greater  number  of  versions  than  in  a  similar 
problem  of  an  elastic  truss  is  not  accidental;  it  is  due  to  the 
fact  that  the  failure  mechanism  can  be  selected  in  many  ways. 

Although  minimum  weight  is  obtained  in  a  trues  such  for  which 
the  force  distribution  in  the  limiting  state  is  the  same  as  in  a 
certain  statically  determinate  main  system,  it  cannot  be  claimed 
that  the  designing  of  statically  Indeterminate  trusses  is  without 
a  basis.  Under  operating  conditions  ,a  statically  indeterminate 
truss  functions  differently  than  a  statically  determinate  truss, 
and  not  in  the  manner  that  it  functions  in  the  limiting  state. 


-  148  - 


» 


•Vty'-y'W  'iff 


§2.  On  Designing  Minimum-Weight  Structures  for  Dynamic  Loads 

1.  The  question  of  methods  for  designing  minimum-weight 
str  ctures  for  dynamic  loads  has  not  been  as  yet  afforded  its  due 
attention  and  apparently,  nothing  has  been  published  on  it.  The 
present  brief  remark  is  an  extract  from  a  much  more  extensive 
study  of  this  problem.  It  has  as  its  purpose  to  call  attention  to 
an  important,  but  forgotten  aspect  of  the  problem  of  minimum- 
weight  structures  and  is  restricted  to  elementary  examples,  which, 
however,  expose  certain  features  vThich  differentiate  the  dynamic 
from  the  static  statement. 


The  principal  difference  between  these  two  statements  i3  of 
course  the  fact  that  anew  independent  unknown,  i.e.,  time,  ap¬ 
pears  in  the  dynamic  problem.  Due  to  it  Importance  is  acquired  by 
factors  which  are  not  present  in  static  calculations,  i.e.,  masses 
and  their  distribution  among  spans,  laws  governing  the  variations 
in  loads  with  respect  to  time.  The  volume  of  the  structure's  ma¬ 
terial  also  acquires  a  different  meaning,  i.e.,  while  in  a  static 
study  a  given  volume  Involves  only  modification  of  the  load,  in 
dynamic  design  it  involves  changes  in  the  maee,  which  is  related 
to  changes  in  the  spectrum  of  natural  frequencies  and  vibratory 
modes  of  the  system  and,  consequently,  to  changes  in  the  design 
effect  of  all  the  loads. 


As  a  simple  example  we  now  consider  elementary  design  of  a 
single-span  hinged  beam  with  a  rectangular  cross  section  constant 
over  the  entire  span.  It  Is  necessary  to  design  it  for  its  proper 
weight  and  for  an  instantaneous  impulsive  load  of  intensity  0 
kg- s/m,  uniformly  distributed  over  the  entire  span.  The  maximum 
normal  tensile  and  compressive  stress  0,  as  well  as  the  maximum 
allowable  height  h0  and  minimum  width  bo  of  the  cross  section  are 
given.  The  sought  cross-sectional  dimensions  and  Its  area  are  de¬ 
noted  by  b,  h,  F. 


We  shall  regard  the  beam  as  a  system  with  one  degree  of  free¬ 
dom  and  we  shall  take  as  the  natural  mode  of  Its  vibration  a 
static  elastic  curve  corresponding  to  a  uniformly  distributed 
load.  The  natural  frequency  w  is  expressed  by  the  formula 


(7) 


where  y  is  the  specific  weight  of  the  beam's  material;  the  dimen¬ 
sions  of  constant  v  are  [m/s]. 


From  the  three  possible  uniformly  distributed  loads  y F  and 
\F±s\o  it  is  obvious  that  the  design  load  in  our  case  is  yF+su.  From 
the  condition 

w  _  (yF  +  sio)  /*  abh *  oFh 

mu  ~  8  ~  6  6~ 


we  find  _  3n*iws 

2(4 oh-liyl*)  ’  (8) 

When  s  =  0,  F  =  0;  this  is  natural,  since  by  the  statement  of  the 
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problem  thf :  oeam  iz  intended  only  for  taking  uj.  tne  impulsive 
load;  if  it  i3  zero,  the  beam  is  not  needed. 

Th£  expression  for  F  should  be  positive;  hence 


h> 


4a 


(9) 


As  can  be  seen  from  (8),  area  F  becomes  smaller  as  height  h 
is’ made  larger;  consequently,  it  is  convenient  to  increase  this 
dimension  as  much  as  possible.  When  /i=  oo 

r>  3n*  a 


The  smallest  practical  minimum  area  is  obtained  when  h  =  h 

max 


min 


3n*  ^lm«x  M 
'2(4o/im«1-3Y/*)  ’ 


(8*) 


Here 


If  It  is  found  that  b<b0,  then  It  will  be  necessary  to  specify  b  =  b0 
and  to  find  from  (8) 

a- + 

0  (10) 


The  optimality  of  this  solution  consists  In  the  fact  that  for  a 
given  constant  cross  section  it  gives  a  beam  with  relative  mini¬ 
mum  weight. 

2.  A  further  weight  reduction  could  be  obtained  by  dropping 
the  cons  taint -area  requirement.  Let,  for  example,  over  lengths  1/3 
of  the  span’s  extreme  sections  it  have  a  constant  height  hi,  while 
at  the  middle  section  it  have  a  height  h 2.  If  we  assume  a  sinusoid 
as  the  principal  mode  of  vibrations,  then  we  can  derive  the  for¬ 
mula 

m>_  384».8l»-£/,yrf 
l83-90 fyb 

,  x  (326?  +  20 h]  +  50/t,  k,)  +  (4lh]  +  mf  +  70 /»,  h7)  /, 

(0,195/1,  +  0,305/»,)  1(80/*,  +  64ht)  /,  +  (141/i,  f-  I20A,)/,|*  *  (ti) 


For  Expression  (11)  becomes 


<o*  =  98,3 


EJg 
Y  bhl* 


9,8  ,  /~ 

’  “=7)/ 


EJg  . 
ybh  ’ 


In  the  exact  solution  the  coefficient  in  this  formula  is  9.88. 
We  have  two  conditions  for  determining  b,  hlt  h2 
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A* 


'(*)- 

(f) 


vt/*  , ,  ...  so)/' 

^-(*it*o+  — 
|£(4ft,+5ftJ+-^ 


ofcAf 

6 

obh^ 

6 


(12) 


A  third  condition  is  that  of  rklnlmuih  vblume 


V  =  ^(2A1  +  At). 


(13) 


This  problem  is  solved  by  using  Lagrange  multipliers  after  sub¬ 
stituting  into  Eqs.  (12)  the  expressions  for  w  given  by  Formula 
(11)  . 


In  the  more  general  statement,  when  it  is  required  to  find 
the  most  suitable  mode  of  variation  of  cross  section  over  the 
span,  the  problem  is  obviously  solved  by  means  of  variational  cal 
cuius . 


3.  Let  it  be  required  to  design  the  same  beam,  but  of  con¬ 
stant  cross  section  for  the  proper  weight  and  for  a  variable  load 
P cos  0/  concentrated  at  midspan.  The  design  bending  moment  for 
steady-state  induced  vibrations  of  the  beam,  as  a  system  with  one 
degree  of  freedom,  is  expressed  by  the  formula 


where. 


as 


M  —  Msl  ± 


before 


N _ _ 

4/48*  ’ 


(14) 


The  second  term  in  Formula  (14)  has  a  plus  sign  when  0  <  w,  and  a 
minus  sign  when  0  >  w. 

When  0=0  °r  0=  °° ,  the  design  bending  moment  becomes  accord- 
PI 

ingly  - or  Af  . ,  i.e.,  the  problem  becomes  a  static  prob- 

4  8  u 

lem. 


Quantities  b  and  h  are  subjected  to  the  condition 


M«± 


PI 


4  1 


abh* 


/48»  \  6 


(15  '  ) 


) 


or,  in  the  abbreviated  form 

fm  =  m«  ± 


PI 


abh * 


'(-2) 


=  0. 


(15) 


where 


a*  — 


/40« 

n*c* 


(16) 
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When  conforming  to  Condition  (15),  which  requires  that  the  maximum 
stress  have  a  specified  final  value  a,  resonance  is  impossible.  In 

fact,  for  '*  *=l  we  would  have  obtained  from  (15)  — — ■ =»,  i.e., 

L  h  6 
O  =■  00  . 


The  problem  consists  in  finding  the  minimum  of  function  F(b,  h) 
on  conformance  to  Condition  (15)  which  relates  variables  b  and  h. 
Using  the  Lagrange  multiplier  we  can  write  two  equations 


db  db 


=  0 


=  0. 


where  X  is  constant.  After  this  factor  is  eliminated  and  expres¬ 
sions  for  F  and  f  are  substituted,  we  can  write  the  equation 


+ 


P/a* 


(17) 


which  should  be  solved  simultaneously  with  tl5). 

In  the  case  when  A>a,1.o.w>0,  the  first  term  of  Eq.  (17)  has 
a  minus  sign;  consequently,  it  can  be  satisfied  only  on  the  condi¬ 
tion  that  one  of  the  variables  b  or  h  are  negative.  This  shows 
that  there  is  no  minimum.  In  fact,  when  w  >  0  it  is  expedient  to 
increase  the  rigidity  of  the  beam,  increasing  height  h  without 
bounds,  since  this  brings  the  dynamic  effect  of  force  PcosQt 
closer  to  the  static  effect. 

When  w  <  0  the  first  term  in  Eq.  (17)  should  be  taken  with 
the  plus  sign  and  then  this  equation  should  be  solved  simultane¬ 
ously  with  Eq.  (15).  Elimination  of  parameter  b  yields  the  equa¬ 
tion 

(M.<  ~  -A  h*  -  ( 2 Af„  -f;  ?L)  a'h*  +  Mu a*  =  0, 

\  4/  \  4/  (X8) 

from  which  will  be  found  two  positive  values  of  h2  .  The  value  of 
b  will  be  found  from  the  corresponding  equation  (17).  One  of  these 
two  pairs  of  values  of  b  and  h  will  be  the  solution  of  the  mini¬ 
mum-volume  problem. 

As  a  result  of  the  fact  that  the  solution  satisfies  the  in¬ 
equality  a)  <  0,  the  steady -state  vibrations  produced  by  force 
PcosQt  will  take  place  after  the  beam  will  have  passed  through 
resonance.  Hence  the  dimensions  b  and  h  thus  found  should  be 
checked  for  beam  strength  in  this  transient  regime. 

4.  A  single-spar  hinged  beam  with  constant  rectangular  cross 
section  is  loaded  by  an  instantaneous  uniformly  distributed  im¬ 
pulsive  load  of  strength  8  kg*s/m.  It  is  required  to  select  dimen¬ 
sions  b  ax'd  h  so  as  to  obtain  minimum  weight  In  the  limiting  state 
(with  respect  to  the  carrying  capacity) . 

In  the  elastic  range  the  deflections  and  the  bending  moment 
are  expressed  by  the  formulas 
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M  (x,  t)=  —  1  / ML  JJ  _L  sin  —sin <o„/; 
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fl^l  .3,5m  • 


y(.x,t)  = 


4*/* 
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«— 1.3,5.., 


Si. 


nnx  ,  . 

sin  —  sin®*/, 


(19) 

(20) 


where 


f*  = 


8 


From  the  equation  of  moments  It  is  possible  to  determine  val¬ 
ues  of  x  and  t  corresponding  to  the  first  appearance  of  the  plas¬ 
tic  hinge  if  it  is  assumed  that  up  to  this  moment  the  beam  func¬ 
tions  in  the  elastic  range.  Let  this  take  place  at  some  time  t o 
and  in  a  cross  section  with  abscissa  xo  *  1/2.  At  this  instant 
the  beam  will  have  the  kinetic  energy 


Fig.  2 


The  further  motion  can  be  studied 
by  assuming  that  at  the  instant  when 
the  kinematic  chain  (Fig.  2)  reaches 
its  extreme  bottom  position  the  entire  potential  and  kinetic  en¬ 
ergy  are  absorbed  by  the  work  of  the  plastic  moment  M 


n,  +  *„  =  Mnp-2qw 


(21) 


from  this  it  is  possible  to  express  <pmax  in  terms  of  parameters  b 
and  h. 


The  limiting  value  of  q>  should  be  specified;  consequently, 

ITlcLX 

quantities  b  and  h  in  Eq.  (21)  should  be  regarded  as  unknown. 

Thus,  the  problem  is  again  reduced  to  finding  the  minimum  of  func¬ 
tion  F  =  bh  in  the  presence  of  an  equation  relating  the  two  param¬ 
eters  . 


The  examination  of  these  several  examples  should,  obviously, 
be  regarded  as  only  an  introduction  to  the  given  problem. 


Manu¬ 
script  Transliterated  Symbols 

Page 

No. 

153  np  =  pr  =  predel'nyy  =  limiting 
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A  STUDY  OF  THE  COST  FUNCTION  IN  THE  DESIGN  OF  OPTICAL  SYSTEMS 

I 

Doctor  of  Technical  Sciences,  Professor  A.  I.  Vinogradov 
(Khar'kov) 


The  use  of  electronic  digital  computers  [EDC]  ( 3 UBM )  in 
structural  mechanics  imparts  particular  interest  to  the  study  of 
problems  of  design  of  optimal  systems  and  developing  algorithms 
for  determining  optical  forces  in  bar  systems.  Up  to  present  ex¬ 
tensive  use  is  not  made  of  methods  for  designing  optical  systems 
in  design  practice.  This  is  due  in  part  to  the  complexity  of  such 
problems,  cumbersomeness  of  calculations,  which  are  too  incon¬ 
venient  for  manual  computation.  The  finding  of  an  optical  system 
is  basically  a  problem  of  structural  synthesis.  Here  may  arise 
problems  which  are  entirely  new  for  structural  mechanics,  such  as 
does  an  optimal  force  distribution  exist  in  the  given  class  of 
systems?  Is  it  the  only  solution,  is  it  possible  to  have  other 
designs  close  in  weight  to  the  optimal,  but  differing  from  it  by 
the  magnitudes  of  forces  in  the  cross  sections?  Does  the  volume 
or  cost  funccion  have  such  common  properties  which  allow  for  con¬ 
structing  a  process  of  successive  approximations ,  convenient  for 
computer  calculations  and  suitable  for  all  problems  of  practical 
Importance. 

ThJ.s  article  examines  certain  general  theorems  on  the  optimal 
force  distribution  in  an  ensemble  of  structures  with  specified 
outline  of  axes,  for  different  optimality  criteria.  The  concept 
of  an  ensemble  of  structures  with  specified  outline  of  axes,  in¬ 
troduced  earlier,  is  assumed  to  be  known  [9]. 

§1.  Concerning  Optimality  Criteria  of  a  Bar  System  with  Flexure 
Predominant 

In  the  ensemble  of  structures  with  a  specified  outline  of 
axes  we  consider  the  functional 

V  =  J|M(s)fu(s)<fsf  (1) 


where  the  integration  extends  over  the  entire  outline  L  of  the 
axes  of  a  system  with  flexure  predominant,  M(s)  Is  the  value  of 
the  design-moment  function  in  section  s,  u(s)> 0  is  the  principal  or 
weight  function,  and  a  >  0. 

Usually  the  problem  of  minimum  theoretical  volume  or  minimum 
cost  of  a  system  can  be  reduced  to  finding  the  minimum  of  Func¬ 
tional  (1).  Let  us  consider  certain  particular  cases. 
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1.  For  the  known  strength  condition 

_  j/W| 

W  ’  (2) 

where  o  is  the  positive  value  of  the  specified  stress,  we  intro- 

W 

duce  the  core  radius  of  the  cross  section  ,f  being  the  cross- 

I  * 

sectional  area.  We  get  u(s)=—  o  s  1.  Thfe  functional  is  the  theo- 

o  w 

rectical  volume  of  a  system  with  variable-stiffness  elements. 

2.  In  designing  for  the  ultimate  equilibrium  we  set  ot-  , 

T  ~  1  " 

where  T  is  the  plastic  section  modulus,  w'=-y.  Then  , 

and  Integral  (1)  is  the  theoretical  volume  of  a  system  in  which 
the  design  moments  do  not  exceed  the  limiting  values. 

3.  As  related  to  the  principal  function  «(*)> 0  the  functional 
has  no  minimum;  its  exact  lower  boundary  is  zero  and  is  attained 
when  u(s)«=  0.  In  terms  of  prerequisites  this  is  due  to  lack  of  con¬ 
sideration  of  tangential  stresses  in  the  strength  conditions. 

Hence  the  values  of  u(a)  have  to  be  specified  on  structural  con¬ 
siderations  on  the  basis  of  trial  designs;  this  problem  has  al¬ 
ready  been  considered. 

In  attempting  to  eliminate  the  "principal  function"  it  is 
possible  to  impose  explicit  design  limitations  on  the  form  of 
cross  sections.  Let  for  a  boxlike  or  wide-flange  symmetrical  cross 
section  h  be  the  cross-section  height,  b  the  flange  width,  d  the 
total  web  thickness,  t  the  flange  thickness,  t  ■  kd  and  5-p h.  Ap¬ 
proximately,  we  set 

F  =  dh  +  2tb,  W~4£-+bth, 

0 

Then  for  strength  condition  (2),  when  d = const, /-const *nd'p« const,  we  get 
the  theoretical  volume  of  the  system 


In  this  case,  w(s)  =const,  a=  V2.  We  note  that  when  6kg  *  1  we  have  an 
analytical  minimum  of  cross-sectional  areas  for  a  given  web  and 
flange  thickness.  On  the  basis  of  the  minimum  analytic  area  in  a 
statically  determinate  system  it  is  necessary  to  simultaneously 
vary  both  the  cross-sectional  width  and  height,  maintaining  their 
ratio  constant,  if  the  flange  and  web  thicknesses  remain  constant. 

4.  However,  simultaneous  changing  of  the  cross-sectional 
height  and  width  may  be  found  unconstructive .  Let  for  a  boxlike 
or  wide-flange  section  the  web  height  and  thickness  be  specified, 
and  the  flanges  be  selected  on  the  basis  of  strength  criteria. 

Then  the  theoretical  volume  of  the  structure  will  approximately  be 
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i.e.,  it  differs  by  a  constant  from  the  function  in  Form  (1),  in 

2 

which  we  should  set  u(s)=  — ,  a=!. 

On 

5.  Finally,  we  assume  that  the  cost  of  a  design  execution  of 
a  cross  section  is  directly  related  to  the  magnitude  of  the  force; 
in  this  case  u(a)  denotes  the  cost  per  unit  length  and  per  unit 
absolute  magnitude  of  the  moment;  the  functional  denotes  the  total 
cost  of  the  system  or  the  cost  to  within  an  initial  constant. 

For  a  3ingle  external  load  and  o,  =  1  the  problem  simplifies 
and  in  particular  cases  it  reduces  to  the  problem  of  the  theory 
of  approximation  of  functions  which  has  been  already  considered 
by  P.L.  Chebyshev  [1],  Ye. I.  Zolotarev  [2]  and  subsequently  by 
others  [3-5]. 

The  problem  of  structural  mechanics  on  minimum  volume  of  a 
system  with  o  *  1  was  considered  without  reference  to  the  above 
mathematical  studies  and  has  an  extensive  literature;  the  refer¬ 
ence  list  in  the  survey  article  by  Z.  Wasiutynsky  and  A.  Brandt 
lists  231*  references  [7]. 

Of  importance  was  the  monograph  by  I.M.  Rabinovich,  devoted 
to  the  theory  of  statically  indeterminate  trusses  [6]. 

The  problem  of  minimum  cost  for  a  single  external  load  and 
was  also  examined  previously;  [8]  is  a  study  of  some  prop¬ 
erties  of  the  cost  function  for  this  case. 

It  follows  from  this  that,  for  different  optimality  criteria, 
the  obtaining  of  an  optimal  system  reduces  to  finding  such  a  force 
distribution  for  which  a  functional  such  as  (1)  would  be  at  mini¬ 
mum.  The  most  interesting  case  is  that  when  the  system  is  loaded 
by  different  momentary  loads.  We  shall  examine  this  general  case, 
dividing  the  loads  into  a  constant  and  momentary,  independent  and 
incompatible.  This  classification  was  previously  derived  by  this 
author  in  [10],  We  introduce  the  concept  of  a  design  moment;  the 
results  are  easily  extensible  to  the  case  of  longitudinal  design 
forces,  which  is  important  for  trusses. 

§2.  Function  of  the  Design  Moment 

1.  Let  the  outline  of  the  axes  of  a  plane  bar  system  with  a 
total  number  n  of  redunda.  t  junctions  be  specified  as  piecewise 
smooth  curves;  parameter  a  is  used  for  determining  the  position 
of  a  point  on  the  axes  in  the  usually  assumed  sequence  of  contour 
traverse.  We  specify  some  value  a  =*  8  o  and  consider  the  forces  in 
a  given  cross  section  of  a  system  with  flexure  predominant.  Let: 

Afo  be  the  moment  due  to  the  constant  load; 

Afy  be  the  moments  due  to  independent  loads  (k-=\,2 . t)  and 

moments  due  to  Incompatible  loads  (k  =  t  + 1,...,  m). 

Let  M be  the  sum  of  moments  due  to  a  given  "ensemble”  of 
loads,  i.e.,  =  M0  -\-  Af„,  4-  MvJ  -f  M>h. 

We  denote:  Mu  £MA—  moment  M ^  is  a  part  of  sum  M  as  a  com- 
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ponent;  M,t  qMa—  moment  M^  is  not  a  component  of  sum  For  a 

linearly  deformable  system  we  establiBh  rules  of  composing  sums 
of  moments: 

1)  always  e  MK,  the  moment  due  to  the  constant  load  is  a 
component  of  any  sum  of  moments; 

2)  for  *=1,  2 . t  Mk  £Ma  »  Mk  e  M A  irrespective  of  the  moments 

and  other  loads; 

3)  for  k**t+ 1, .. r=/+ 1, . . m;  k  r;  u  Mm£  ^A*.then  always 

Mr  i  Ma 

It  is  obvious  that  these  rules  reflect  the  real  conditions 
of  combinations  of  independent  and  incompatible  loads  in  their  ef¬ 
fect  on  a  structure. 

Let,  for  example.  Mo  be  the  moment  due  to  the  constant  load. 
Mi  and  M2  be  the  moments  due  to  independent  loads,  and  Ms  and  Mk 

be  the  loads  due  to  incompatible  loads,  the  possible  sums  then 

are :  Mq,  Mo+M\,  Mo+Mj,  Mo+M\-\-  Mo,  Afo+Afj,  Afo+Af|+Afj,  Mo+Afj+Mj,  Mo+Afi+Alj+Ali, 

M0+M4,  M0+M1+  Mi,  Mo+Mj+Mi,  Mo+Mi+MfhMi. 

By  definition  we  shall  call  sum  M A  with  a  given  ensemble  of 
terms  the  design  moment  and  denote  its  magnitude  by  M,  if 

(5) 

where  M  are  all  the  possible  sums  composed  according  to  Rules  1-3 
and  different  from  M^  by  the  ensemble  of  terms. 

It  Is  clear  that  when  M  -  0  all  the  Ai*=0  (fc=0,  1 . m). 

In  a  system  of  a  set  of  designs  with  a  specified  outline  of 

axes  the  bending  moment  in  section  8  due  to  each  of  these  loads  is 
expressed  In  the  well-known  manner 

Mk(s)  =  M>p(s)+  J-A1(  (*)**/  (6) 

/-1 


where  X.  is  the  value  of  the  ith_  unknown  In  the  principal  system 

of  the  method  of  forces  due  to  the  k th  load,  M*  ( s )  is  the  moment 
in  the  stli  section  due  to  the  fctji  load  In  the  principal  system, 
Mi{s)  is  the  moment  in  the  sth.  section  due  to  the  it]i  unit  unknown, 
Xi—\,n  is  the  total  number  of  redundant  couplings. 

v 

Variables  X ^  will  be  regarded  as  the  independent  variables 

of  the  problem.  The  ensemble  of  values  A*  =0*,  i=l,  2,  n,  fc«=0,  1, ....  m 

will  be  regarded  as  a  point  in  an  (m+ 1)« -dimensional  space  of  re¬ 
dundant  unknowns,  which  is  denoted  by  X .  Then  Functional  (1)  can 
be  regarded  as  a  function  of  {m  +  l)n  variables  in  the  space  of  re¬ 
dundant  unknowns  for  a  given  outline  of  axes.  The  set  of  struc¬ 
tures  with  specified  outlines  of  axes  is  a  mechanical  interpreta- 
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tion  of  the  domain  of  distribution  of  the  function  of  the  design 
moment 

{—  oo  <X*  <  +  oo;  /=  1,2 . n\  k  =  0,1,2 . m:  S£L\, 

which  is  denoted  by  (JT,  L) . 

By  definition,  this  set  contains  all  the  statically  indeter¬ 
minate  systems  with  a  total  number  of  redundant  couplings  and  with 
partially  removed  couplings,  all  the  statically  determinate  sys¬ 
tems  and  mechanisms  which  are  in  equilibrium,  and  the  existence 
of  initial  forces  for  any  kind  of  loading  is  permitted  [10].  The 
mechanical  meaning  of  the  last  assumption  can  be  explained  as  fol¬ 
lows:  let  the  redundant  couplings  of  the  syotem  be  provided  with 
devices,  which  for  any  load  may  impart  to  the  system  any  preset 
values  of  forces  in  these  couplings .  Then  the  forces  in  the  redun¬ 
dant  couplings  for  any  load  can  be  regarded  as  independent,  not 
bound  by  compatibility  conditions  for  deformations.  In  general, 
optimal  forces  will  belong  to  different  systems  in  the  set.  How¬ 
ever,  the  remarkable  property  of  this  problem  consists  in  the  fact 
that  for  certain  classes  of  load  and  of  outlines  of  axes  the  op¬ 
timal  forces  are  achieved  in  a  single  system. 

Forgoing  the  usual  representation  of  a  computational  system 
and  replacing  It  by  the  more  complex  concept  of  a  set  of  struc¬ 
tures  unexpectedly  results  not  only  in  a  correct  statement  of  a 
problem  which  has  a  unique  solution  in  the  given  set  under  some 
conditions,  but  also  In  a  simpler  solution  of  the  problem,  which 
at  the  same  time  has  a  quite  general  meaning. 

Let  us  consider  some  properties  of  the  function  of  the  design 
moment,  which  are  needed  for  the  subsequent  discussion. 

2.  Let  a  and  8  be  points  In  the  space  of  redundant  unknowns. 

k 

The  corresponding  values  of  X ^  due  to  f  'ch  of  the  loads  will  be 

denoted  by  second  subscripts  a  and  8.  We  select  point  y  on  the 
segment  (a.  p),  setting 

X}i-<1-v)X*+yX5>-  (7) 


where 


0  <  v  <  1. 


Then  for  each  of  the  loads  In  the  specified  section  8=8 o  (the 
notation  which  we  shall  drop  for  brevity)  we  have 


Af*-Af*  +  E  AW; 

<=i 


(-i 


=  m;  +  S  M,X‘f 
<- 1 

It  follows  from  (7)  that 

M,t  =  ()  -v)Affc  +  vAfw. 


-  158  - 


(8) 


It  is  obvious  that  this  property  is  retained  also  for  the  sum 
of  moments.  Hence  we  shall  denote  by  A,  B,  T  the  design  combinations 
of  loads  for  points  a.  P.  Y,  respectively.  The  moments  from  these 
comt  ..nations  of  loads  will  be  denoted  by  subscripts  A,  B,  r.  By  def¬ 
inition  of  the  design  moment 

|  Af  £  |  >  |  Afffj;  |yMf|>|*H| 

\K\>\K\-.  Wl>|*<ll- 

By  virtue  of  linearity  it  follows  from  (8) 

Mf~(l-v)Afr  +  vA^r, 

whence 

|Af]L|  «=  |(I  —  v)Mf  +  vM>|<(l-v)|Af«|+v|Af»r|< 

<(l-v)|Mi|  +  v|*(J|.  (9) 

We  prove  the  auxiliary  inequality 

j(l-v)|Afr|  +  vjMl-|]*<(i-v)|M-r|*  +  v|AI?r|*.  (10) 

where  A>1.  In  cases  of  k*=  1;  v=0;  v—I;  AfJ  — 0;  AfJ  — 0  Condition  (10)  is 
trivially  satisfied.  For  k>\,  0<v<l  and  nonzero  moments  we  use  In¬ 
equality  (C),  which  is  easy  to  get. 

We  set 

/<v>-  , +^r:  0 <  v <  l. 


In  the  interval  0<v<l  for  a  fixed  *>0  this  is  a  continuous  differ¬ 
entiable  function  which  has  an  analytical  minimum  for  v—  -—j-, 
which  is  equal  to  ( 1 4- jc)* ,  here  if  v-*0  «  v I.,',en/(v) -*• +00. 


From  this  follows  the  inequality 
(1  +  *)*< 


(1  -  V) 


1  X* 

- j — _ 

.*-1  '  ..*-1 


I. 


(C) 


Setting  in  it 


x  = 


|*fr|v 

( v)  ’ 


we  get  ( 10)  . 

From  (10)  and  from  the  definition  of  design  moments  we  get 
the  important  inequality  for  design  moments  in  points  («.  p,  Y.  for 
k  1 ,  0  <  v  <  1 . 

|/WJ.|*<(I-V)|A1;,|*  +  V|M»B|*.  (11) 

Since  (11)  is  valid  for  any  s0  e  L,  then  this  thus  proves  the 
property  of  downward  convexity  of  the  module  of  the  design  moment 
in  the  space  of  redundant  unknowns  for  any  point  on  the  axes  of  a 
specified  outline. 
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Inequality  (11)  allows  us  to  establish  the  convexity  property 
for  (1)  when  a>  1.  However,  for  0<><I  auxiliary  inequality  (C) 
changes  sign 

+  0<  v <  1. 

Substitution  ,  ,, 

T__  Klv 

|  AffJ(l  —  v) 

yields,  instead  of  (10),  the  opposite  inequality 

[(l-v)|iM«r|  +  vAfP|j*>(l-v)|M«|*  +  vj^r|*;  (12) 

0  <  A  <  1, 

and  since  the  modules  of  the  moments  in  the  right-hand  side  only 
do  not  exceed  the  modules  of  moments  in  points  a  and  B,  then  Con¬ 
dition  (11)  becomes  invalid  for  0<k<l. 

3.  Let  M*  (s),  Afi(s)  be  functions  piecewise  continuous  in  8.  We 
consider  the  point  of  continuity  of  these  functions  s0  e  L.  Since 
the  linear  combinations  of  continuous  functions  and  their  moduli 
are  continuous,  then  for  a  specified  a  e X  we  select  6  in  a  manner 
such  as  to  for  e  >  0  satisfy  for  all  the  sums  set  up  according  to 
Rules  II-III  the  conditions 

lAMs)|-|yMso)l<e>  | so  — s |  <  6- 

This  condition  is  satisfied  for  all  the  sums,  and  thus  also  for 
sum  #A  which  is  the  design  sum  in  e o. 

If  sum  Ma  remains  the  design  sum  over  the  entire  interval 

(«o— 6,  $0+6),  then  its  modulus  is  a  continuous  function.  If,  however, 
in  point  ax,  I*i— Sol<$  ,  we  have  |MB(sl)j>'|AfA(sl)|,  then,  anyway  we  will 
have  the  following: 

for  lyWA(so)|>|AMsi)l 


for  |M,<Oi<|*,(«,)| 

It  was  thus  proven  that  the  modulus  of  the  design  moment  is 

a  continuous  function  in  the  continuity  points  Mkp  (s),M,(s)  (k=0,  1,  2 . 

. . .  ,  m ,  i'=l,2 . n) . 

With  a  view  to  applications  we  shall  henceforth  assume  with¬ 
out  special  statements  that  functions  M *  (s)  are  bound  and  piece- 
wise-continuous  with  a  finite  number  of  first-order  points  of  dis- 
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continuity,  while  functions  AMs)  will  be  regarded  as  continuous. 

4.  We  note  that  Condition  (5)  can  be  satisfied  for  sums  in 
the  .eft-hand  side  with  different  ensembles  of  terms,  which  then 
will  all  be  design  sums.  In  particular  cases  these  will  be  sums 
with  different  signs.  We  shall  by  convention  assume  that  for  a 
given  section  sums  which  include  or  do  not  include  the  moment  due 
to  a  particular  load  which  is  equal  to  zero  as  different  with  re¬ 
spect  to  the  ensemble  of  terms,  even  if  the  magnitudes  of  these 
sums  are  identical.  In  precisely  the  same  manner  the  sign  of  the 
design  moment  in  the  given  point  s0  €  L  will  be  thought  to  be  the 
sign  of  a  definite,  somehow  marked  design  sum  from  among  different 
design  sums,  retaining  in  the  vicinity  of  point  e0  the  mark  on 
this  sum  with  the  same  ensemble  of  terms,  if  the  marked  sum  re¬ 
mains  the  design  sum  in  this  vicinity. 


The  need  for  the  above  provision  is  clarified  further  down 
and  is  due  to  the  use  of  slgnum  functions  of  the  design  moment  M 
in  the  subsequent  presentation. 


5.  Let  us  see  how  the  main  inequality  (5)  is  satisfied  for  a 
specified  s0  €  L  in  different  points  of  space  of  redundant  unknowns 
X  j—  oo  <  Xk(  <  oo  ;  1‘,  2, . . n\  k=0,  1,  2, . . m)J. 


If  in  point  a€  X  we  have  a  rigorous  inequality  for  one  of  the 
sums  M 

"  ^  (13) 


where  is  by  definition  the  design  sum  and  Mg  are  all  the  pos¬ 
sible  sums  set  up  according  to  Rules  I-III  and  differing  from 
by  the  set  of  their  component  terms,  then  obviously 

Ma  +  Mt=f=0, 


but  the  opposite  is  not  true. 

If  »  0  for  at  least  one  of  the  independent  loads  (fc  = 

’=1,2,...,/),  then  the  inclusion  of  this  term  Into  the  design  sum  or 
the  lack  of  such  an  inclusion  does  not  affect  the  magnitude  of  the 
sum;  consequently.  Inequality  (13)  is  not  satisfied. 

If  for  one  of  the  incompatible  loads  An=Q  (£=/+! . m)  and 

rMk  €  M\,  then  Condition  (13)  is  also  not  satisfied. 

Consequently,  if  (13)  is  satisfied,  then  Mhj=  0  for  all  the 
Independent  loads  and  Mh=j=0  for  incompatible  loads  which  are  com¬ 
ponents  of  the  design  sum.  On  Condition  (13)  the  design  sum  is 
unique.  It  is  clear  that  then  Af=jt=o. 

Let  Condition  (13)  be  satisfied  for  M  ;  then  it  will  be  pos- 

M 

sible  to  find  an  e  >  0  such  that 

|MA|>|A*,|  +  e. 
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Let  us  consider  one  of  the  terms  Mk  e  (ft  =£0),  iet  variable  X  ac¬ 
quire  an  increment  AX*,  then  for  0  we  get  from  (.6)  the  incre¬ 
ment  S  n  the  module  of  the  sum 


We  set 
Then 


A  |Ma|  =  sign  M^M^X]. 

IAX'I  =  2\M,\  ’ 

|^aM-A|Ma|>|Ma!-|A<-|.  jAX*|  =  |AfA|—  f  >  |MJ. 


On  the  other  hand,  if  Mh  e MB,wh.r.  AfB  is  any  from  the  sum  ,  then 

A|AiB|  =  signAfBM(AX*; 

•  jAf B|  +  A  |Mb|<  jAfB|  +  |ATf| •  |AX*|  =  |Mb|  +  f 

and  from  this 

Kl  +  A  W  >'  l«.|  -  f  >  K|  +  f  >  4  |«J. 


and,  consequently,  the  load  combination  A  remains  the  design  com¬ 
bination  in  some  vicinity  of  point  a.  Prom  this,  if  MteMA  and 
(13)  is  satisfied,  then  the  function  of  the  design  moment  in  this 
point  has  the  ordinary  derivative 


a |Af|  d|MA  | 

AX*  AX* 


=  Assign  Ma. 


It  is  also  easy  to  prove  that  on  Condition  (13)  Mk  e  Af,  then 
also  in  some  vicinity  of  point  a,  where  this  condition  is  satis¬ 
fied  Affc  e  Af,  so  that  in  this  case 

aiMi  _  o 
ax} 


The  ensemble  of  points  a  e  X,  where  (13)  is  satisfied  is  an  open 
set . 


If  Condition  (13)  is  not  satisfied,  then  in  the  given  point 
a  €  X  there  exist  in  general  only  one-sided  partial  derivatives  of 
the  moduli  of  the  design  moment. 

§3.  On  the  Convexity  of  the  Cost  Function 

1.  In  the  most  general  case  (see  §1)  Integral  (1)  expresses 
the  theoretical  cost  of  a  bar  system;  hence  for  brevity  we  shall 
call  it  the  cost  function.  As  we  have  seen,  this  function  is  de¬ 
fined  in  the  space  of  redundant  unknowns  for  a  specified  outline 
L  of  the  axes . 

Let  a  6  X;  we  shall  denote  the  function  of  the  design  moment 
for  seL  by  M(s,  a)  and  the  value  of  the  cost  function  in  the 
point  will  be  denoted 

V  (a)  =  f  |  Af  (s,  a)|8  u  (s)  ds\  c>u(s)>  0,  nin 
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where  function  M(s,a)  is  set  up  according  to  Rules  I -III: 

M(a,a)=MA(»,a), 

if 

|AfA  (s,  a)|>  \Mt  (s,  a^|, 


where  M,(s,  a)  are  suns  composed  according  to  Rules  I-III  and  dif¬ 
fering  from  Ma  (s,  a)  by  the  set  of  component  terms. 

In  selecting  the  sum  M(s,  a )  in  different  points  s  e  L  we  have 
reference  to  the  stipulation  of  of  the  preceding  section,  i.e., 
if  in  this  point  we  take  the  design  sum 


M(s,a)=  MA(s,a) 


(15) 


as  a  function  of  the  design  moment  and  this  sum  remains  the  design 
sum  in  the  vicinity  of  point  8  for  a  given  a,  then  Condition  (15) 
remains  valid  also  in  this  vicinity. 

For  we  have  the  following  property  of  downward  convexity 

of  the  cost  function  in  the  space  of  redundant  unknowns. 

If  we  have  given  a  point  Y  6  X  on  the  segment  (®»  P)  in  the 
space  of  redundant  unknowns 

■  X*7  =  (  l-v)X*  +vX‘. 


where 


then  for  1 


®e*.  Pe*.  o  <  v.  <  i, 
V(Y)<(l-v)V(a)  +  vV(P). 


(16) 


To  prove  this  we  use  Inequality  (11),  i.e.,  when  6>1.  0<v<  1  we 
have 


Since  this  inequality  is  valid  for  the  design  moments  in  each 
point  s£  L  and  the  function  of  the  design  moment  has  only  a  finite 
number  of  first-kind  discontinuities,  then,  multiplying  both  parts 
of  (11)  by  the  principal  function  u{s)>0  and  integrating  over  the 
specified  outline  L  of  the  system's  axes,  we  get 

j* |  Af  (s,  y)I*«  (s)ds<(l  —  v)  f  |Af(s,  a)|*ds+v  f  \M  (s,  P)|\fs, 


i.e..  Property  (16). 

From  this  It  follows  that  the  cost  function  in  the  space  of 
redundant  unknowns  does  not  have  a  maximum,  and  It  either  has  a 
minimum  in  some  singular  point  *o  €  X,  which  may  even  not  be  the 
analytical  minimum,  or  takes  on  some  constant  minimum  value  in  a 
certain  closed  domain  of  the  space  of  redundant  unknowns. 
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It  Is  obvious  that  the  above  convexity  pi  L.*  rty  is  of  sub¬ 
stantial  importance  in  constructing  an  algorithm  of  successive  ap¬ 
proximation  of  the  optimum  force  distribution  in  practical  design 
of  optimal  bar  systems. 


This  is,  apparently,  the  first  proof  for  the  general  case  of 
independent  and  incompatible  momentary  loads. 


2.  It  is  interesting  that  the  convexity  property  does  not  ap¬ 
ply  to  the  cost  function  for  0<6<I .  In  this  case.  Inequality  (11) 
is  not  satisfied,  it  is  replaced  by  the  reverse  inequality  (12). 

No  conclusion  can  be  made  with  respect  to  the  moduli  by  the  design 
moment,  without  making  additional  assumptions  about  the  properties 
of  functions  M*  (5),  and  the  properties  of  the  curves  according 

to  which  the  axes  of  the  system  are  drawn.  Hence  it  was  fpund  that 
even  the  relatively  nonrestrictive  requirement  that  if  V(c)  =C,  V(p)  = 
=  c ,  then  we  do  not  always  have  k(y)  <  C  was  also  found  not  valid. 
The  cost  function  for  0<6<I  can  thus  several  times  take  on  a  rela¬ 
tively  smallest  value  in  the  space  of  redundant  unknowns  and  even 
have  a  maximum.  Here  is  an  elementary  example  for  the  scheme  of 
Pig.  1 


f)  p2  f|Mj7tfx, 

n  i  ■  ■  i  'tmfn 

rrmii  1  i  n  t 

W/W 

P,,Pf-8ptMt»**e  »aipu3Kn  . 

f  X. 


WWW 


where 


Mp= 


0. 


:  x  <  0,5 


1,  0,5  <  x  <  1; 


Fig.  1.  1)  Momentary 
loads . 

In  this  case  Vr(0)=0,5;  V (0, 5)  (maxi¬ 

mum)  and  V^I^O.S.  We  note  that  if  we 
take  6  =  1,  then  the  cost  function  will  remain  constant  in  the  in¬ 
terval  (0,  1).  This  points  to  the  importance  of  the  optimality 
criterion  in  the  reverse  problem;  in  conclusion  we  examine  exam¬ 
ples  . 


In  the  particular  case  of  one  load  the  properties  of  the  cost 
function  were  examined  in  [8]. 

§4.  Illustrative  Examples.  Results 

The  preceding  deliberations  were  fully  rigorous  for  a  multi¬ 
dimensional  system,  and  we  did  not  dwell  on  examples  in  order  to 
retain  the  continuity  of  presentation.  Let  us  now  consider  graphic 
Illustrations  of  the  general  theorems  for  the  one-dimensional  case, 
which  will  help  in  clarifying  their  meaning.  These  are  elementary 
examples,  but  in  practice,  when  designing  with  the  help  of  EDC, 
one  may  encounter  complex  problems,  and  the  knowledge  of  the  prop¬ 
erties  of  the  problem  is  needed  for  working  out  algorithms  for 
these  calculations. 

1.  The  meaning  of  differential  properties  of  the  module  of 
the  design  moment  is  clarified  by  an  example  of  a  beam  in  Pig.  2. 
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Fig.  2 


Fig.  3 


For  a  momentary  load  in  the  left  span  it  is  convenient  to  have  a 
support  moment  of  X  -  0  (this,  as  is  known,  makes  expedient  pre¬ 
stressing  the  structure  [14]).  However,  then  the  cost  function 
does  not  have  an  analytic  minimum,  i.e.,  it  reaches  its  lowest 
value  in  the  point  where  the  ordinary  derivative  does  not  exist, 
and  it  only  changes  sign.  It  is  possible  to  find  and  use  one-sided 
derivatives  for  determining  the  most  expedient  distribution  of 
forces  [15].  The  graph  of  the  cost  function  has  the  form  shown  in 

Fig.  3b.  We  note  that  to  use  the  ordi- 
mm  nary  procedures  it  is  possible  to  use 

g  p  &  here  the  method  of  adding  a  vanish- 

I*  H  JJ  tZ  I  ingly  small  load,  which  was  suggested 

i  !  |  by  this  author  previously. 

a  hri  hrr 

_J _ , _ M_|_  2.  Of  particular  importance  is  the 

'  |  convexity  property,  which  was  proven 

M  above  for  the  general  case  of  any  mo¬ 
mentary  and  constant  loads,  if  the  op¬ 
timality  criterion  satisfies  the  con- 
ii  dition  6 > l  in  Formula  ( 1 4 ) .  If  the 

c  ■  |  cost  function  is  convex,  it  is  pos- 

-1 — LL-L!  sible  to  use  methods  of  mathematical 

programing  for  developing  cost  minimi- 
Fig.  4  zation  properties  on  EDC  [11],  [13]; 

an  examination  of  these  methods  is  not 
included  here.  Hence  it  is  of  great 
Importance  not  only  to  the  programmer, 
but  also  to  the  designer  who  formulates  the  optimality  criterion 
for  finding  the  most  expedient  system,  to  have  a  clear  idea  whether 
the  above  property  can  be  ensured.  We  have  seen  that  it  does  not 
always  take  place  and  is  by  far  not  obvious,  as  would  appear  at 
first  sight.  The  convexity  property  is  clarified  by  the  drawing 
of  Fig.  4.  If  the  function  is  convex,  then  for  any  two  points  A ,  B 
at  its  boundary  the  graph  of  the  function  between  these  points 
will  not  pass  higher  than  the  straight  line  connecting  them.  Con¬ 
sequently,  cases  are  possible  which  are  shown  in  Fig.  4a,  b,  c. 

But  the  case  of  Fig.  4d  is  impossible  for  a  convex  function. 

It  is  actually  not  important  which  of  the  first  three  cases 
takes  place.  However,  if  there  is  no  convexity,  as  In  the  case  of 
Fig.  4d,  we  can  no  longer  conduct  an  algorithm  which  would  produce 
a  single  minimum  cost.  We  recall  that  our  illustration  on  the 
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drawing  pertains  to  the  simplest  case,  while  i.  he  multidimen¬ 
sional  case  it  is  possible  to  have  unpleasant  surprises  which 
could  not  be  easily  explained  without  reference  to  the  theory  of 
the  problem.  In  general,  the  need  for  developing  algorithms  for 
designing  optimal  systems  on  EDC  imparts  particular  importance  to 
problems  of  theory,  which  require  consideration.  Graphic  consider¬ 
ations  alone  do  not  suffice  for  complex  problems. 

3.  For  correct  presentation  of  the  substance  of  the  matter 
it  is  also  important  to  clarify  that  £he  optimality  criteria  will 
not  necessarily  be  specified  in  the  analytic  form,  and  the  cost 
function  proper  to  be  minimized  may  not  even  be  written  in  alge¬ 
braic  form.  For  example,  we  may  choose  in  each  step  of  the  suc¬ 
cessive  approximation  specific  cross  sectiohs  of  the  most  conven¬ 
ient  shape  with  certain  design  limitations,  taking  into  account 
the  web  stability,  convenience  in  making  the  box  shape,  minimum 
flange  thicknesses,  etc.  The  most  expedient  values  of  the  redun¬ 
dant  unknowns  may  also  be  found  by  the  successive  approximation 
algorithm  or  by  some  other  multistep  method.  This  process  will  be 
a  priori  converging  to  a  singular  solution  only  in  the  case  when 
the  optimality  criterion  will  ensure  convexity  of  the  cost  func¬ 
tion. 


4.  It  is  remarkable  that  this  process  may  be  not  converging 
to  a  unique  solution  in  the  following  important  case:  when  we  se¬ 
lect  at  each  step  wide-flange  or  box-shaped  cross  sections  with 
the  most  expedient  ratio  of  dimensions ,  for  the  given  minimum  web 
and  flange  thickness.  Since  in  this  criterion  the  power  Index  in 
Formula  (1)  is  H,  one  cannot  guarantee  uniqueness  of  solution.  In 
fact,  for  a  discontinuous  moment  diagram  the  cost  of  a  system  on 
varying  a  redundant  unknown  may  first  decrease,  then  increase, 
then  decrease  again,  etc.  Figure  1  show**  an  example  of  such  an 
elementary  problem  consisting  of  two  concentrated  moments  acting 
on  a  beam.  It  turns  out  that  equalizing  the  support  and  span  mo¬ 
ments  in  such  a  beam  with  equal-strength  sections  of  the  most  ex¬ 
pedient  shape  yields  an  appreciable  excess  of  the  theoretical  cost 
over  the  absolute  minimum,  which  is  reached  In  two  "ultimate" 
beams  (diagrams  in  Fig.  la,  c) .  Of  course,  in  this  example  the  op¬ 
timal  beams  are  only  theoretical  solutions,  but  by  prestressing 
the  system  it  is  possible  to  obtain  any  moment  distribution.  This 
problem  is  not  important  in  itself,  but  rather. the  possibility  of 
occurrence  of  such  cases  In  the  practice  of  programing  the  design 
of  optimal  systems .  ' 
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REGIONS  OF  FEASIBLE  FORCES  IN  STATICALLY  INDETERMINATE  TRUSSES, 
SUBJECTED  TO  NONS IMULTANEOUS  LOADS 

Candidate  of  Technical  Sciences,  Docent  F.I.  Slyjsarchuk 
( Novos  i  b  i  rsk ) 

In  designing  statically  indeterminate  trusses  by  the  method 
of  specified  stresses  [1,  2]  it  is  necessary  to  specify  forces  in 
the  redundant  bars.  In  order  not  to  obtain  in  this  process  unfea¬ 
sible  results  (negative  bar  cross  sections),  it  is  necessary  to 
specify  feasible  values  of  the  redundant  unknowns. 

The  present  author  showed  [3]  that  in  the  case  of  a  statical¬ 
ly  indeterminate  truss  loaded  by  a  single  load,  the  regions  of 
feasible  forces  are  closed  parts  of  an  n-dimensional  space,  sepa¬ 
rated  out  in  by  (n  -  1) -dimensional  "planes" 

Nt  =  an  X1  +  an  Xt  -f-  •  •  •  -f  at,  Xr  +  •  ■  •  -f-  aln  X„  +  b,  —  0. 
i  =  1,2,3, ...,  m. 

Here  X r  is  the  force  in  the  rth  redundant  coupling;  a  .  is  the 

force  in  the  ith  bar  of  the  statically  determinate  principal  sys¬ 
tem  produced  by  force  *,=  1;  b(  is  the  same  as  above,  due  to  a  speci¬ 
fied  load;  N.  is  the  force  in  the  ith  bar  of  a  statically  indeter- 

minate  truss  due  to  a  specified  load;  m  is  the  number  of  all  the 
elastic  bars  of  the  truss  (not  including  the  absolutely  necessary 
bars);  n  is  the  number  of  redundant  couplings.  Later  K.M.  Khu- 
beryan  [4]  has  arrived  at  similar  conclusions  for  the  case  of  a 
single  loai. 

In  designing  a  truss  subjected  to  a  number  of  nonsimultaneous 
loads  by  the  method  of  specified  stresses  It  is  also  necessary  to 
specify  redundant  unknowns  due  to  each  of  the  loads  [5,  6,  7].  It 
is  therefore  natural  to  clarify  what  are  the  regions  of  feasible 
forces  in  this  case  and  to  provide  a  method  for  finding  them.  The 
functioning  of  a  truss  under  a  constant  and  momentary  loads  In 
various  combinations  of  the  latter,  obviously,  reduces  to  the  pre¬ 
ceding  case,  since  the  design  combinations  of  these  loads  do  not 
act  simultaneously  on  the  design. 

We  start  the  consideration  of  the  problem  from  elementary 
cases . 
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§1.  A  Once  Statically  Indeterminate  Truss  Subjected  to  Two  Loads 

1.  Figure  1  shows  a  truss  with  two  loads  applied  to  it  alter¬ 
nately.  We  now  construct  regions  of  feasible  forces  for  each  of 
these  loads.  We  shall  assume  that  bar  1  is  redundant,  cut  it,  and 
in  the  primary  system  thus  obtained  we  shall  find  forces  produced 
by  the  unit  redundant  unknown  and  by  the  loads .  In  order  not  to 
Introduce  new  notation  for  the  action-  of  several  loads,  we  shal|l 
provide  the  assumed  notations  for  a  single  load  by  a  second  sub¬ 
script,  which  shows  the  number  of  the  corresponding  load.  Thus, 

for  example,  X  denotes  the  rth  redundant  unknown  due  to  the  sec- 
2*2 

ond  load,  b . ,  denotes  the  force  in  the  ith  bar  of  the  primary  sys- 

1«  rC 

tern,  while  N . ,  denotes  the  force  in  the  same  bar  of  the  specified 

statically  indeterminate  truss  due  to  the  kth_  load,  etc.  The  mean¬ 
ing  of  the  subscripts  of  a^v  obviously  remains  unchanged,  since 

this  force  is  not  produced  by  a  load,  but  from  the  unit  force  of 
the  redundant  unknown. 

Forces  au,biu  biS  in  the  assumed  primary  system. are  shown  in 
Table  1. 


TABLE  1 


M  CT*P- 
KHeA 

°/i 

bn 

1 

i 

0 

0 

2 

— 1 

1,5  P 

p 

3 

i 

P 

-ip 

4 

— 1 

2  P 

3  P 

5 

V 

i 

-P 

-3,5  P 

A)  Bar  number. 


Fig.  1.  A)  ls_t  load;  B)  2nd  load. 


For  a  once  statically  indeterminate  truss  the  regions  of  fea¬ 
sible  forces  are  segments  on  the  force  axis  (one-dimensional 
space),  separated  on  it  by  the  points 

N tk  =  fl(i  Xm  -f-  blh  =  0. 

The  regions  of  feasible  values  of  the  redundant  unknown  for 
the  first  load  are  shown  in  Fig.  2a.  Near  each  boundary  separating 
one  region  from  another  or  from  unfeasible  values  Li  is  a  circle 
containing  the  number  of  the  bar  which  gives  this  boundary.  The 
force  in  redundant  bar  hi  on  this  drawing  is  interpreted  by  the 
coordinate  describing  the  points,  while  the  forces  in  the  remain¬ 
ing  bars  are  proportional  to  the  distance  from  it  to  the  corre¬ 
sponding  boundaries. 

All  that  was  said  about  Fig.  2a  pertains  also  to  Fig,  2b, 
which  gives  the  regions  of  feasible  forces  due  to  the  second  load. 

We  take  on  the  plane  mutually  perpendicular  axes  OXu^\OXi2 
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(Fig.  3)  and  draw  the  following:  on  axis  OX M  me  boundaries  of 
regions  of  feasible  forces  due  to  the  first  load,  on  axis  f12  - 
these  boundaries  due  to  the  second  load.  The  straight  lines  drawn 
through  the  extreme  boundaries,  i.e.,  points  E  and  U  on  axis  OX n 
and  points  E  and  K  on  axis  OX i2  parallel  to  the  coordinate  axes 
separate  rectangle  EKVU,  i.e.,  a  closely  enveloping  rectangle. 


Fig.  2  Fig.  3 


H  0 


Fig.  H 


Fig.  5  Fig.  6  Fig.  7 


It  is  natural  to  regard  the  region  of  feasible  values  of 
X,,«ndX|2  for  a  truss  subjected  to  two  nonsimultz neous  loads  that 
part  of  the  Xlt,  Xi3  plane  which  contains  points  with  coordinates 
AuwkiXu  for  all  the  possible  cross-sectional  areas  of  its  bars  up 
to  Infinitely  large,  but  not  more  than  in  m—(n+ 1)  bars  simultane¬ 
ously,  since  in  the  opposite  case  the  truss  will  become  an  in¬ 
finite  rigid  body. 

Tliis  region  cannot  go  past  the  limits  of  the  enveloping  rec¬ 
tangle,  since  this  would  mean  that  it  is  possible  to  design  a 
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truss  for  at  least  one  load  outside  the  ensemble  of  regions  of 
feasible  forces  due  to  this  load.  At  the  same  time  the  contour 
should  be  in  contact  with  all  the  sides  of  this  rectangle,  since 
In  t  ie  opposite  case  it  would  have  been  impossible  to  design  a 
truss  for  at  least  one  of  the  loads  in  each  point  of  existence  of 
its  forces  due  to  this  load.  This  is  illustrated  graphically  by 
Pig.  3«  The  region  of  feasible  An,  If  12  cannot  lie  within  the  limits 
of  the  curvilinear  contour  LRN.  Candidates  for  this  region  may  be: 
polygon  ODCBA ,  or  that  part  of  rectangle  EKVU  which  is  situated 
outside  of  this  polygon,  or  a  part  of  the  plane  situated  between 
the  broken  contour  ODCBA  and  the  curvilinear  contour  LRN. 

We  have  thus  established  the  necessary  attribute  of  the' re¬ 
gion  of  feasible  forces  Xu,  A,2:  it  roust  be  in  contact  with  all  the 
sides  of  the  enveloping  rectangle. 

It  is  expedient  to  start  our  further  discussion  of  the  nature 
of  the  sought  region  and  of  the  method  for  finding  it  from  the 
simplest,  once  statically  indeterminate  truss,  consisting  of , twp 
elastic  bars  only. 

Let  this  be  the  truss  of  Pig.  4 .  It  was  obtained  from  the 
truss  of  Fig.  1  on  the  assumption  that  all  the  bars  of  the  letter, 
with  exception  of  the  first  and  second,  are  infinitely  rigid,2 
while  the  forces  directed  along  these  infinitely  rigid  bars  have 
been  dropped,  since  they  do  not  affect  the  forces  in  the  elastic  • 
bars . 


The  region  of  feasible  forces  due  to  the  first  load  is  shown 
in  Fig.  5a,  while  this  region  due  to  the  second  force  Is  shown  In 
Fig.  6a.  The  truss  has  one  primary  bar  (the  Infinitely  rigid  bars 
are  not  counted),  hence  the  plane  depicts  also  regions  of  feasible 
forces  [3]:  for  the  first  load  the  feasible  stresses  are  given  by 
the  positive  half  axis  Oo 21  (Fig.  5b),  while  for  the  second  these 
are  given  by  the  positive  half  axis  Oo  2  2  (Fig.  6b). 

In  Fig.  7  the  coordinate  axes  OA,,,  OX]3  with  the  regions  of 
feasible  forces  due  to  each  of  the  loads  depicted  on  them  are  lo¬ 
cated  mutually  perpendicular.  This  figure  also  shows  enveloping 
rectangular  ORAT. 

In  a  two-bar  truss  the  forces  from  any  load  are  functions  of 

one  parameter  only,  I.e.,  of  the  area  ratio  — .  Hence  AM  =/,(—)  and 

/  F  \  ^ 1  \  F\  J 

Xw^h  -).  These  two  relationships  yield  a  line  on  the  An,  X\2 

plane.  A  segment  of  this  line,  according  to  the  necessary  attri¬ 
bute,  must  be  in  contact  with  the  enveloping  rectangle.  Let  us 
find  its  ends. 

Holding  F 2  constant  and  assuming  f\  ->-0.  we  will  get  a  stati¬ 
cally  indeterminate  truss  In  which  yvu=0«™i'X,2=0  (bar  1  will  disap¬ 
pear).  In  Fig.  7  this  truss  is  depicted  by  point  0.  One  end  has 
been  found.  Assuming  then  that  F\  Is  constant  and  f2-+  0,  we  get  a 
statically  indeterminate  truss  In  which  Af21  =  0«n<*/V22=0.  This  Is  point 
A ,  which  is  also  the  second  end. 
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What  does  this  sought  linear  segment  re or  nt? 

If  we  assume  that  it  is  curved,  let  this  be,  for  example, 
segment  OSA;  then  we  will  contradict  the  equally  justified  mutual 
location  of  the  coordinate  axes  and  the  segment,  which  follows 
from  the  equivalence  of  both  loads.  In  fact,  why  should  the  sought 
linear  segment  be  directed  by  its  bulge  toward  the  positive  half 
axis  OX ix  and  not  toward  the  positive  half  axis  OX J2?  There  exists 
only  one  linear  segment  which  satisfies  the  above  equivalence,  and 
this  ij  the  rectilinear  segment  OA. 

The  region  of  feasible  forces  for  a  truss  from  two  elastic 
bars  Is  thus  a  rectilinear  segment,  a  diagonal  of  the  enclosing 
rectangle . 

For  the  particular  case  under  consideration  of  a  truss  from 
two  bars  (Fig.  4),  when  the  forces  in  its  bars  are  produced  only 
by  a  force  applied  in  node  A ,  it  is  possible  to  give  a  simpler 
proof  of  the  above  result. 

In  fact,  no  matter  in  which  manner  the  force  In  node  A  is 
placed.  It  can  be  broken  up  into  the  directions  of  bars  2  and  3. 
The  component  along  bar  3  can  be  disregarded,  since  this  bar  is 
infinitely  rigid.  Forces  In  bars  1  and  2  may  be  produced  only  by 
the  load  component  along  bar  2.  Kenee  Figs,  4a  and  4b  depict  the 
most  general  case  of  two  nonsimultaneous  loads  on  the  truss  under 
consideration.  But  it  may  be  claimed  with  equal  justification  that 
these  are  not  two  loads.,  but  one,  except  that  the  load-specifying 
parameter  has  changed.  Load  P2  is  load  Pi  reduced  by  a  factor  of 
one  and  one  half. 

Therefore 


Xjt 


Pi 


p 

for  all  the  possible  values  of  ratio  On  the  Xu,  Xl2  plane  this 
is  an  equation  of  a  straight  line. 

The  latter  proof  is  regarded  as  particular,  since  not  in  all 
trusses  from  two  elastic  bars  two  different  loads  are  forces  ap¬ 
plied  in  the  same  node. 

Then  for  any  internal  point  of  segment  OA  forces  X,, ^=0andX)t  0, 
and  therefore  when  specifying  a2i  on  selecting  a  truss  it  Is  im¬ 
possible  to  specify  02i  =0,  since  then  we  will  get  Oil  =  0  (see 
Fig.  5b)  and  the  truss  will  have  F ,=  »  and  F2=  oo.  Such  a  truss  (in¬ 
finite  rigid  body)  is  excluded  from  the  set  of  trusses  under  con¬ 
sideration.  When  021  >  0  it  Is  found  that  on  >  0,  all  the  inter¬ 
nal  points  of  segment  OA  thus  yield  ordinary  trusses  with  finite 
areas  Pi  and  P2 . 

As  to  the  trusses  given  by  points  0  and  A,  their  features 
will  depend  on  the  method  of  specifying  the  describing  points  of 
forces  and  stresses  in  its  regions.  If  we  specify  the  forces  due, 
for  example,  to  the  first  load,  by  point  T,  and  stresses  o2i  >  0 
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and  we  take 
x„  I  .ft/' 
0,. 


^ii ~ <tji  (thi: 
/-0.  while  F2  = 


follows  from  Fig.  5b),  then  we  get 
A*  0 

—  — — =0.  This  truss  was  mentioned  previ- 

Oll  Oil 


ou;:l/,  it  is  regarded  as  statically  indeterminate  [1],  since  the 
stresses  in  it  are  related  by  the  strain  compatibility  condition. 
However,  the  forces  in  it  are  the  same  as  those  in  the  statically 
determinate  truss  which  is  obtainable  from  the  given  statically 
indeterminate  truss  (Fig.  *1)  by  removing  bar  2.  If  we  do  not  re¬ 
quire  that  oil  satisfy  the  strain  compatibility  equations,  then 
point  A  will  yield  an  authentic  statically  determinate  truss. 


If,  as  previously,  the  forces  are  specified  by  point  T,  we 

X  1  5 P  ~  ' 

assume  o2i  =  0  and  get  on  =0;  then  Fx=— ~~~ -~co,  while 
NO  an  J 

F2=~  =—  .  Area  F 2,  being  indeterminate,  can  be  specified  at  will. 

Oj,  0 

But  we  have  agreed  not  to  consider  such  trusses.  Hence  it  is  bet¬ 
ter  to  assume  that  the  truss  does  not  have  bar  2,  and  then  the 
area  of  bar  1  may,  if  desired,  be  also  regarded  as  infinitely 
large.  Although  this  will  make  the  truss  an  infinitely  rigid  body, 
no  unclarities  will  exist  with  respect  to  the  force  distribution 
in  it . 


Since  in  the  truss  described  by  point  0,  W|,=0«*dyv,2=ot  while 
in  that  described  by  point  A,  N2i=0  «nd N22=0,  then  it  is  convenient 
to  denote  on  the  Xl2  plane  point  0  by  the  number  1  and  point  A 
by  the  number  2.  This  notation  will  remind  us  that  one  boundary 
of  the  region  of  feasible  forces  is  obtained  as  a  result  of  draw¬ 
ing  lines  through  point  1  on  both  axes,  while  the  other  is  ob¬ 
tained  by  drawing  lines  through  point  2.  The  first  of  them  will 
be  determined  by  the  values  of  XuondJ(ia  in  a  truss  with  bar  1  miss¬ 
ing,  while  the  other  will  be  obtained  from  these  values  in  a  truss 
without  bar  2.  The  region  of  feasible  forces,  segment  OA ,  is  con¬ 
sequently  obtained  from  equations  of  statics. 


{5P  P 

V  , 


.P  2P 

V  , 


We  now  complicate  the  truss  (Fig.  8)  as  follows:  we  assume 
m  =  3*  The  regions  of  feasible  forces  due  to  each  of  the  loads  on 
the  OXn*ndOA’i2  axes  and  the  enveloping  rectangle  EDTL  for  it  are 
shown  in  Fig.  9.  The  regions  of  feasible  stresses  for  the  first 
load  are  shown  in  Fig.  10,  while  those  for  the  second  load  are  in 
Fig.  11. 

If  in  the  truss  (Fig.  8),  starting  with  some  finite  areas 
F 1,  P2<  Fs,  we  vary  only  F,  ►  00 ,  then  we  will  get  a  truss  with  two 
elastic  bars  2  and  3.  According  to  previous  results,  its  region 
of  feasible  values  of  X,t«nd'^12  in  Fig.  9  is  given  by  segment  2-3. 
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Pig.  9.  a)  Region. 


Fig.  10 


If  we  assume  that  only  F2  °°:  then  it  is  obviously  given  by  seg¬ 
ment  1-3;  if  ft-*00.  then  it  is  given  by  segment  1-2. 

We  have  found  the  boundaries  of  the  sought  region.  They  form 
a  closed  figure  -  the  triangle  123  or  in  alphabetical  notation  - 
triangle  OAD.  What  is  the  region  proper? 

We  now  prove  that  the  sought  region  cannot  go  past  the  limits 
of  triangle  OAD.  This  will  be  done  by  assuming  the  converse.  Let 
us  assume  that  for  some  finite  values  of  areas  F,  =  F*,  and 

FS=F^  the  describing  point  M  lies,  for  example,  inside  triangle 
ADT  (Fig.  9).  Then  holding  Fz  and  F 3  constant  and  constantly  vary¬ 
ing  the  area  of  the  first  bar  within  the  limits  F^ <  F,  ■'  cr>,  we  will 
get  a  truss  with  an  infinitely  rigid  bar  1.  This  continuous  varia¬ 
tion  of  area  F 1  has  corresponding  to  it  the  motion  of  the  describ¬ 
ing  point  (Xu,  A’|2)  along  some  continuous  curve  from  point  M  to  some 
point  C  onto  line  AD,  but  not  onto  its  ends. 

The  process  of  area  variation  considered  above  does  not  con¬ 
tradict  the  location  of  points  M  outside  of  triangle  OAD.  But  also 
a  second  process  is  possible  whereby  F2=F!*,  F3  =  F*,  while  0<  F,  <  F* 
The  statically  indeterminate  truss  obtained  as  a  result  of  this 
process  does  not  differ  with  respect  to  the  force  distribution 
from  that  statically  determinate  truss  which  is  produced  from  the 
specified  truss  by  removing  bar  1.  The  forces  in  this  truss  are 
described  by  point  0  (Fig.  9).  The  describing  point  should  there¬ 
fore,  moving  along  a  continuous  line,  move  from  point  M  into  point 
0.  Such  a  transition  is  possible  either  along  a  line  such  as  MRO , 
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not  intersecting  segment  AD,  or  along  a  line  such  as  MNO  (dashed 
line),  intersecting  segment  AD.  The  first  path  is  forbidden, > since 
it  removes  us  past  the  limits  of  the  enveloping  triangle.  The  sec¬ 
ond  path  requires  moving  onto  line  AD,  and  this  is  only  possible 
as  a  result  of  F3-*  m,  i.e.,  as  a  result  of  a  process  which  is  di¬ 
rectly  opposite  to  the  process  Fs  —  0.  We  have  arrived  at  a  contra¬ 
diction  and,  consequently,  point  M  cannot  lie  inside  triangle  ADT. 
The  possibility  that  point  M  is  located  inside  triangles  OAL  and 
ODE  is  disproved  similarly. 

Thus,  the  region  of  feasible  forces  lies  inside  triangle  OAD. 
We  now  show  that  it  completely  covers  this  triangle. 

Let  us  assume  that  triangle  OAD  has  a  void  ( crosshatched).. 

oelectlng  a  truss  for  the  first  load  by  the  method  of  speci¬ 
fied  stresses,  we  must  specify  three  parameters:  *n,  a2i«n<,W  We  take 
in  Pig.  9  point  K  sc  that  the  straight  line  K V,  which  is  parallel 
to  axis  0*12,  would  intersect  the  assumed  void.  We  assume  *11=-*,*,. 
The  value  of  belongs  to  force  region  Ii.  The  values  of  021  and 
o31  must  therefore  be  selected  from  stress  region  Ii  (Fig.  10). 

We  draw  in  it  some  line  intersecting  its  boundaries;  let  it  be 
straight  line  mn.  Specifying  as  the  given  stresses  021  and  a3i  the 
coordinates  of  any  point  of  segment  mn,  we  will  get  a  set  of 
trusses  in  which  *n  =  **.  Points  (Xf,,  X,2)  on  the  *n,  *u  plane  corre¬ 
sponding  to  these  trusses  will  lie  on  segment  NV  without  moving 
past  its  limits,  since  there  are  no  feasible  *11,  outside  of 

triangle  OAD.  The  stress  point  m  has  <Tii=0,  or2i  O.txsiT^O.  Since 

0«ndAf*=f=  0,  we  get  a  truss  in  which  F{~  00,  while  F 2  and  F 3 
are  finite.  At  segment  NV  this  truss  will  be  described  by  point  N, 
as  a  truss  with  infinitely  rigid  bar  1  and  elastic  bars  2  and  3. 
The  stress  point  n  has  corresponding  to  it  the  truss  described  by 
point  V. 


The  continuous  motion  of  the  stress  point  along  segment  mn 
from  point  m  to  point  n  has  corresponding  to  it  a  continuous  mo¬ 
tion  of  the  force  point  from  point  N  to  point  V  along  segment  NV. 
Consequently,  all  the  points  on  segment  NV  yield  feasible  forces, 
which  means  that  the  assumption  of  a  void  is  incorrect. 

Thus,  for  a  truss  with  m  =  3,  the  regions  of  feasible  forces 
*12  is  triangle  123. 


Finding  of  its  vertices  is,  obviously,  a  statically  determi¬ 
nate  problem. 

2.  We  now  consider  a  truss  with  any  number  of  elastic  bars. 
Let  this  be  a  truss  with  m  =  5  (Fig.  1). 

We  draw  on  axis  0*vi  the  regions  of  feasible  forces  due  to 
the  first  load  and  the  regions  of  feasible  forces  due  to  the  sec¬ 
ond  load  —  on  axis  0*12  (Fig.  12).  Coordinate  lines  are  drawn 
through  the  extreme  points  of  both  axes.  These  limitihg  lines  sep¬ 
arate  the  enveloping  rectangle,  while  the  intermediate  lines  break 
it  up  into  individual  rectangles  .  The  points  formed  by  intersec¬ 
tion  of  lines  with  subscripts  i  and  j  will  be  denoted  by  ( i ,  j) . 
Among  them  will  also  be  point  ( i >  i) ,  which,  for  brevity,  we  have 
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already  agreed  to  denote  by  a  single  i.  We  hav»  live  such  points: 
1  2,  3,  5.  We  connect  pairs  of  these  point:-  by  lines.  A  part 

of  them  will  isolate  a  close  convex  polygon.  Ooviously  it  will  be 
in  contact  with  all  the  sides  of  the  enveloping  polygon. 

We  now  show  that  the  above  polygon  is  a  region  of  feasible 
forces  due  to  two  loads . 


Fig.  12 


First  of  all  we  note  that  it  satisfies  the  necessary  attri¬ 
bute.  We  then  imagine  that  in  the  truss  of  Fig.  1  first  bar  5  has 
hardened  (which  is  the  same  as  Fs  =  ®),  and  then  bar  4.  We  get  a 
truss  from  three  elastic  bars  1,  2,  3.  The  region  of  feasible 
forces  for  it  is  triangle  123.  On  Fig.  12  it  will  definitely  be  a 
part  of  the  previously  constructed  polygon,  since  the  latter  was 
constructed  precisely  as  a  collection  of  such  overlapping  trian¬ 
gles  . 

We  take  inside  triangle  123  point  M  (Fig.  12).  It  will  have 
corresponding  to  it  some  finite  areas  Ff,  F%,  F*  and,  if  desired, 
reference  ipay  be  had  to  oo .ndfj—  ». 

The  forces  in  the  bars  of  this  truss  due  to  both  loads  are 
proportional  to  the  distances  from  point  M  to  the  corresponding 
boundaries  (circles).  In  particular  in  infinitely  rigid  bar  4  we 
denote  them  by  N%,  (see  Fig.  12)  . 

We  now  imagine  that  bar  4  ceased  to  be  perfectly  rigid,  and 
we  consider  now  the  set  of  trusses  with  Fi  -P* ,  Fa=F^,  F3=*FP  ,  while 
the  area  of  the  fourth  bar  varies  in  the  entire  range  0<F*<oo. 


It  is  known  that  then  N 4  will  behave  according  to  the  graph 
of  Fig.  13.  It  follows  from  the  nature  of  this  graph  that  it  is 
always  possible  to  find  a  value  of  F*,  which  we  shall  call  F  % 
(see  Fig.  13)  such,  for  which  forces  •«*  Na  in  a  truss  with  bar 
areas  F,-F*  JW*.  K  =F»  ^ F<=F\  will  differ  as  little  as  desired 
from  But,  in  a  once  statically  indeterminate  truss  a 
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small  difference  between  forces  due  to  a  certain  load  In  one  bar 
results  in  a  small  difference  in  the  remaining  bars,  in  particular 
in  the  first,  the  forces  in  which  determine  point  M  on  the  '=Xu,  Xta 
plare.  We  have  shown  by  virtue  of  this  that  in  an  as  small  as  de¬ 
sired  vicinity  of  point  M  it  is  possible  to  design  a  truss  with 
four  elastic  bars. 

Consequently,  the  region  of  feasible  forces  in  a  truss  with 
three  elastic  bars  and  with  the  fourth  infinitely  rigid  is  at  the 
same  time  a  region  of  feasible  forces  also  for  a  truss  with  four 
elastic  bars.  But  the  same  considerations  can  be  sequentially  ex¬ 
tended  also  to  all  the  remaining  bars  whifch  were  previously  imag¬ 
ined  to  be  perfectly  rigid. 

The  entire  polygon  12345  of  Fig.  12  can  be  broken  up  by  di¬ 
agonals  into  triangles.  Each  of  them,  being  a  region  of  feasible 
forces  for  a  truss  from  the  corresponding  three  elastic  bars',  is 
simultaneously  also  a  region  of  feasible  forces  for  the  specified 
truss.  Cons  quently,  polygon  12345  is  the  region  of  feasible 
forces  for  a  once  statically  indeterminate  truss,  operating  Under 
two  loads.  The  procedure  for  constructing  it  has  been  described 
above.  It  is  constructed  by  means  of  equations  of  statics. 

Each  side  of  polygon  12345  lies  on  a  separate  line.  Cases  are 
obviously  possible  when  several  sides  lie  on  the  same  straight 
line . 

§2.  A  Once  Statically  Indeterminate  Truss  Subjected  to  an  Arbi¬ 
trary  Number  of  Loads 

1.  We  now  formulate  the  necessary  attribute  of  a  region  of 
feasible  forces  for  any  number  v  of  loads. 

For  v  =  3  in  the  ^n,  *,2,  X,3  space  we  may  have  reference  to  an 
enveloping  parallelepiped,  analogous  to  the  manner  in  which  for 
v  =  2  we  referred  to  an  enveloping  rectangle.  The  necessary  attri¬ 
bute  consists  in  the  fact  that  the  region  of  feasible  forces 
should  be  such  an  ensemble  of  points  of  space  AM,  Xl2,  ^,3  which, 
firstly,  does  not  go  past  the  limits  of  the  enveloping  parallele¬ 
piped  and,  secondly,  is  in  contact  with  all  of  its  boundaries. 

This  follows  from  the  concept  of  regions  of  feasible  forces  for  a 
single  load.  In  the  case  of  any  number  of  loads  one  must  add  to 
this  formulation  that  reference  is  had  to  corresponding  patterns 
in  a  v-dimensional  space. 

2.  If  we  examine  all  the  considerations  which  enabled  us  to 
find  the  region  of  feasible  forces  for  v  =  2,  i.e.,  for  a  two-di¬ 
mensional  space,  then  it  will  become  clear  that  they  can  be  ex¬ 
tended  to  the  case  of  any  number  of  loads  v.  It  only  remains  to 
formulate  the  corresponding  results  for  the  case  of  a  multidimen¬ 
sional  spa^e. 

The  nember  of  elastic  bars  in  the  truss  is  m  =  2. 

For  any  v  the  region  of  feasible  forces  is  a  rectilinear  seg¬ 
ment  . 
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In  the  trues  m  =  3. 

When  v>2  the  region  of  feasible  forces  Is  a  triangle.  Its 
boundaries  are  the  vertices  and  the  sides. 

In  the  truss  m  =  h . 

When  v‘>3  the  region  of  feasible  forces  is  a  tetrahedron.  Its 
boundaries  are  the  vertices,  sides  and  triangular  faces. 

In  the  t$U88  m  -  5* 

When  v!>4  the  region  of  feasible  forces  is  a  bounded  part  of 
a  four-dimensional  space.  Its  boundaries  are  vertices  (zero-dimen¬ 
sional  boundaries),  sides  (one-dimensional  boundaries),  triangular 
faces  (two-dimensional  boundaries)  and  tetrahedra  (three-dimen¬ 
sional  boundaries). 

The  truss  has  an  arbitrary  m. 

When  v>m— I  the  region  of  feasible  forces  is  a  bounded  part 
of  an  (m  -  l)-dimensiunal  space.  It  has  boundaries  of  all  dimen¬ 
sions  from  zero  to  m  -  2  inclusively . 

The  boundaries  with  the  highest  dimensionality  will  be  called 
principal  boundaries . 

The  most  complete  definition  of  a  region  of  feasible  forces, 
which  is  a  convex  body  in  a' multidimensional  space,  consists  in 
knowing  its  boundaries  up  to  the  principal  boundaries.  However, 
in  applications  it  is  possible  to  restrict  oneself  to  something 
less  than  this,  i.e.,  knowing  the  vertices  and  principal  bounda¬ 
ries,  since  even  with  this  information  it  is  easy  to  take  any 
point  in  the  convex  polyhedron,  which  is  precisely  what  is  needed 
i  l  selecting  a  truss. 

When  v>m— 1 ,  finding  of  regions  of  feasible  forces  reduces 
to  finding  m  of  its  vertices.  This  is  so  since  in  the  v  =  m— I  di¬ 
mensional  space  the  boundaries  of  all  the  dimensions  drawn  through 
m  vertices  separate  an  elementary  convex  polyhedron.  Each  of  the 
combinations  Cz  yields  one-dimensional  boundaries  of  this  poly- 

ffl 

hedron  (sides),  each  of  combinations  cl,  yields  two-dimensional 
’  m 

boundaries  (triangular  sides),  each  of  the  combinations  C *  yields 

three-dimensional  boundaries  (tetrahedra),  etc.,  up  to  the  prin¬ 
cipal  boundaries  of  the  m  -  2  dimension.  The  number  of  the  latter 
is  obviously  All  these  boundaries,  which  contain  the  most 

complete  information  about  the  polyhedron,  are  obtained  without 
calculations  (this  remark  does  not  pertain  to  the  vertices).  It 
is  hence  necessary  to  describe  a  method  for  finding  the  boundaries 
of  the  region  only  for  \<m— 1. 

We  first  find  Its  vertices.  For  this  we  drop  In  the  specified 
truss  the  £t_h  elastic  bar  and  in  the  statically  determinate  truss 
thus  obtained  we  find  Ay2>t X,(j  .This  will  be  the  coordinates  of 
the  ith  vertex  of  the  sought  polyhedron.  Obviously,  the  number  of 
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vertices  is  equal  to  the  number  of  all  the  elastic  bars,  i.e.,  m. 

Through  each  v  vertices  we  draw  a  v  -  1-dimensional  plane. 

Its  equation  can  be  written  in  the  form 

*1V  *MV  1 
xft  x$  x®  ■  .  ■  x\»  1 

x$  ••••*<,’>  i 

We  will  have  such  planes. 

'  171 

Let  us  determine  on  which  of  these  do  the  principal  bounda¬ 
ries  of  the  region  lie.  If  a  principal  boundary  lies  on  a  plane, 
then  all  the  remaining  vertices  of  the  region  (amounting  to  m— v), 
by  virtue  of  its  convexity,  will  lie  to  one  side  of  this  plane. 
This  is  expressed  analytically  by  the  fact  that  determinant  D  for 
all  the  vertices  has  the  same  sign. 

After  finding  all  the  principal  boundaries  of  the  region  of 
feasible  forces  it  is  easy  to  specify  any  point  from  this  region. 
We  take  any  two  vertices  i  and  j  which  do  not  lie  on  the  same 
principal  boundary.  Then  any  internal  point  will  be  found  from  the 
formula 

*,»  “  *'.»  +  “  M  <><«<'. 

*=1.2,3 . v.  (1> 


A  point  in  a  polyhedron  may  also  be  specified  as  follows.  The 
"center  of  gravity"  of  the  vertices  of  a  convex  polyhedron  is 
found  from  the  formula 

J5  X\‘>  . 

Xlk=  — — ,  k=  1, 2, 3  ....  v. 

m 

It  is  un  internal  point  of  the  polyhedron.  On  the  segment  connect¬ 
ing  this  center  with  any  vertex  of  the  polyhedron  it  is  possible 
to  select  a  point  using  Expression  (1). 

3.  The  first  solution  of  the  problem  of  the  region  of  feasi¬ 
ble  forces  for  several  loads  was  published  by  K.M.  Khuberyan  [7]. 

Due  to  the  nature  of  the  region  of  feasible  forces  he  has  ar¬ 
rived  at  the  following  two  conclusions,  first  of  which  is  quoted 
directly  from  [7]: 

"...when  designing  a  truss  for  two  loads  the  region  of  exist¬ 
ence  of  redundant  unknowns  A,'<«*iAii  is  a  part  of  a  rectangle,  cut  off 
from  it  by  some  straight  line;  analogously  to  It,  when  designing  a 
truss  for  three  loads  the  region  of  existence  of  the  redundant  un¬ 
knowns  A1.  A'^ndA111  is  a  part  of  a  parallelepiped,  which  Is  cut  off 
f -om  it  by  some  place;  finally,  in  the  general  case  of  designing 
a  truss  for  y  loads,  the  region  of  existence  of  the  redundant  un- 
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knowns  X1,  X" . xm  is  a  part  of  a  y-d  i  mens  i  ona  I  ira  I  lei  otope ,  cut 

off  from  it  by  some  y  —  1 -di mens i ona  I  hyperplane." 

The  rectangle,  parallelepiped  and  parallelotope  mentioned 
above  are,  according  to  this  article's  terminology,  the  enveloping 
rectangle,  enveloping  parallelepiped  and  enveloping  multidimen¬ 
sional  "parallelepiped."  , 

In  addition,  y  is  our  v,  X1  is  our  Xu,  X*1  is  our  X\Z,  etc. 

K.M.  Khuberyan's  second  conclusion  consists  in  the  fact  that 
the  above  straight  line,  plane  and  hyperplane  cannot  be  found  from 
the  equilibrium  equation.  In  other  words,  the  finding  of  a  region 
of  feasible  forces  for  v^'2  is  a  statically  indeterminate  problem. 

However,  in  view  of  this  author's  study  it  is  clear  that  the 
region  of  feasible  forces  Is  separated  from  the  enveloping  rectan¬ 
gle  in  the  general  case  not  by  one  straight  line,  but  by  a  broken 
line  for  example,  Pig.  12),  and  secondly,  the  region  of  fea¬ 

sible  forces  can  always  be  found  from  equations  of  statics. 

§3.  Trusses  with  any  Number  of  Redundant  Couplings 

1.  In  an  nth-order  statically  indeterminate  truss  the  forces 
due  to  one  load  are  determined  by  n  redundant  unknowns .  Forces  due 
to  v  successive  loads  will  be  determined  by  no  unknowns.  Hence  the 
region  of  feasible  forces  is  a  limited  set  of  points  in  an  nv-di- 
raensional  space. 

For  v  *  1  and  any  n  the  problem  of  regions  of  feasible  forces 
Is  solved  In  [3].  In  particular,  for  «<2  all  the  regions  of  fea¬ 
sible  forces  are  described  on  a  plane  and  it  is  hence  easy  to  find 
them  for  any  number  of  elastic  bars  in  a  truss. 

Below  we  shall  Illustrate  certain  computations  by  a  twice 
statically  Indeterminate  truss  (Fig.  1*1).  Its  first  load  is  shown 
in  Fig.  l*la  and  the  second  in  Fig.  l*Jb  .  Table  2  shows  forces  a<i,  a<2, 
bu,ba.  It  was  assumed  that  the  redundant  bars  are  1  and  2.  The  re¬ 
gions  of  existence  of  forces  due  to  the  first  load  are  depicted 
in  Fig.  15;  those  for  forces  due  to  the  second  load  are  given  in 
Fig.  16. 

2.  In  order  that  the  truss  for  n  =  2  would  not  act  as  a  per¬ 
fect  rigid  body,  it  should  have  at  least  three  elastic  bars.  The 
needed  truss  and  its  loads  can  be  obtained  from  Fig.  1*1  by  set¬ 
ting 

Thus,  let  us  take  a  truss  with  m  =  3- 

The  number  of  loads  is  v  =  2.  The  space  in  which  the  region 
of  feasible  forces  is  sought  is  «v=4  dimensional. 

The  forces  in  a  truss  with  three  elastic  bars  depend  on  two 
parameters.  Consequently,  the  ensemble  of  the  feasible  Xu,  Xji^Xu,  X2j 
is  given  by  a  two-dimensional  set  of  points ;  i.e.,  surface,  in  the 
four-dimensional  space. 
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Fig.  15 


TABLE  2 
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A)  Bar  numbers. 


Among  statically  indeterminate  trusses  with  three  elastic 
bars  we  think  of  trusses  with  disappearing  areas  in  each  bar  in 
turn. 

Let,  for  example,  F3=*0  (then  F<=no).  This  is  substantially  a 
truss  with  one  redundant  and  two  elastic  bars.  The  ensemble  of 
forces  feasible  in  it,  as  established  in  §1,  is  a  rectangular  seg¬ 
ment.  One  of  its  ends  corresponds  to  a  truss  with  F i=0,  while  the 
other  end  corresponds  to  a  truss  with  F2- 0.  But  since  then  F3= 0, 
then  in  a  four-dimensional  space  one  end  of  the  segment  corre¬ 
sponds  to  a  truss  with  missing  bars  1  and  3,  vvhiie  the  other  cor¬ 
responds  to  a  truss  with  bars  2  and  3  missing.  The  points  proper 
are  denoted  by  (13)  and  (23) >  while  the  segment  is  designated  as 
( 13) -( 23) • 
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Let  then  only  f2=0.  The  feasible  forces  cover  the  segment 
(12)  —  (23)  -  Finally,  when  Z7! =0,  they  cover  the  segment  (12)-(13). 

The  ends  of  the  segments  show  that  the  segments  form  a  tri¬ 
angle  (linear).  The  zero-  and  one-dimensional  boundaries  of  the 
sought  surface  have  been  found.  Symmetry  considerations  force  the 
conclusion  that  this  is  a  plane. 


Thus,  for  v  =  2  (we  recall  that  n=2«idm  =  3)  the  region  of  fea¬ 
sible  forces  is  a  triangle.  Its  vertices  correspond  to  all  the 
statically  determinate  trusses  which  can  be  obtained  from  a  given 
truss  having  three  elastic  bars  by  removing  two  of  them. 

For  the  specific  truss  under  study  (Fig.  14,  Ft  =  co)  the  pro¬ 
jection  of  this  triangle  onto  the  AM,  x2,  plane  is  obtained  from 
Fig.  15,  while  its  projection  onto  the  Xti,  X22  plane  is  obtained 
from  Fig.  16  by  removing  line  4  from  them. 

When  v  >  2  the  region  of  feasible  forces  is  the  triangle  (12) 
(13)  (23)  in  the  2v-dimensional  space. 

The  truss  has  m  =  4. 

The  forces  in  it  depend  on  three  parameters;  t*'-' ref  ore  the 
region  of  feasible  forces  will  be  bound  by  a  thre  aensional  set. 

As  before  the  number  of  loads  is  v  =  2.  Let  us  clarify  the 
two-dimensional  boundaries  of  this  set. 

We  set  F|»=oo.  The  truss  will  consist  of  elastic  bars  2,  3  and 
4.  The  feasible  forces  are  given  by  points  of  the  triangle  (23) 

(24)  (34).  It  Is  tne  first  sought  two-dimensional  boundary. 

fj=  oo,  triangle  (13)  (14)  (34)  is  the  second  boundary; 

F3=*  triangle  (12)  (14)  (24)  is  the  third  boundary; 

F^co,  triangle  (12)  (13)  (23)  is  the  fourth  boundary. 

These  four  triangles  may  isolate  in  a  four-dimensional  space 

a  three-dimensional  region,  but  the  triangles  found  above  will  not 
do  this,  since  they  have  coinciding  vertices,  but  no  coinciding 
sides.  This  points  to  the  fact  that  not  all  the  two-dimensional 
boundaries  have  been  found. 

In  a  truss  with  m  =  4  we  may  set  in  sequence  the  area  of  each 
bar  equal  to  zero. 

Let  Ft=  0.  Then  the  truss  will  consist  of  three  elastic  bars  2, 

3  and  4,  from  which  one  is  redundant.  The  feasible  forces  for  it 
lie  on  a  triangle.  Its  vertices  correspond  to  trusses  in  which  at 
first  only  F2~ 0.  then  only  F3  =  0  and ,  finally,  only  Ft— 0.  But  since 
here  all  the  time  also  F i=0,  then  in  the  four-dimensional  space  the 
triangle  has  vertices  (12),  (13)  «mi(J4).  This  will  be  still  another 
boundary.  We  may  therefore  claim  that: 

Fi=0,  triangle  (12)  (13)  (14)  is  the  fifth  boundary; 

F2— 0,  triangle  (21)  (23)  (24)  is  the  sixth  boundary; 


-  182 


ft 


^3=0,  triangle  (31)  (32)  (34)  is  the  seventh  boundary; 

^4=0,  triangle  (41)  (42)  (43)  is  the  eighth  boundary. 

These  eight  triangles  isolate  some  closed  three-dimensional 
polyhedron  in  the  four-dimensional  space. 

Its  projection  on  the  *n,  coordinate  plana  is  described  in 
Fig.  15,  while  the  projection  on  the  Xl2,  Xa  plane  is  given  in  Fig. 
16. 

These  projections  are  not  convex  polygons.  Consequently,  the 
polyhedron  thus  found  is  not  convex.  This  is  a  new  property  of  the 
region  of  feasible  forces,  which  it  did  not  have  for  n  *  1. 

If  for  n=2«ndv=2  and  the  number  of  bars  in  the  truss  is  n  »  5, 
then  the  region  of  feasible  forces  will  already  be  four-dimen¬ 
sional.  In  general,  in  order  that  in  a  twice  statically  indeter¬ 
minate  truss  for  any  v  the  region  of  feasible  forces  have  the  di¬ 
mensions  of  the  space  in  which  it  is  situated,  it  is  necessary  to 
satisfy  the  condition  m>2v+l. 

3.  As  we  have  seen  above,  from  the  fact  that  the  problem  of 
the  region  of  feasible  forces  for  any  v  i.  n=l  was  solved  by  means 
of  equations  of  statics,  it  followed  that  it  is  solvable  by  the 
same  approach  also  for  n= 2.  The  same  can  be  discovered  for  |n.nd/t+ 1. 
In  other  words,  the  finding  of  the  region  of  feasible  forces  for 
any  n  and  v  is  a  statically  determinate  problem. 

The  vertices  of  the  region  are  easily  found.  The  fact  that 
for  n> 2  this  region  is  not  a  convex  body  appreciably  complicates 
the  finding  of  its  remaining  boundaries.  The  author  expects  to  re¬ 
turn  to  this  problem. 
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^he  rule  of  signs  for  the  forces  of  Fig.  2  and  other  de¬ 
tails  are  given  In  [3]. 

2The  Infinitely  rigid  bars  are  depicted  by  double  lines. 


A  STUDY  OF  THE  FUNCTIONING  OF  THE  TRANSVERSE  STRUCTURE 
OF  A  LARGE-PANEL  BUILDING 

Candidates  of  Technical  Sciences  M.M.  Kholmyanskiy ,  V.M.  Kol  'ner 
and  Engineers  V.F,  Michurin,  L.P.  Serova,  Yu. A.  Tevelev 
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The  modern  large-panel  house  is  a  complex  statically  indeter¬ 
minate  system,  consisting  of  deformable  elements  connected  by  com¬ 
pliant  couplings.  The  need  for  taking  into  account  the  compliance 
of  the  couplings,  as  well  as  the  effect  on  the  compression  and 
shear  of  the  wall  panels  of  production-process  cracks  and  poor 
strength  of  concrete  in  tension  was  noted  in  a  number  of  studies 
[1,  2]. 

One  of  the  most  interesting  attempts  to  bring  the  computa¬ 
tional  scheme  closer  to  actual  conditions  of  the  static  function¬ 
ing  of  a  large-panel  house  was  made  by  B . A .  Kositsyn  [3].  However, 
in  determining  the  rigidity  in  shear  of  wall  structures,  he  has 
not  taken  into  account  the  compliance  of  the  couplings;  in  deter¬ 
mining  the  rigidity  in  shear  the  panels  were  basically  assumed  to 
be  perfectly  rigid,  while  the  compliance  of  the  couplings  was  de¬ 
termined  on  the  basis  of  the  cross  sections  of  connecting  accesso¬ 
ries  in  the  panels’  connecting  strips.  One  must  also  disagree  with 
the  assumption  made  in  this  study  that  the  rigidity  of  the  tension 
zone  of  the  panels  is  determined  solely  by  the  cross  section  of 
the  reinforcements,  i.e.,  that  the  concrete  ceases  entirely  to 
function. 

The  method  of  design  of  the  transverse  structure  of  the  se¬ 
ries  K-7  building  [5],  recommended  in  instructional  literature 
[4],  is  based  on  the  assumption  that  the  thrust  produced  by  a  load 
applied  after  welding  the  seams  in  the  load-bearing  cross  sections 
is  constant  along  the  height.  The  compliance  of  couplings  and  of 
the  panels  is  here  taken  into  account  by  a  single  empirical  coef¬ 
ficient  . 

In  seeking  correct  ways  of  study  and  design  of  large-panel 
buildings,  it  is  first  of  all  necessary  to  forgo  the  estimating 
of  the  stiffness  of  the  building's  elements  on  the  basis  of  the 
elastic  properties  of  the  starting  materials,  which  are  found  by 
testing  small  standard  specimens  (cubes,  prisms,  small  beams, 
etc.),  since  the  functioning  of  panels  depends  on  a  large  number 
of  factors  which  cannot  be  taken  into  account  in  these  tests. 

It  is  possible  to  come  substantially  close  to  reality  when 
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setting  up  a  computational  system  by  making  ust  n  the  actual  de- 
formational  properties  of  the  panels,  which  are  fully  character¬ 
ized  by  the  matrix  of  the  translations  of  points  on  its  contour. 

Below  is  considered  the  design  of  panel  structures,  based  cn 
the  use  of  matrices  of  this  kind  and  making  it  possible  to  take 
into  account  the  compliance  of  couplings  without  substantial  com¬ 
plications.  As  an  example,  we  shall  consider  the  transverse  struc¬ 
ture  of  one  of  the  most  massive  buildings  -  the  K-7. 

§1.  Design  of  the  Transverse  Structure  of  the  K-7  Building 

This  building  has  load-bearing  transverse  structures  with  a 
spacing  of  3.2  m  and  outside  curtain  walls.  The  transverse  struc¬ 
ture  is  formed  by  a  system  of  thin-walled  panels,  which  have 
thickenings  along  the  contour.  The  floor  structures  are  supported 
by  the  lower  flange.  The  design  scheme  of  the  structure  for  the 
case  of  a  vertical  axis  of  symmetry  is  shown  in  Fig.  la. 


Fig.  1 


For  simplicity  we  assume  that:  a)  all  the  couplings  are  lin¬ 
early  deformable,  o)  the  load  and  settling  of  the  supports  are 
uniformly  distributed  in  the  longitudinal  direction. 

We  restrict  ourselves  to  symmetrical  actions.  As  the  princi¬ 
pal  system  we  take  the  statically  indeterminate  system  shown  in 

Fig.  lb. 

Rigidity  of  couplings.  Panels  of  the  same  story  are  intercon¬ 
nected  by  "lateral  couplings"  (Fig.  2a),  while  panels  of  different 
stories  are  connected  by  "end"  couplings  shown  in  a  section 
through  panels  along  the  median  plane  in  Fig.  2b. 

The  compliance  of  couplings  consists  of  the  deformation  of 
the  fastening  accessories  and  the  compliance  of  their  fastening 
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In  the  concrete.  For  symmetrical  forces.  It  is  characterized  by 
three  specified  parameters:  A  ,  which  is  the  horizontal  elongation 

o 

of  the  end  coupling  due  to  a  unit  horizontal  force  applied  to  it, 

A  ,  which  is  the  vertical  elongation  of  the  end  coupling  due  to  a 

unit  vertical  load  applied  to  it,  and  A^,  the  horizontal  elonga¬ 
tion  of  the  lateral  coupling  due  to  the  unit  horizontal  force  ap¬ 
plied  to  It. 

Stiffness  of  the  panels.  The  stiffness  of  the  panels  is  fully 
defined  by  the  displacements  of  points  on  the  contour  in  which  the 
couplings  are  situated,  under  the  action  of  forces  applied  in 
these  points,  as  well  as  due  to  the  load  distributed  along  the 
lower  flange.  Figure  3  shows  the  positive  directions  of  the  cor¬ 
responding  forces  and  translations. 

Henceforth  we  shall  assume  that  all  the  values  A.,  of  trans- 

%k 

lations  in  the  7th  point  of  the  contour  in  the  7th  direction,  due 
to  a  unit  force  applied  in  the  feth  point  of  the  contour  in  the  kth 
direction  are  known. 

Distribution  of  horizontal  forces  among  the  couplings  in  the 
principal  system.  To  determine  the  coefficients  of  canonical  equa¬ 
tions  it  is  every  time  necessary  to  design  the  statically  indeter¬ 
minate  principal  system  for  unit  forces  applied  instead  of  the  cut 
lateral  couplings.  Since  various  versions  of  couplings  and  panels 
are  possible,  this  substantially  complicates  the  calculations.  It 
is  hence  expedient  to  introduce  some  additional  assumptions. 

We  denote  by  the  horizontal  forces  in  the  middle  epd 

couplings  between  the  7th_  and  ( 7  +  l)st  stories  due  to  a  unit 
force  applied  instead  of  the  lateral  couplings  of  the  fcth  story. 

We  assume  that  the  panels  situated  above  the  panel  subjected  to 


-  187  - 


the  load  are  not  functioning.  Then  the  matrix  oi  forces  6 will 

%  K 

take  on  the  form 


Bn  0  0  0 

J*a  0  0 

I'4!*4  I*4  ft 

'll  Pk  P*i  Pu 


As  a  result  of  the  fact  that  the  system  consists  of  identical 
elements,  it  is  possible  to  simplify  it  further,  which  will  be 
quite  useful  when  working  on  a  building  with  a  large  number  of 
stories.  It  may  be  assumed  that 

Pu  —  Pij  =  P14  ~  Pm  =*  Pii 
Pia  ~  Pu  =  Pss  =  Pi; 

Pi«  —  Pa  =  Pal 
Pi»=Pi- 


Comparison  calculations  which  were  made  show  that  the  error 
of  this  assumption  is  within  the  limits  of  the  ordinary  accuracy 
of  calculations. 


To  determine  the  four  unknown  0  .  it  is  sufficient  to  consider 

0 

the  case  when  a  single  load  is  applied  at  the  lateral  couplings  of 
the  5th  story. 

\ 

Dropping  the  horizontal  end  couplings  situated  on  the  inside, 
we  will  get  the  principal  system  for  finding  0^.  which  is  shown  In 

Pig.  4. 


We  now  find  coefficients  a ^  of  this  system. 


For  a  unit  load  Pi- 1  forces  will  arise  only  in  panels  of  the 
4th  and  5th  stories  and  in  couplings  between  the  three  upper  sto¬ 
ries.  Coefficient  an  is  found  as  the  algebraic  sum  of  the  elonga¬ 
tion  of  the  bottom  flange  of  the  fifth-story  panel  and  of  the  up¬ 
per  flange  of  the  fourth-story  panel.  Upon  consideration  of  defor¬ 
mation  of  the  couplings,  we  get 


Further 


an  =  An  +  £33  +  2A1S  -}•  A„  +  4Ar. 

a>i  =  — —  A„;  asi  =  a4,  —  0. 


Having  reference  to  the  fact  that  for  all  the  unit  loads  only 
two  adjoining  panels  are  functioning,  we  get  for  the  remaining  co¬ 
efficients 

an  ~  °»3  ”  °n; 

ail1  ”  °4I  r-  °tl'> 

=  0. 


Determining  the  mutual  translations  at  the  points  of  the  cut 
end  couplings  due  to  a  single  force  according  to  the  diagram  of 
Fig.  4,  we  find  the  load  terms 
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Fig.  4 


ai?  —  'I'  A1S  4-  A7I  4  2Ar  — ~  X 

X  (Alt  4-  Am)  -}-  (A it  4-  Ai4); 

aV  ~  4*  Au  A174  2Ar  +  -j-  (A n  —  A*,)  4* 

« 

4-  ~~(Ai4  4*  Am  —  AM . — An);  . 

°»p  —  4~  An  —  A17  4*  2Ar  4* 


H+* 


(A„  —  A47)  4- 


4  7~  v^«i  —  ^ii  4"  Am  —  AM); 


a*P  =  A|,  +  Aw  —  Aj7  4  2Ar  4 


2 H+h 


(&n  —  A47)  4~ 


4  —7—  (A14  4  A34  —  An  —  A,s). 


We  note  that  coefficient  ai  i  is  very 
small  as  compared  with  an.  If  we  assume 
that  aai^O,  then  the  system  breaks  up  and 

for  the  sought  0  .  we  get 

0 


The  forces  arising  on  unit  loading  in  the  extreme  end  cou¬ 
plings  will  be  denoted  as  a,  =  l  — fa. 

Determination  of  forces  X.  in  lateral  couplings.  After  coef¬ 
ficients  a  .  are  found,  the  difficulties  involving  the  use  of  a 
statically  indeterminate  system  vanish. 

We  now  set  up  the  canonical  equations  of  the  method  of’ forces 
for  the  design  schematic  of  Fig.  la. 

We  denote  the  coefficients  of  these  equations  by  6^.  Each 
coefficient  represents  the  sum 

6  ■  <Y"  (-  ft<’>  -i 

where  A',1*,  *v1'*,nd*i*  are,  respectively,  the  translations  due  to  defor¬ 
mations  of  panels,  couplings,  columns  and  the  foundations. 

We  examine  the  determination  of  translations  due  to  deforma¬ 
tion  of  panels  by  reference  to  coefficient  bty  (Fig.  5)»  which  is 
the  translation  in  direction  2-2  in  state  (I)  due  to  force  X|«l. 

If  the  translations  of  state  (I)  are  regarded  as  feasible, 

then 
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V 


II* 


where  n  is  the  number  of  the  story. 

The  right-hand  side  of  this  equality  is  the  work  of  the  in¬ 
ternal  forces  of  state  (II)  on  translations  of  state  (I),  summed 
over  all  the  stories.  The  work  of  internal  forces  in  each  panel 
can  be  replaced  by  the  work  of  external  forces  applied  to  it, 
taken  with  an  opposite  sign.  Consequently,  if  we  imagine  that  the 
couplings  have  been  removed  and  replaced  by  the  corresponding 
forces  (which  are  denoted  as  QjlH)  for  state  (I)  and  by  P\H)  for 
state  (II),  where  i  and  k  are  numbers  of  couplings),  tnen  the  work 
of  internal  forces  within  the  limits  of  the  nth_  story  (W^,,)  will 
be  equal  to  the  sum  of  works  of  forces  Pjn),P(2H) . P(n)  on  transla¬ 

tions  of  the  points  of  application  of  these  forces  in  state  (I). 


Fig.  5 


x -t 


Fig.  6 .  1)  nth_  story . 


'  ¥ 

T 
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Since  the  translation  of  the  ith  point  of  the  panel  in  the 
ith  direction  for  state  (I)  is  E  A t Cpp  (Pig.  6),  then  for  the  nth 

*-i 

story  we  get 

ZTQt'*,, 

l-l  *-l 


and,  summing  over  all  the  stories, 

i  iw s»v 

n  n- 1  (-1  t-1 


Calculations  using  the  formula  thus  obtained  are  quite  cum¬ 
bersome,  for  which  reason  use  should  be  made  of  the  system's  regu¬ 
larity. 

In  calculations  we  have  to  consider  panels  of  five  stories 
for  five-unit  loads.  However,  there  will  be  a  total  of  nine  dif¬ 
ferent  combinations.  The  five  main  combinations  I-V  are  shown  in 
Fig.  7.  Due  to  the  fact  that  panels  of  the  lst^  story  have  special 
support  conditions,  we  have  four  additional  combinations:  I*|  II*,  III* 
and  IV*,  which  differ  only  by  the  magnitude  of  horizontal  forces 
in  the  bottom  corners,  i.e.,  in  the  left  corner  they  are  zero, 
while  in  the  right  corner  they  are  equal  to  unity. 

We  denote  the  work  of  forces  of  combination  m  attendant  to 
translations  of  combination  l  by  w  7 ;  it  is  determined  In  precise- 

17\  (s 

ly  the  same  manner  as  W(l\, .  Then,  as  follows  from  Fig.  5- 
did  in  the  general  case 

5-* 

60=  V  If'  4-07 

vlk  Zj  w  1,1,  -  I  -  I  “  w  6-1,  (6- 
/«! 


The  last  term  in  this  sum  pertains  to  principal  combination 
6  —  i  and  to  the  additional  combination  (6— k)  *. 

We  now  pass  on  to  determination  of  translations  flj*.  which  are 
calculated  as  the  sum  of  works  of  forces  in  the  lateral  («${)  and 
the  end  (a$)  couplings 

Here,  obviously,  " 

vj&Ma  wh'n  **^*5 

(A$  when  l  *—  k . 

For  che  work  of  forces  in  end  couplings,  using  typical  com¬ 
binations  of  forces  shown  in  Fig.  7,  we  get  the  general  expression 


♦ 


5--* 

X  (/«  +  h)  ((*  - 1 4-/)  H  +  hi  4- 
«-° 

+  2Ar  2  (a, a*_<+/+ 

.  /-» 

It  remains  to  determine  Aft’. 

We  denote  by  AK.r (AK.B)  the  horizontal  (vertical)  translation  of 
the  top  of  the  columns  due  to  unit  horizontal  (vertical)  load. 


1 

I 

t,m 

*JL 

1  JfO±  JH*h\  .  tit**  Ml* 

L  l  f  i  1 


Fig.  7 


Let  the  forces  in  the  extreme  columns  in  the  ith_  state,  i.e., 
on  application  of  unit  load  =  1,  be  while  in  the  fcth  state 

let  them  be  R fe.  The  forces  in  the  center  column  will  be  twice  as 
large,  i.e.,  2R{^2Rk.  For  *»»  by  analogy  with  the  expression  for  U7<;> 
we  get 

«S  -A,  +  i~  [*,*.+ («,)  <w.)  +  »,*,|  A.- A, +3s,k,A..- 

Replacing  and  R k  by  the  expressions  shown  in  Pig.  7,  we 

find 


n 
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</<*> 


A  _l  a a  (5—*) //  jr h  (') — Qtf  +  ft 

u«.r  '  ou«.»  ^ 


The  elastic  compliance  of  the  foundation  may  be  taken  into 
account  when  determining  Al<r.ndA,<.B.  The  nonelastic  settling  of  the 
ground  is  approximately  assumed  to  be  independent  of  the  load;  it 
is  contained  in  the  free  terms. 


Free  terms  of  canonical  equations,  a)  Panels  loaded  symmetri¬ 
cally  along  the  bottom  flange. 


We  shall  assume  that  the  translations  A.  of  points  on  the 

iq 

contour  of  a  freely  supported  panel  due  to  a  uniformly  distributed 
load  are  known. 

The  sought  load  terms  are  expressed  by  the  sum 

where  flj"’  are  the  translations  of  the  ith  point  of  the  contour  of 
the  panel  in  the  ith_  direction  due  to  the  load  exerted 
by  the  given  story; 

bfj  are  the  same,  due  to  the  load  exerted  by  above-lying  sto¬ 
ries  ; 

f>\y  are  the  same,  due  to  deformation  of  couplings; 

6*^  are  the  same,  due  to  deformation  of  column  and  elastic 
deformations  of  the  ground. 

The  translations  are  found  entirely  by  analogy  with  deter¬ 
mination  of  coefficients  For  symmetrical  panels  vanish. 

The  term  may  be  usually  disregarded  due  to  the  smallness  of 
forces  in  the  horizontal  end  couplings. 


b)  Nonuniform  settling  of  supports .  Denoting  £he  difference 
in  settling  of  extreme  and  central  supports  by  A0  and  assuming 
that  the  center  support  settles  more,  we  get 


(5-/)  H  +  k 


X- 


§2.  Experimental  Determination  of  the  Stiffness  of  Panels  and 
Rigidity  of  Couplings 

Stiffness  of  panels.  As  was  previously  mentioned,  nonelastic 
deformations  are,  as  a  rule,  not  considered  in  the  design  of 
panels.  To  estimate  the  errors  which  arise  as  a  result  of  this, 
we  have  tested  full-size  panels  with  and  without  openings.  Concen¬ 
trated  forces  were  applied  at  points  1-7 ‘(Fig.  3);  translations 
A^j,  were  measured  by  indicators.  In  addition,  the  bottom  flanges 

of  the  panels  were  subjected  to  a  uniformly  distributed  load.  The 
over-all  view  of  the  testing  setup  is  shown  in  Fig.  8,  while  the 
results  of  experiments  for  a  panel  with  an  opening,  analyzed  on 
the  assumption  of  mutuality  of  translations  are  tabulated  in 
Table  1. 
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TABLE  1 

Values  of  Au»ndAi9  in  Microns  Obtained  by  Measurement 
on  Full-Size  Panels 


\  k 

1  \ 

1 

•  i 

s 

4 

5 

6 

7 

4-1  T/M 

A 

1 

508 

-27 

-194 

3 

-410 

-55 

—193 

829 

2 

-27 

66 

88 

-1 

0 

—1 

72 

3 

-194 

88 

344 

3 

90 

0 

116 

-439 

4 

— 3 

0 

3 

44 

-5 

39 

3 

37 

5 

-410 

-1 

-5 

688 

0 

152 

-702 

6 

—55 

KWM 

0 

39 

0 

39 

0 

30 

7 

-193 

'em 

116 

152 

0 

310 

-53 

A)  t/m. 


Fig-  8  GRAPHIC  NOT  REPRODUCIBLE 


The  values  of  thus  obtained  could  have  been  compared 

with  those  obtained  by  computation.  However,  due  to  the  complex 
shape  of  the  panels,  a  sufficiently  accurate  calculation  for  them 
requires  laborious  numerical  methods.  Hence  the  magnitudes  of 
translations  A<*.ndA iq  on  the  assumption  of  an  elastically  function¬ 
ing  material  were  obtained  not  by  computation,  but  by  testing 
elastic  models  made  to  the  1:8  scale  from  organic  glass. 

The  over-all  view  of  the  model  and  of  the  testing  setup  is 
shown  in  the  photograph  of  Fig.  9.  Similarity  between  the  model 
and  original  was  given  by  the  formula 
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<1 


f 


B0 

wher1  AQ  are  the  translations  of  points  on  the  contour  of  the 
original; 

Am  are  the  translations  of  points  on  the  contour  of  the 
model; 

E0  is  the  elastic  modulus  of  the  material  of  the  original; 

Em  is  the  elastic  modulus  of  the  material  of  the  model; 

k i  is  the  ratio  of  the  dimensions  of  the  model  to  those  of 
the  original; 

k 2  is  the  ratio  of  the  load  applied  to  the  original  to  the 
load  applied  to  the  model. 

The  results  thus  obtained  are  tabulated  in  Table  2. 


TABLE  2 

Values  of  A<*«ndA„  in  Microns,  Obtained  by  Testing 
Elastic  Models 


\  * 

1  \ 

1 

J 

3 

4 

6 

6 

7 

*-l  t/m 

A 

1 

lf>8 

15 

-79 

-17 

—128 

-17 

-60 

267 

2 

15 

G6 

28 

—4 

21 

0 

0 

22 
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As  is  shown  by  comparing  these  data  with  those  presented  in 
Table  1,  the  ratio  of  the  actual  translations  to  those  of  a  per¬ 
fectly  elastic  panel  (this  ratio  will  be  denoted  by  y)  is  usually 
greater  than  unity.  The  value  of  y  changes  when  a  unit  load  is 
moved  along  the  panel's  contour.  If  the  vertical  load  is  applied 
to  the  upper  corner,  then  y  «  1,  If  it  is  applied  to  the  upper 
flange  in  the  h  point  of  the  span,  then  y  =  1.23,  while  for  a  mid¬ 
span  loading  y  =  2.1.  The  corresponding  values  for  the  bottom 
flange  are  y  =  1,  1.64,  2.13.  For  a  horizontal  load  y  varies  from 
2  to  2.5. 

Thus,  depending  on  whether  compressive,  tensile  or  shear 
strains  predominate,  the  actual  stiffness  may  be  found  to  be  the 
same  as  for  a  perfectly  rigid  panel,'  but  also  may  be  by  a  factor 
of  1.5-2. 5  lower.  It  is  natural  that  this  circumstance  must  be 
considered  in  design. 

The  causes  of  the  reduced  stiffness  of  full-size  panels 
should  be  sought  in  the  presence  of  production-process  cracks  and 
elevated  deformability  of  concrete  In  tension. 

Rigidity  of  couplings.  All  the  couplings  between  panels  (Fig. 
2)  are  implemented  by  means  of  insertable  connections  of  a  single 
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type  in  the  form  of  a  "table,"  consisting  of  a  it  eel  plate  and  an¬ 
chors  from  smooth  or  shaped  round  steel.  Since  the  panels  are  con¬ 
nected  by  several  insertable  connections  situated  at  quite  large 
distances  from  one  another,  then  it  may  be  assumed  that  each  panel 
resists  only  axial  forces,  as  this  is  shown  in  Fig.  10a. 
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Fig.  10.  1)  Principal  scheme;  2)  main 
scheme . 


Connections  using  insertable  components  are  inevitably  com¬ 
pliant.  The  main  source  of  compliance  is  the  insertion  of  anchors 
in  the  concrete.  The  anchors  of  the  insertable  part,  as  shown  in 
Fig.  10b,  are  subjected  to  axial  forces  (ff),  shear  forces  ( Q )  and 
bending  moment  (m) .  The  anchors  are  usually  made  from  a  periodic- 
shape  steel  from  10  to  16  mm  in  diameter.  In  order  to  characterize 
the  compliance  of  the  insertion  of  anchors.  Fig.  11  shows  experi¬ 
mental  curves  of  the  axini  translation  (y)  as  a  function  of  N, 
lateral  translation  (6)  as  a  function  of  Q  and  the  angle  of  twist 
(q>>  as  a  function  of  M  for  an  anchor  14  mm  in  diameter,  inserted 
into  200  concrete  to  a  depth  of  20  cm.  It  follows  from  these 
graphs  that: 

a)  the  compliance  of  anchor  insertion  increases  nonlinearly 
with  an  increase  in  load; 

b)  for  stresses  in  anchors  equal  to  the  design  strength  of 
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steel  (the  anchors  are  made  from  25T2C  steel)  the  axial  transla¬ 
tions  (g)  are  as  high  as  170  ym,  i.e.,  they  are  commensurable  with 
the  translations  of  points  on  the  contours  panels.  The  lateral 
translations  (6)  are  even  greater;  for  the  same  forces  they  exceed 
the  axial  translations  by  approximately  an  order  of  magnitude. 


b  ‘ 


Fig.  11.  1)  ym;  2)  kg;  3)  kg-m. 


Consequently,  if  we  want  to  know  the  actual  force  distribu¬ 
tion  between  structural  elements,  it  is  at  least  as  erroneous  to 
consider  the  couplings  as  perfectly  rigid  as  imparting  these  prop¬ 
erties  to  panels.  The  latter,  it  should  be  said,  is  almost  never 
done,  while  the  first  is  assumed  by  far  not  always. 

Apparently,  it  is  completely  expedient  to  limit  the  deforma¬ 
tions  of  couplings  by  limits  within  which  they  may  be  approximate¬ 
ly  regarded  as  linearly  deformable.  It  is  assumed  henceforth  that 
the  deformations  do  not  go  past;  these  limits. 

§3.  Results  of  Calculating  the  Transverse  Structure  and  Estimate 
of  the  Effect  of  the  Stiffness  of  its  Elements 

In  accordance  with  the  results  presented  in  §1,  we  have  de¬ 
signed  the  transverse  structure  for  the  combined  effect  of  a  sym- 
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metrical  vertical  load  and  nonuniform  settling  of  supports.  In 
these  calculations  we  assumed: 

a)  the  difference  between  the  settling  of  the  extreme  and 
center  supports  is 

Ao= 0,00151  =  7,32  mm; 

b)  the  compliances  of  the  couplings  are 

Ar=60  ym/t;  A,-7  ym/t;  A6  =  30  ym/t;  A„=0. 

The  stiffness  of  the  panels  was  determined  from  Table  1. 

The  results  of  these  calculations  are  shown  in  Pig.  12. 

The  interaction  between  the  left  and  right  sides  of  the 
transverse  structure  are  characterized  by  forces  in  lateral  cou¬ 
plings  which  vary  with  the  height;  the  presence  of  these  forces 
overloads  the  side  couplings  of  the  first  story,  and  also  of  the 
extreme  supports  as  comoared  with  the  center  supports  (42.66  and 
17.34  t). 

If  one  uses.  Instead  of  the  data  of  Table  1,  the  stiffnesses 
of  panels  determined  by  testing  elastic  models,  then,  as  was  shown 
by  calculations,  the  forces  in  the  end  couplings  will  be  found  to 
be  greater  than  given  In  Fig.  12  by  approximately  20?!,  while  the 
forces  in  the  extreme  supports  will  now  be  not  2-,  but  3-fold 
greater  than  in  the  middle  support .  This  again  shows  the  need  of 
a  sufficiently  accurate  estimate  of  the  stiffness  of  a  building's 
elements.  On  the  other  hand,  the  problem  is  raised  whether  it  Is 
possible,  within  the  permissible  limits  of  stiffness  of  couplings 
and  panels,  to  obtain  an  optimal  distribution  of  forces  between 
elements.  Such  an  analysis  was  made. 

For  the  structure  under  consideration  it  was  found  to  be 
practically  possible  to  vary  the  stiffness  characteristics  within 
the  following  limits : 

a)  for  panels  —  from  the  values  in  Table  1,  corresponding  to 
panels  from  heavy  concrete,  to  a  stiffness  1.5-3-fold  smaller  when 
using  light  concretes; 

b)  for  side  couplings  to  500  ym/t; 

c)  for  horizontal  end  couplings  to  150  ym/t; 

d)  for  vertical  end  couplings  to  20  ym/t. 

As  a  result  of  the  system's  regularity.  It  is  most  desirable 
to  achieve  a  uniform  distribution  of  forces  ajnong  its  element;  the 
following  parameters  were  taken  as  uniformity  criteria: 

a)  maximum  force  in  lateral  couplings  -  X  : 

Hid  X 

b)  maximum  force  in  horizontal  end  couplings  -  H; 

c)  quantity  n,  being  the  ratio  of  the  total  force  In  the  ex¬ 
treme  supports  of  the  lst_  story  to  half  the  vertical  load. 
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Fig.  12 


The  calculations  were  made  on  the  assumption  that  the  columns 
are  perfectly  rigid,  and  that  the  ground  is  not  subject  to  elastic 
deformations.  Coefficient  k  expresses  the  ratio  of  the  actual 
stiffness  of  a  panel  to  that  calculated  on  the  basis  of  the  elas¬ 
tic  properties  of  materials  . 

The  results  of  calculations  are  tabulated  in  Table  3.  The 
main  conclusion  following  from  Table  3  consists  in  the  beneficial 
effect  of  reducing  the  stiffness  of  the  panels,  as  well  as  the 
rigidity  of  couplings.  The  character  of  this  effect  is  such  that, 
with  moderate  reservations,  it  is  possible  to  regard  the  effect 
of  coupling  rigidity  as  a  local  phenomenon.  Thus,  increasing  the 
compliance  of  lateral  couplings  we  first  of  all  reduce  the  forces 
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In  these  couplings;  a  similar  effect  is  achieved  oy  reducing  the 
rigidity  of  end  couplings  in  the  horizontal  direction.  Prom  the 
point  of  view  of  equalizing  the  pressures  on  the  supports  it  is 
most  effective  to  reduce  the  stiffness  of  panels;  howeve”,  it  is 
apparently  impossible  to  obtain  in  practice  a  value  of  n  below  1.4. 
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Increasing  the  compliance  of  couplings  above  these  limits  may 
result  in  loosening  of  the  seams;  a  further  reduction  in  the 
stiffness  of  panels  is  difficult  to  obtain.  Hence  one  should 
strive  to  a  simultaneous  reduction  of  the  rigidity  of  all  the 
structural  elements . 

It  is  clear  that  this  conclusion  is  valid  only  from  the  point 
of  view  of  the  effect  on  nonuniform  settling  of  supports,  while 
the  decisive  factor  for  the  action  of  the  load  is  the  ratio  of  the 
rigidities,  rather  than  their  absolute  value.  The  effect  of  simul¬ 
taneous  variation  of  the  rigidity  of  all  the  couplings  is  charac¬ 
terized  by  Table  4. 

A  reduction  in  the  rigidity  of  couplings  within  feasible  lim¬ 
its  thus,  first  of  all,  results  in  a  sharp  reduction  of  horizontal 

forces;  X  is  reduced  approximately  4-fold,  while  H  drops  ap- 
max 
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proximately  3-fold.  The  vertical  forces  in  end  couplings  due  to 
the  vertical  load  remain  almost  unchanged,  and  those  dtie  to  set¬ 
tling  of  supports  become  substantially  smaller  in  the  lower  sto- 
rier  , 


We  note  that  we  are  dealing  with  a  simultaneous  change  in 
rigidities  of  all  the  couplings  each  time  when  the  strength  of  the 
concrete  of  the  panel  into  which  the  coupling  anchors  are  in¬ 
serted  is  changed. 


The  above  calculations  were  made  on  the  assumption  that  the 
columns  are  perfectly  rigid  and  with  consideration  only  of  the  in¬ 
elastic  settling  of  the  supports.  To  estimate  the  possible  effect 
of  elasticity  of  columns  .and  of  the  foundations,  the  transverse 
structure  was  designed  for  three  values  of  o  ym/t,  70  ym/t  and 

230  ym/t,  which  corresponds  to  a  transition  from  a  rock  foundation 
to  the  weakest  soils  encountered  in  practice.  The  calculations 
were  made  on  assumption  of  perfectly  rigid  couplings  and  with 
k  =  1. 

The  results  are  presented  in  Table  5  separately  for  vertical 
load  and  settling  of  supports,  since  the  effect  of  A^  was  found 

to  be  different  for  these  two  effects. 
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With  an  increase  in  A,  the  horizontal  forces  H  and  AT  due 

k  max 

to  the  vertical  load  increase,  while  those  due  to  inelastic  set¬ 
tling  of  supports  decrease.  As  a  whole,  the  effect  of  reducing  the 
elastic  stiffness  of  the  foundation  for  the  given  value  of  Aq  was 

found  to  be  positive.  It  Is  desirable  to  simultaneously  reduce-  the 
inelastic  and  increase  the  elastic  deformation  of  ground.  The  pos¬ 
itive  effect  of  elastic  deformations  of  the  foundation,  due  to 
which  the  forces  produced  by  settling  of  the  foundation  are  redis¬ 
tributed,  nevertheless  by  no  means  allows  to  expect  complete  elim¬ 
ination  of  nonuniformity  in  the  distribution  of  forces  among  the 
building's  elements. 

The  analysis  which  was  made  makes  it  possible  to  note  certain 
features  in  the  functioning  of  the  transverse  structure: 
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a)  the  forces  produced  in  lateral  couplings  oy  the  vertical 
load  increase  downward,  while  those  due  to  settling  of  the  center 
support,  conversely,  increase  upward.  The  design  forces  are  the 
forces  in  the  couplings  of  the  second  story; 

b)  the  vertical  force  in  end  couplings  reaches  its  maximum 
between  the  columns  and  panels  of  the  first  story; 

c)  the  horizontal  force  in  the  end  couplings  reaches  its  max¬ 
imum  in  the  extreme  couplings  between  the  first  and  second  stories 
and  in  the  center  couplings  between  the  columns  and  panels  of  the 
first  story. 

§4.  Conclusions 

1.  Modem  typical  structures  of  large-panel  residential 
buildings  are  produced  by  the  hundreds  and  thousands.  It  is  hence 
expedient,  in  order  to  refine  starting  data  for  design,  to  have 
resort  to  experiments,  as  this  is  done,  for  example,  in  the  air¬ 
craft  industry.  It  is  possible  that  after  accumulating  experimen¬ 
tal  data  it  will  be  possible  to  replace  tests  of  full-size  ele¬ 
ments  ly  testing  models  or  by  calculations. 

2.  Tests  of  full-size  panels  and  of  elastic  models  have  shown 
that,  depending  on  the  kind  of  predominant  deformation,  the  actual 
stiffness  of  panels  may  be  found  almost  the  same  as  in  an  ideal 
panel,  but  may  also  be  smaller  by  a  factor  of  1.5-2. 5. 

The  compliance  of  couplings  Is  of  the  same  order  of  magnitude 
as  the  translations  of  points  on  the  panel  contours. 

3.  The  direct  application  of  the  principle  of  feasible  trans¬ 
lations  makes  it  possible  to  perform  calculations  with  an  accurate 
consideration  of  the  actual  stiffness  of  panels  and  rigidity  of 
couplings . 

The  design  of  the  transverse  structure  of  a  series  K-7  build¬ 
ing,  made  on  the  basis  of  experimental  data,  has  shown  that  the 
above  method  is  practically  feasible.  Despite  the  relative  com¬ 
plexity  of  the  structure,  it  was  possible  to  study  the  effect  of 
the  majority  of  major  factors  on  its  functioning. 

The  studies  were  performed  In  the  All-Union  Scientific  Re¬ 
search  Institute  of  Reinforced-Concrete  Products  and  Nonmetallic 
Materials . 
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DESIGN  OF  THREE-DIMENSIONAL  COMPOSITE  AND  MONOLITHIC 
THIN-WALLED  BOX-TYPE  STRUCTURES 

Candidate  of  Technical  Sciences  B.P.  Vol'fson 
(Moscow ) 


The  present  article  gives  a  derivation  of  systems  of  differ¬ 
ential  equations  describing  the  s tressed-strained  state  of  com¬ 
posite  and  monolithic  thin-walled  box-type  structures  subjected 
to  a  three-dimensional  load  and  for  different  conditions  of  con¬ 
necting  the  end  facets-diaphragms  to  the  longitudinal  facets- 
plates.  Equations  for  composite  structures,  whose  longitudinal 
facets  are  interconnected  by  four  types  of  couplings  were  assumed 
on  the  assumption  that  only  the  longitudinal  shear  couplings  are 
elastocompliant .  Integration  of  the  obtained  systems  of  equations 
for  certain  kinds  of  loads,  most  frequently  encountered  in  prac¬ 
tice,  is  performed  in  the  closed  form. 

The  solutions  of  the  present  articles  are  based  on  equations 
obtained  in  [2]  for  the  study  of  composite  thin-walled,  multi- 
jointed  prismatic  structures. 

§1.  The  Stressed-Strained  State  of  Box-Type  Structures  Subjected 
io  Three-Dimensional  Loading 

We  consider  a  box-type  structure,  composed  of  four  plates  in¬ 
terconnected  in  its  longitudinal  seams  by  four  types  of  couplings 
(Pig.  1),  with  the  couplings  preventing  transverse  translation  and 
mutual  rotation  of  the  edges  of  facets  being  regarded  as  perfectly 
rigid,  while  the  couplings  resisting  longitudinal  shear  being  con¬ 
sidered  as  elastocompliant,  with  a  finite  rigidity  B  and  permit¬ 
ting  mutual  translation  of  the  edges  of  the  facets  in  the  longi¬ 
tudinal  direction.  This  box  structure  is  henceforth  called  a  com¬ 
posite  box  structure,  as  opposed  to  a  monolithic  structure,  in 
which  all  the  couplings  joining  the  individual  plates  are  perfect¬ 
ly  rigid.  The  dimensions  h ,  hQ  and  h u  define,  respectively,  the 

positions  of  the  centers  of  gravity,  of  flexure  and  of  torsion 
(Fig.  1). 

Due  to  the  fact  that  the  transverse  and  angular  couplings  are 
perfectly  rigid  and  also  due  to  the  smallness  of  the  twisting  mo¬ 
ments,  which  can  be  taken  up  by  individual  facets,  Eq.  (10)  ob¬ 
tained  in  [2]  will  be  written  in  the  form 
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5  2  £/;,  m  -  2  2  P,s„,,  (/„<«)-  2 1  u„  w  - 

-££gc,,,)v';,M  +  p,,-0; 

22  w + 22  v„  W  -  22  v„  v„  <«)+»„  -  o, 

where 

aU-rj  =.  J  <P,l(S)Vry(*)dFi  • 

«l/.r,  =  2{v{,  (S)-9{+'  (S)]  [  <pty  (I)  -<p/+»  (s)J  ; 

Vy  =  f«P;,(s)<p;y(s)dF;  cw>ry=  f  %,(sWr,(s)dF; 

F  F  . 

c//.«  "  j  tyWV*^  /•*,.„  =  j 

S*/.fP  =  I  ~EJ  tL  ds‘  Pry  (*)  =  j  P9,y  (s)  ds;  <7*  (Z)  “  j*  <P|>„  (S)  ds; 

*•.  £  L  . 

I 

^^,(2)  are  the  sought  generalized  translations  of  the  mid¬ 
dle  surface  of  an  individual  component  of  the 
plate; 

<Pu(S)  .n<nl>*i(s)  are  functions  of  the  transverse  distriDution  of 
>}  *"  translations,  which  are  to  be  preselected; 

E  and  G  are  the  Ist_  and  Ilnd  kind  moduli  of  elasticity  of 
the  plate  material; 

is  the  coefficient  of  rigidity  of  longitudinal 
shear  couplings  of  the  ith  seam; 
p*=p(z-,s)mn,tq*=q(z\s)  are  specified  external  forces. 


Pig.  1 


-  205 


I 


In  the  absence  of  angular  couplings  between  the  plates  making 
up  the  box  structure  (the  longitudinal  seams  are  cylindrical 
hinges)  the  third  term  in  the  second  equation  of  System  (1),  ex¬ 
pressing  the  work  on  internal  forces  on  flexural  deformations  of 
the  strip  in  its  plate  will  vanish. 

We  cut  out  from  the  structure  an  elementary  strip  of  width 
dz.  Since  each  element  of  the  strip  has 1  two  degrees  of  freedom 
with  respect  to  longitudinal  translations,  and  the  entire  strip 
as  a  whole  has  four  degrees  of  freedom  in  the  plane  of  the  cross 
section  (taking  into  account  deformation  of  the  contour),  then  the 
total  number  of  degrees  of  freedom  of  an  elementary  strip  is 

4  4 

A  —  S/n,+  S  */  =  2-4+4=  12, 

/“i  /“i 


where  ^re  the  number  of  degrees  of  freedom  with  respect  to 

the  longitudinal  and  transverse  translations  of  an 
elementary  strip  cut  out  from  the  jth.  element  of  the 
structure. 

Henceforth  we  assume  the  following  limits  of  summation  in 
calculating  individual  terms  of  equations 

/- 4;  t  =  2;  A  =  4. 


The  number  of  functions  of  the  transverse  distribution  of 
translations  should  thus  be  12  and  the  components  of  the  vector 
of  the  total  translation  of  an  arbitrary  point  of  the  structure 
will  be  written  as 


4  2 

u(z\  s)=  2  ^//(*)<Pu(s)  =  ^u(*)*Pll(s)  4 ■  ^i«(*)<Pli(s)  "b 

l-t  l-l 

-f  •  — b  (z)  <Pm  (s)» 

t»(z;s)=  £  H  Vkl(z)yk,  (s)=  y, t,_4(z)*|>, .,_<(*)-+- 

l-i  *~i 

H - b  ^,1-4  (*)  ^.i _ « (s)' 


(3) 


Functions  <Pu(s)  are  selected  in  the  ’orm 

<Pu(s)  =  1;  <Pu(s)=  1;  <Pi3 (s)  =  1;  <Pj«(s)=  l; 

<Pai  («)  “  x  (s)\  <p21  (s)  =  y  (s);  (pM  (s)  =  x  (s);  <pu  (s)  =  y(s). 


where  x(s)***y(s)  are  coordinates  of  an  arbitrary  point  on  the  con¬ 
tour,  while  functions  ^*j(s)  are  selected  in  the  form 

'I =  A (*);  _4  (s)  =  x'(s)\ 

%,1  <(s) ^4.^-4 (S)  *= x'(s)y(s)  +  x(s)y'(s ), 

where  h(s)  is  the  distance  along  a  normal  from  center  0  to  a  cor¬ 
responding  plate  facet,  x'(s),  y'(s)  are  derivatives  of  these  coordi¬ 
nates  with  respect  to  s. 

The  diagrams  of  functions  'I’aj(s)  and  of  derivatives 

are  shown  in  Fig.  2. 
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The  generalized  translations  for  selected  functions  of  the 
transverse  distribution  have  a  completely  defined  physical  meaning. 

From  now  on  we  denote 

Ull(z)  =  Ull^Vkt(z)  =  Vlll. 


We  now  show  for  illustration  how  the  expansion  of  the  second 
term  of  the  first  of  equations  of  System  (1)  is  written  for  ry  ■ 

=  11.  We  shall  traverse  the  contour  of  the  elementary  strip  clock¬ 
wise,  i.e.,  the  values  of  the  mutual  longitudinal  translation  of 
the  two  elements  being  connected  will  be  determined  in  the  point 
of  contact  by  subtracting  from  the  values  of  function  tyjl*)  for 
elements  (1).  (2).  (3)*  (4)  of  the  strip  the  values  of  this  same  func¬ 
tion,  respectively,  for  elements  <2),  (3),  (4),  (I)  (see  Fig.  1).  Thus 


where 


/..i 


2 

2  P/  fl/y,n  Uii  —  P/  (a  a.a  Un 


t-  i 


•  +  a»«,u  Uu)< 


P<  an.n  “  P/X[  ?(,(«)  — j  q>{,  (s)—  <p{+'  (s)J  =  ft  [0— Ij  (0—1]  + 

+  P,  11-01  [  J-Oj  +  ft  +  ft  =  ft  +  ft  =  2ft,  f 


■.inc.  ft  ft(0  —  oj  [0  —  0]  *=  0. 


The  remaining  coefficients  of  the  unknown  functions  of  other 
terms  of  the  equations  are  determined  similarly. 


Upon  performing  the  required  computations,  we  get  a  system 
of  differential  equations  which  define  the  stressed-strained  state 
of  a  composite  box-like  structure  subjected  to  a  three-dimensional 
load.  The  system  in  matrix  form  is  shown  in  Table  1.  The  coeffi¬ 
cients  of  the  matrix  are  reciprocal,  and  the  matrix  proper  is  sym¬ 
metrical  about  the  principal  diagonal. 

Certain  particular  cases,  to  which  it  is  possible  to  pass  on 
from  the  system  of  equations  obtained,  are  of  interest. 

Thus,  assuming  62=43,  hg=hy,*=he=  we  get  a  system  of 

equations  which  define  the  stressed-strained  state  of  a  composite 
box-type  structure  whose  cross  section  has  two  axes  of  symmetry. 

• 

If  all  the  couplings  in  the  seams  are  assumed  to  be  perfectly 
rigid,  thus  eliminating  mutual  translations  of  the  component 
plate-facets  of  the  box  structure,  then  the  coefficients  of  the 
unknown  functions  in  the  matrix  of  Table  1  containing  3i  and  02 
will  be  zero,  and  the  system  of  equations  thus  obtained  will  de¬ 
scribe  the  stressed-strained  state  of  a  monolithic  box  structure 
which  has  the  same  cross  section  as  corresponding  composite  struc¬ 
ture  . 


It  is  natural  that  the  system  of  equations  presented  on  page 
283  of  [1]  for  a  monolithic  box  structure  is  a  particular  case  of 
the  system  presented  in  Table  1. 
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TABLE  1 

Matrix  of  the  System  of  Equations,  Describing  the 
Stressed-Strained  State  of  a  Composite  Box-Type 
Structure  (the  Cross  Section  has  a  Single  Vertical 
Axis  of  Symmetry)  Subjected  to  a  Three-Dimensional 
Load 


M  ypi»- 
mciihA  . 

A 

U,  1  (*) 

' 

Utt  <«) 

Um  (*) 

£/»<*> 

1 

flu 

0 

0)4 

0 

—  an 

2 

flu 

a22  Dt—On 

All 

0 

flf» 

<4^J+flw 

3 

0 

flu 

4D’-033 

flii 

0 

flu 

4 

«4l 

0 

flu 

OhP'-O" 

—  041 

0«^i+«4« 

5 

0 

fl»i 

0 

aKDt~aU 

0 

G 

—<7,1 

ati2°,+a62 

0|l 

0 

“68°*— Oes 

7 

0 

—  fl;s 

0 

fl?4 

fl78D‘+a7B 

0 

8 

0 

a<00i+°82 

0 

““M0*— «84 

—  fl« 

0 

9 

0 

0 

0 

0 

°95® 

0 

10 

0 

0 

0 

0 

°io,5  D 

0 

♦  f 

11 

0 

0 

0 

0 

0 

12 

0 

0 

0 

0 

— a12  s  D 

0 

®«» =  =  ~y  (P«  +  fc); 

fl46  =aM  *=  ”2^  (A  ~  2 Ac); 

au=<1M:r=Pi  A,  —  Pt(A  —  he); 

a47  =  «»«=-  P*(A— Af)|; 

.  .  EF\a  ■ 

*48  =*84  =  -7-  (h  ~2ht); 

a«i=a*i=~  [PiAf— P,(A- Af )]; 

.  £a* 

aM  **  "Y  (Ft+F,); 

flM  =  Y(Pl+P.)+0(/r.+F.); 

•  •  £a*  , 

°»7-°75:=  “Y  Fthg  + 

+  Ft(h-hf)]; 

a* 

a»1  =  <*74  =  Y  fPl  Af  — 

-P»(A-A,)J  + 

+  0[f.Ar  -£,(A-Af)) 


a„  =  ££«: 

°u  —  2PiI 
®14  =  041=“  PlI 

0|«  =  041*=  Pr. 

au  —  Qti  =*  2Af  Pi; 


22 


£Fi; 


=  Pi  +  P»; 

a*,  ■=  aM  =  Pi 
a 

On  r!*  a»i  =  Y  (P»"tP*)* 
°26  —a62  ~  .  2  (A 


OneptTOp:  - 
£>«(.  .  .)  1 
b»  =  (...)  " 


an*=a«#=P,Ac  —  p,(h  —  hc); 
a 

°*1  =  °74  =  Y  IP*  A»  — 

— Pi(A-A,)l; 

.  .  ££ia  v 

°28  ”082  =  — (A  _ 

On  =  fln  1  =  Y  IP*  Af  “ 

-Pt(h-hg)]; 


“38  ’ 


££•; 


flu  =  2  Pi; 

fli«  “  fl«»  =  Pi! 

flu  =  fl»»  =  2P>  (A  —  Af); 
fl^i  EF\\ 

*u  =  Pi  +  P« 
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TABLE  1  (continued) 


u„  «) 

u..<*) 

Vl.l-4<*> 

V2..~4<*> 

VJ.l-4<*). 

\l-4<“ 

C»o6oj»m 

■“m“b 

0 

0 

0 

0 

0 

0 

-Pn 

-at, 

a28G‘+a28 

0 

0 

0 

0 

—Pit 

0 

'  0 

0 

0 

0 

0 

-Pit 

04T 

— a48 1 

0 

0 

0 

0  --/>H 

Bl?D*+a67 

— aM 

-4* 

— a8.IO° 

0 

4.12  D 

~Pt  1 

0 

0  1 

0 

0 

“6.11  D 

0 

-P»» 

a77D*-a„ 

a78 

anD 

a7,l  f>D 

0 

-Ptt 

a»j 

aag^* — aa#  | 

amD 

0 

0 

— a8.12° 

-Pu 

a97 D  | 

4°  | 

4*>2 

4to^2 

0 

°9,12  ®2 

—  *1.1-4 

~alO,lD 

»  I 

4.9  o2  : 

al0,10°2 

0 

— “I0.1202 

^2.1—4 

•  i 

»  I 

0 

0 

4.11  D2 

0 

an.iD 

"12.8°  1 

-4.9  O2 

-4,o*2 

0 

m 

an.\iPt—' “12.12 

^4,1—1 

a* 

au~au—  Y  IP*  — 

-fit  (h~hg)\; 

a59  ~  **95  —  G  (f2  Ah  “ 

a5,l0=“^,H»,5~®(^a+^3); 

«  /  < 

Oj.U  =  — a|?,5  = 

=  G[F*Alt-  fa  (A-/.*)); 
ag3=.2£F,^- AAr+A*); 

ad6=2[  Pi  + 

+  P.  (A-A,)‘  +  GF,]; 
a6.u  —  —  au.6  =  20^,; 

fl77  =  T 2  lf2^  + 

,  0*  rn  ,?  , 

fl*  r  , 

fl,.=  0B7=  —  [PjAJ  + 

+  MA-M*]; 

a79=  a97  =  °f^,  \  + 

+  /r»(A-AM)(A-A,)); 

O7.10  =  — Ot0,7— 0[F  ,Aj  — 

-F»  (A -A,)]; 

a7.l2= — a12,7— G{  ^2  A^.  AkH- 
+  F,(A-Aa. )(/.-/;„)); 
fF.fl*  /  A* 

‘,88  ~  2(3" 

-hhg  +  h\)-, 

flw  =  y  [  Pi  ht  + 

+  P»(A-  A,)*+GF,] ; 

.  ,  a% 

a89 - a98  ~  GF ,  Y ; 

.  a* 

“8.12  =  —  al2,8=  0Fi  — 

4  = 

a9, 1 

°9.I2 

-  F 

a 

°10,1* 

al2,!2= 

al2. 

op  '+/’,£+ 

+  f.  (*-*,)• j; 

)=a10.9  A„  — 

F»  (A  A„)j  ; 

=4.9  =  g[f1a2- 
Y  +  (A— Ah)*]  ; 

0.10  G  (^i+^a); 

»— 1 “12.10  — G  [F,  — 

—  F»(A  — A„)J  ; 

4.U  =  ™Ft; 

=  o(f,A  l  +F,y  + 

+  F,(A-A„)*j;  • 

a  n  m’x 

a"  ~  T  ft  *  + 

+  P*<A-Af)‘]  + 

+  C[F3A’+F3(ft-/.#)»] 

’  JEJ,/,  <'’**>  + 

-  Afj  +  tM]) 

*  ) 


A)  Number  of  equations;  B)  free  terms;  C)  operator. 
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Pig.  2.  A)  Coupling  which  is  elastocompliant  in  the 
direction  of  the  ger/>ratrix  of  the  box. 


We  note  that  if  it  will  be  subsequently  necessary  (to  refine 
the  solution)  to  assume  curvilinear  functions  of  the  transverse 
distribution  of  displacements,  instead  of  the  linear  functions, 
then  this  will  only  Involve  changing  the  values  of  the  constant 
coefficients  of  the  sought  functions. 

The  equation  obtained  above  may  be  simplified  by  breaking  up 
the  complete  system  of  differential  equations  into  individual  in¬ 
dependent  systems.  This,  in  its  turn,  is  achieved  by  orthogonaliz- 
ing  the  functions  of  the  transverse  distribution  of  translations 
and  by  breaking  up  the  three-dimensional  load  into  loads  which 
produce:  enly  compression  (tension),  flexure  or  torsion  in  the  box 
structu*  3. 

The  above  operation  becomes  possible  when  the  coordinates  of 
charact eristic  points  of  the  structure’s  cross  section  are  known, 
i.e.,  of  the  centers  of  gravity,  flexure  and  warping.  It  is  obvi- 


I 


ous  that  in  a  structure  whose  crr>ss  section  has  one  axis  of  sym¬ 
metry  these  characteristic  points  lie  on  this  axis.  If  the  axis 
of  symmetry  and  the  line  of  action  of  the  resultant  of  external 
for*  es  are  parallel,  then  it  becomes  possible  to  break  up  the  ex¬ 
ternal  loads  into  individual  components  without  knowing  the  second 
coordinate  of  the  characteristic  points  and  instead  of  a  complex 
s tressed-strained  state  to  examine  separately  the  compression 
(tension),  flexure  and  torsion  states. 

§2.  Flexure  of  Box  Structures 

1.  Composite  structures 

We  consider  the  bending  of  the  structure  shown  in  Fig.  1.  To 
somewhat  simplify  the  problem  we  assume  that  the  rigidity  of  cou¬ 
plings  resisting  longitudinal  shear  in  the  upper  and  lower  seams 
are  the  same  (Pi  =  Pj=3). 

The  revolving  system  of  equations  may  be  obtained  from  the 
system  shown  in  Table  1.  For  this  it  is  necessary  to  retain  in  the 
latter  terms  located  at  the  intersections  of  the  columns  and  rows 
corresponding  to  those  generalized  translations  which  characterize 
the  flexural  state  of  the  structure.  In  our  problem  these  func¬ 
tions  are  U\\,  U»,  UnmndVt,i-i. 


Fig.  3 


Selecting  the  functions  of  transverse  distribution  of  trans¬ 
lations  in  the  manner  shown  in  Fig.  3,  and  replacing  the  notations 
U2 3  by  Uu,  Un  by  U u •n<'V|,1_4  by  Fii,  we  get  the  resolving  system  of  equa¬ 
tions  in  the  form 


where 


au^ll  4*fll2^12 

+  ^12^13  ~ ^ll  +Pll“ 

a2^n  +W-onUl7 

+Pi2  = 

a3l  V\l 

a33^IS  **33^18  +P|1  = 

CL*  //• 

«■'<  =  2££|  -  kk,  +  **)  -  2 EJ*;  ■>  EF,  k]  =  EJ_; 

au  =  2Fl0  +  2P[(A-Af)*+A*]; 

a22  =  2PA*; 

ai3  =  a2i  ~  ^PA*; 

=  £P3  (h-Ky-Ej^, 

ais  —  asi  =  2(1  (/t  —  A()*; 

an  =  2P(A-Ar)»; 

*U  -  4.  -  2 Fx  G ; 

2^,0; 

(4) 


(5) 


/i— A6i;  Fj=afij;  Fs=a6j  are  the  cross-sectional  areas,  respectively, 

of  the  top,  lateral  and  bottom  plate-facets; 
hQ  is  the  distance  from  the  neutral  axis  of  the 
cross  section  of  the  box  structure  to  the  axis 
of  the  top  facet. 


System  (4)  is  reduced  to  the  single  differential  equation 

where 

K  =  a3qu  +  a4 q\\  +  a sp"'  +  a6p},  +  a7  p,v  +  a,  pj»  +  a,  p'l2  +  al0p{3; 
a i,  a2 . Qia  are  functions  of  Coefficients  (5). 


The  total  solution  of  the  inhomogeneous  differential  equation 
(6)  is  written  (with  A'=const)  in  the  form 


Ul3  =  C,  sh  r,z-f  C2  ch  r^+C,  sh  rtz+Ct  ch  z*+ C,  z+C7  -f  —  z3,  (  7 ) 

where  '’1,2=  -y  2ai±2j/a*— 4a2  are  the  roots  of  the  corresponding 

characteristic  equation,  which  are  real  numbers. 

■  For  all  the  systems  of  equations  examined  below  in  the  pres¬ 
ent  article  (as  was  shown  by  numerous  solutions  of  these  systems 
In  designing  various  actual  structures),  the  roots  of  the  corre¬ 
sponding  characteristic  equations  are  real. 


The  remaining  imknown  functions  are  determined  in  terms  of 
the  found  function  U 12  using  the  following  expressions 


U 


.  on 


_ _ U  _ _ Eli. 

U  7^Ul!  ~  UI2  —• 

a*l  «*» 


^  y;: + -  ‘f u„ + v>,  - Pll ■. 

«U  «tl  “1* 


•  1  fla«(a22^!2  fl22  ^!j  ^I2)4*a2l  9[|J  4i+C,Z+Cg, 

a21  a44  J  J 


(8) 


V  j 


(  > 
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When  Expressions  (7)  and  (8)  are  substituted  into  System  (4), 
three  c.  quations  are  satisfied  identically,  while  from  the  fourth 
equation  we  obtain  an  additional  relationship  which  relates  line- 
arl,  certain  of  the  arbitrary  constants.  The  number  of  arbitrary 
constants  is  thus  reduced  by  unity  and  becomes  equal  to  eight. 

The  arbitrary  constants  are  determined  from  boundary  condi¬ 
tions,  which  depend  on  the  character  of  the  end  supports  of  the 
box  structure. 

We  consider  two  types  of  end  conditions: 

a)  stationary  end,  i.e.,  the  end  diaphragm  prevents  mutual 
displacement  of  the  plate-facets  in  the  seams; 

b)  free  displacement  of  the  end,  i.e.,  the  end  diaphragm  does 
not  prevent  mutual  displacement  of  the  plate-facets  in  the  seams. 

In  both  these  cases  of  end  supports  the  end  diaphragm  is  re¬ 
garded  as  perfectly  rigid  in  its  plane. 

The  boundary  conditions  are  written  on  the  basis  of  the  fol¬ 
lowing  considerations: 

in  the  case  of  a  stationary  end  (with  coordinate  Z"Zi): 

a)  absence  of  mutual  displacement  of  the  facets  on  the  end 
results  In  mutual  equality  between  the  generalized  longitudinal 
translations  of  all  the  points  of  end  cross  sections  of  the  facets 
of  the  composite  structure 

Uu  (*i)  “  ^i»  (*i)  “  Uu  (*i); 


b)  the  end  diaphragm  may  prevent  longitudinal  mutual  dis¬ 
placement  of  the  facets  only  due  to  appearance  of  forces  which  are 
normal  to  the  facet  cross  sections  (Pig.  4)  .  But  since  for  a 
freely  supported  structure  and  in  the  absence  of  external  force 
effects  on  the  end  diaphragm  the  above  system  of  normal  forces 
must  be  self-balanced,  then  we  find  from  the  equality  to  zero  of 
the  bending  moment  in  the  support  cross  section 


k-k 


+  f 


M  (*,)=  j*  <r(z;  s)  y(s)dF  =  £  [i.5,  2&&L  j*  y*dy+i>t  (-  h()'  f  dx  + 

F  —h,  a 


a 

T 


+  d,  (h- A)1  j*  **]  -  2 £>  -  hh'+hlj-Ztx&L  + 


+  £,  hi  dUttJZl)  +  Ft(h-hc)'  1  ,{-l)  =  0 

o*  dz 


or 


2  J. 


dz 


+  JX 

xt 


du,  t(n) 

dz 


+  J , 


dU,*(Zy) 

dz 


=  0- 
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in  the  case  of  free  displacement  of  the  end  (with  coordinate 

zr»Z|): 


ince  the  end  diaphragm  does  not  interfere  with  the  mutual 
displacement  of  the  facets,  then  the  normal  stresses  at  the  ends 
of  all  the  facets  should  be  zero.  From  this 

<%/ii  di)  ___  (*>)  _  (fi)  _l  q 


The  fact  that  the  structure's  supports  do  not  move  in  the 
vertical  direction  makes  it  possible  to  write  the  fourth  condition 
for  both  types  of  end  conditions  Vu(zi)=0. 


Thus,  for  each  type  of  end  condition  we  have  four  boundary 
conditions: 

in  the  case  of  a  stationary  end 

=  ^ii  (zi)  —  U\i  (Zj) ; 

v*> + + =0;  W"0*  (9) 


in  the  case  of  free  displacement  of  ends 

'^  =  ^  =  ^  =  0;  vmW-o 


(10) 


On  bending  of  a  composite  box  structure  whose  cross  section 

has  two  axes  of  symmetry  (then  62  =  6*;  hc**h— fcc=y,  such  a  structu: 

will  be  henceforth  called  a  symmetrical  box  structure),  unlike  a 
structure  whose  cross  section  has  one  vertical  axis  of  symmetry 
(asymmetric  box  structure),  the  longitudinal  translations  of  the 
upper  and  lower  facets  are  of  equal  magnitude  and  of  opposite 
sign.  It  follows  from  this  that  Ul2=Ui3  and  the  functions  of  the 
transverse  distribution  of  displacements  may  be  selected  in  the 
manner  shown  in  Fig.  5- 

It  is  necessary  to  note  that  the  above  selection  of  function 
of  transverse  distribution  of  displacements  somewhat  reduces  the 
class  of  loads  for  which  it  is  possible  to  design  structures  as 
compared  with  the  class  defined  by  functions  selected  for  analysis 
of  asymmetric  structures  (Fig.  3) .  But  at  the  same  time  this  se¬ 
lection  makes  it  possible  to  obtain  a  simpler  resolving  system  of 
equations . 
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Pig-  5  Fig.  6 


O 


form 


System  (4)  for  a  symmetric  box  structure  is  written  in  the 


where 


an  U\\-anUxx  +«„(/„  —  ai3  V\i  +  P,  i  =  0 ; 

a*UH  +a'M-°nUli  +Pl3  =  0; 

+  <,*'!!  +<7„-=0, 


•  r-E-  A* 

“a-  £F2-y 

[u  “  2F !  C/  -(-  PA* ; 

«w  =  p/1* ; 

ll2  “  a2l  =  I 

a*  =  2F,  0 . 

[u  =  asi  =  G ; 

(11) 


System  (11)  reduces  to  a  single  differential  equation 

ur, 


where 


K= 


120 


£»fi /=■,/»* 


2: 


2  (ft  f  ‘AFt) 
EFt  Ft 
Hi 


P; 


h*  EF% 


T  Pu  + 


I2p 


Fh'Fi  Ft 


Pn  + 


Ur 


h*  E*  Fi  Ft 


pu¬ 


ns) 


The  total  solution  of  Eq.  (12)  with  K^const  has  the  form 
t/i*  — CjSh^aj  z  -f  CtChV^i  z  +  Cj^'f  CjJ!  +  C| — — z*.  (1^1) 

The  remaining  unknown  functions  are  expressed  as  follows  in 
terms  of  the  previously  found  function  U 12 : 


«/«- 


on 


( an  ^12  u2j  ^12  "I"  P\i)  I 


(fl31  ^Jl  4"  <7||)^Z  +  ^GZ  +  ^7 


(15) 


As  in  the  case  of  solving  System  (4),  by  substituting  Expres¬ 
sions  (14)  and  (15)  into  one  of  the  equations  of  starting  system 
(11),  we  will  find  the  additional  relationship  between  certain  of 
the  unknown  constants,  which  is  actually  the  seventh  equation  (the 
six  equations  are  obtained  from  boundary  conditions  at  both  ends 
of  the  box  structure),  which  is  needed  for  completing  the  system 
from  which  the  arbitrary  constants  are  determined. 


The  boundary  conditions  for  the  symmetric  structure  are  writ¬ 
ten  as: 


in  the  case  of  a  stationary  end 


^11  (20  ~~  ^12  ( 2i )  * 


J  1  /  dl/|,  (zt)  _ . 

'•  dz  +  '•  dz 


Vud)=<>-' 


(16) 


in  the  case  of  a  freely  moving  end 

=  0;  ku  (z,)  =  0, 


(17) 


2.  Monolithio  structures 

The  resolving  system  of  equations  for  an  asymmetric  mono¬ 
lithic  box  structure  in  flexure  can  be  obtained  easily  from  Sys¬ 
tem  (4) ,  which  defines  the  stressed-strained  state  of  a  composite 
asymmetric  structure  in  flexure. 

Since  in  the  monolithic  structure  all  the  couplings  between 
longitudinal  facets  are  perfectly  rigid,  thus  eliminating  mutual 
displacements  of  facets,  then  those  of  Coefficients  (5)  which  con¬ 
tain  3  as  a  cofactor  vanish,  while  the  sought  functions  Uu,  Uxi  •»".)  un 
are  found  to  be  equal  to  one  another,. 

Here,  if  we  select  functions  of  the  transverse  distribution 
of  translations  in  the  manner  shown  in  Pig.  6,  then  System  (4) 
will  be  written  in  the  form 
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(18) 


EJXU»- 2FlG(Uli+V\l)+pll=Q,  i 
2F,O(f/{,  +  V'{J)+<7ll  =  0,  j 

whei  e 

EJ,  -  2 El,_  +  +  ElXi  -  2EF, -  hht  +*>)  +EF,H’+EF^h-h,)>. 

In  the  case  of  a  symmetric  structure  the  resolving  system  of 
equations  has  the  same  form  as  System  (i8)'  But  since  for  the 

cross  section  of  a  symmetric  structure  0j«=6s  «>j’ he  =  A  then  coeffi¬ 
cient  EJ  is  written  somewhat  differently:  EJZ=-^—  {F,+3Fa). 
x  6 

For  this  value  of  this  coefficient  System  (18)  is  completely 
identical  with  the  resolving  system  of  equations  for  the  same  - 
structure  obtained  in  [1]. 

Solution  of  System  (18)  is  not  difficult.  To  determine  the 
four  arbitrary  constants  which  appear  on  integration  use  should 
be  made  of  the  following  boundary  conditions  (two  at  each  end): 

=*0;  (*,)-<)..  1 

02 

§3.  Torsion  of  Box  Structures 
1.  Ccntpo8ite  structures 

We  now  consider  the  torsion  of  a  structure  produced  by  tor¬ 
sional  loads  on  simultaneous  overhanging  of  one  of  the  corners. 

The  rigidity  of  couplings  resisting  longitudinal  shear  in  the  up¬ 
per  and  lower  seams  will  be  assumed  the  same  as  in  the  case  of 
flexure.  The  resolving  system  is  obtained  by  using  Table  1.  For 
this  we  retain  in  the  table  only  those  terms  which  are  located  at 
the  intersection  of  columns  and  rows  pertaining  to  the  generalized 
translations  U23,  U2A,  Fi,i_4 «nd V,,_v  These  functions  fully  characterize 
the  torsional  state  of  the  structure. 

Selecting  functions  of  the  transverse  distribution  of  trans¬ 
lations  in  the  manner  shown  in  Fig.  7,  and  substituting  notation 
U23  by  Uu,  U2A  by  U\ 2,  Vu_4by  F„«ndV/4i,_4  by  V t2,  we  find  the  system  of  equa¬ 
tions 


ahUn  ~anUu 

+  flU^l| 

+  a  l.yll 

— q*  V * 

UM  v  12 

-+-/?,!  *=0; 

^'a7i  V\%~  a71 

-+p.2=t0; 

(19) 

fl3l  ^11 

+  a13  U\ j 

■4-  o' 

~  II 

-<v\\ 

+9m=0: 

Wx 

a«  ^11 

—a"V  1 

“iSr4l 

fl44 

wnere 
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a'‘~zlfl  W+FAh-ht)9\i 
*an“-^-  |^i-  (/l-\)'|  + 

+  Ci|fa^H-F,(A_/l£)«j; 

au  “  asi r=  'f-  [ h]  +  {h—htf\ ; 
ais  =  a3i  =0[/r2AHA<  + 

+  ^(A~A«)(A-/»r)]; 

«u  =-«<’,  =G[M..\  + 

+  /r3(A  — AH)(A  — Af)] ; 

•  EF i  a*  A* 

a*“^r(f-*\+*2): 

a»"V-(*;+(',-v]+f  of, 


—c'n^GFt 


-  a* 


■>«“-»„  =  Of, 

‘,i=ft[f.-f +fj*:+ 

+  f.(A  — A,)*J; 

“i=°[-f,-f+f,*2+  ' 
+f.(*-*.Cj; 

“«-°['',y  +  f1*2  + 

+  f^*-Vl: 

““  “  iibr  + 

OJL 

+  3i7r(M?~"iW«Af2+Af2)- 


(20) 


For  the  case  when  the  transverse  diaphragms  are  rigid  in 
their  plane  and  are  placed  at  a  distance  from  one  another  such 
that  the  contour  of  the  cross  section  of  the  structure  on  torsion 
may  he  regarded  as  undeformed  [i.e.,  function  M>ia(s)  =0J,  we  get  a 
simpler  system  of  equations 


«.i  ^1!  an^n 

+  al*^14 

°i3  ^i'i  "h  Pii  ~  ®  ! 

an  Uu 

-f  aM  an  (/jj 

a23  ^12  “  ®  » 

fl32  ^12 

+  <«  +  <7,.  =  0- 

(21) 


Using  the  operator  notation  for  System  (19),  we  reduce  it  to 
a  single  equation 

uu  +  «,  «W'  +  t'7,  +  a^!!1  +  n4U\,  K,  (22) 

where  cti .  a4*nd7C  are  quite  cumbersome  expressions. 


Solution  of  Eq.  (22)  is  quite  simple  in  principle,  but  in¬ 
volves  a  large  volume  of  computations.  Hence  for  solving  various 
actual  problems,  it  is  apparently  expedient  to  use  modern  com¬ 
puters  . 

System  (21)  reduces  to  the  equation 

(23) 


where 


*  V 

t  6 
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.  .  .  [  fll)  a23fl33  (ai3)2fl22  flll  fl22  °33  +  fll)  (fl28  )2J  * 

flll  a22flM 

*7  ;  T"  [2fl2ta32fl13  (ai2)2a33^  ailfl22a33  a22(ai3)J  (aa)*flll]  * 


.  .  .  [ai3fl3jPjiI  +  ( fl32  aU  flS3flfl)P»i  ai»a2J^  + 

all  ®22  aS3 


;  iiiiiiiiiimni 


i&NHNi  iiiniimi'M 


*  (*-*,!* 


s 


iiiiiii*:; 


Us  I 
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Fig.  7 


The  total  solution  of  Eq .  (23)  is  written  as  follows  (K-const) 
sh  rx  z  +  C,  ch  rl  z  -f-  C,  sh  rt  z  -f  C4  ch  r,  z  -f-  C,-f-  — —  z ,  (ox,) 


where 


are  the  roots  of  the  corresponding 


characteristic  equation. 


The  remaining  unknown  functions  are  defined  by  the  expres¬ 
sions 


u«  —  —  ( u\ !  “  an ^Ii  +  Pit) ; 

=  JJ  (^11  +  +^s9n  +  ft4pj,)dz  +  c6z  +  c7, 

^fl32fll!  '  ^I  =  i^(a32an  °3iai2)’  ”  ^®12  •  ^4  = 


(26) 


—  /la: 


'32  * 


A  = 


1 


°32  al3  —  °33  al2 


(27) 


Substituting  the  expressions  for  generalized  translations 
into  the  equations  of  the  starting  system,  we  get  an  additional 
relationship  which  is  needed  for  completing  the  system  from  which 
the  arbitrary  constants  are  determined. 

As  in  the  case  of  flexure,  for  the  structure  under  torsion 
we  consider  (depending  on  the  character  oi  end  supports)  two  types 
of  boundary  conditions. 

The  boundary  conditions  are  written  oh  the  basis  of  the  fol¬ 
lowing  considerations: 

in  the  case  of  a  stationary  end,  the  absence  of  mutual  dis¬ 
placement  of  edges  at  the  end  means  that  the  longitudinal  transla¬ 
tions  of  all  the  points  of  end  cross  section  of  the  longitudinal 
plate-facets  of  the  composite  structure  are  zero.  The  longitudinal 
displacements  which  arise  due  to  warping  of  the  construction's 
cross  section  may  be  disregarded  in  the  case  at  hand,  since  their 
magnitude  in  actual  structures,  as  shown  by  theoretical  and  exper¬ 
imental  studies,  is  small  as  compared  with  longitudinal  transla¬ 
tions  due  to  mutual  displacement  of  facets.  On  the  basis  of  the 
above  we  have 


(*i>  *“  "  0 : 

in  the  case  of  a  freely  moving  end,  since  the  erd  diaphragm 
does  not  prevent  mutual  displacement  of  the  facets,  the  normal 
stresses  at  the  ends  should  be  zero,  i.e., 

<M/u(Zi)  _  dtn(*|)  _  q 
dz  dz 


If  the  end  diaphragm  is  rigid  in  its  plane,  then  irrespective 
of  the  manner  in  which  it  is  fastened  to  the  longitudinal  facets, 
we  get  the  condition 

V'i.W-O. 
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Fig.  8 


The  existence  or  lack  of  existence  of  rotation  of  the  end 
cross  section  on  overhanging  of  one  of  the  supports  by  an  amount 
A  yields  the  last  condition 

^n(Zi)~Q  or  (zi)  “  —  m  9- 

a 

For  each  type  of  end  supports  we  thus  have  four  boundary  con¬ 
ditions  : 


for  the  case  of  a  stationary  end 


(*i)  —  Un (*i)  ~  ®  i  — 0  (VniZj)  =  <pj  t  ^  „  (*t)  =  0 ; 


for  the  case  of  an  end  free  to  move 


=«!£!£!>  _0;  KuW-o  |VuW-„:  V„(,,)-o. 


The  third  condition  vanishes  for  structures  with  an  unde- 
formable  contour. 
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The  solution  of  the  problem  of  torsion  of  tymmet rlonl 

L 

structure  (i'or  which  6j  =  63«»‘‘/iH  =  /jg=/ic-=— )  does  not  differ  in  prin¬ 
ciple  from  the  torsion  problem  for  an  asymmetrical  structure.  A 
certain,  purely  external  difference  consists  in  the  fact  that,  due 
to  the  possibility  which  appeared  of  selecting  functions  of  the 
transverse  distribution  of  translations  in  the  form  shown  in  Pig. 

8,  the  expressions  for  the  coefficients  of  unknown  functions  in 
Systems  (19)  and  (21)  are  somewhat  simplified. 

2.  Monolithic  structures 

The  resolving  system  of  equations  for  a  monolithic  structure 
is  obtained  from  System  (19)  by  assuming  in  the  latter  that  the 
coefficients  of  the  unknown  functions  which  contain  as  cofactor 
the  quantity  8  are  zero,  while  the  functions  of  the  transverse 
distribution  of  translations  are  selected  in  the  manner  shown  in 
Pig.  9. 

The  system  will  be  written  in  the  following  final  form 

«>v\\  a\\U\\  ~a\,y\\  ~  an^ii + Pit  ~ 

aai^!i  "f*  +  ^ii  =  0;  (  30 ) 

a31^11  axY\\  +  °33^U  +  0J2  “ 

where 

•I. -£“■  lf>§+T  (**  -  »*,  +  3*> )  +  §  (A-ft,)*  ] ; 

a  [/■■/’+  tf  +  F,(h -*,)■]; 

“I.  -  -  0  [f.-y  ■ -  f,  M.  -  r,  <*-*,)  (*  -  *.)]  1 

=■  =  O  [f ,  -y  +  F,  A,  ft,  +  F,  (ft  -  A,)  (ft  -  ft,] ; 

<4  -  <4  -  0  K  -  F,  i  +  (ft  -  *.)’] ; 

<-‘0[F,hl  +  Fl^  +  F,(h-h,y  1; 

““  “  lehr  (J‘M' +  1 fjT  -  M'Mf  +  *©  • 

System  (30)  is  reduced  to  the  single  equation 

^1+a,f/!i,+a^{|  =  /C.  (32) 

where  ai,  «* KndK  are  quite  simple  functions  of  Coefficients  (31). 

'• 

Equation  (32)  is  solved  without  difficulty  and  its  solution 
is  not  presented  here. 

If  the  crosr-sectional  contour  of  the  monolithic  structure 
is  unvariable,  then  the  resolving  system  of  equations  is  highly 
simplified  and  takes  on  the  form 
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I 


a\PW  au^w  fli2^!l ^Pu  —  0; 
a7\uh  T  aaV\\  +  <7„  =  0. 

The  boundary  conditions  for  a  monolithic  structure  with  a  de¬ 
formable  contour  subjected  to  torsion  are  written  as: 

for  the  case  of  a  diaphragm  which  is  rigid  inside  as  well  as  out¬ 
side  of  its  plane 

( 2i ) =  0;  Vn  (zx)  =  0  [Ku  (z,)  =  9] ;  Vlt  (zt\  =  0; 

for  the  case  of  a  diaphragm  elastic  outside  and  rigid  inside  the 
plane 

I 

=  0;  Vu(*»)-0|VM(ak)-f];  Km(z,)-0. 


1 

The  resolving  system,  its  solution  and  the  boundary  condi¬ 
tions  for  a  symmetrical  structure  remain  in  general  the  same  as 
for  an  asymmetric  structure.  Only  the  value  of  coefficients  of  the 
unknown  functions  of  the  system  of  equations  change  due  to  the 
fact  that  the  graphs  of  functions  of  the  transverse  distribution 
of  translations  simplify  somewhat. 
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Fig.  9 


We  note  that  System  (30)  is  identical  with  System  (15)  ob¬ 
tained  in  [1]  for  the  torsion  of  a  monolithic,  thin-walled  pris¬ 
matic  shell  with  a  symmetrical  rectangular  cross  section. 

§4.  Concerning  the  Three  Characteristic  Points  of  the  Cross  Sec¬ 
tion  of  Box  Structures 

As  was  pointed  out  toward  the  end  of  §1  of  the  present  arti¬ 
cle,  to  orthogonalize  the  functions  of  transverse  distribution  of 


a 
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translations  when  designing  box  structures  to  xcsist  three-dimen¬ 
sional  loading,  it  is  necessary  to  know  the  location  of  three 
characteristic  points  of  the  cross  section. 

In  the  cross  section  of  monolithic  structures  these  points 
are  the  centers  of  gravity,  flexure  and  warping. 

In  a  composite  structure  the  position  of  points  which  may  by 
convention  be  called  the  center  of  gravity,  center  of  flexure  and 
center  of  warping  depends  not  only  on  the  geometry  of  the  cross 
section  and  the  physical  characteristics  of  the  structure’s  mate¬ 
rial  (as  in  a  monolithic  structure),  but  also  on  the  physical 
properties  of  couplings  resisting  the  longitudinal  shear,  which 
interconnect  the  individual  facets . 

We  shall  list  the  basic  properties  and  attempt  to  give  defi¬ 
nitions  of  the  concepts  of  centers  of  gravity ,  flexure  and  warp¬ 
ing  in  which,  in  our  opinion,  are  reflected  the  features  peculiar 
to  monolithic  as  well  as  composite  box  structures  and  which  may 
subsequently  serve  as  a  basis  of  methods  for  finding  the  position 
of  characteristic  points  in  the  cross  sections  of  composite  struc¬ 
tures. 

The  center  of  gravity  is  the  point  of  application  of  the  re¬ 
sultant  of  internal  normal  forces  which  arise  in  the  structure's 
cross  section  on  tension  ( compression)  .  If  the  resultants  of  ex¬ 
ternal  forces  in  all  the  cross  sections  are  applied  in  the  centers 
of  gravity  of  the  latter,  then  the  structure  is  subjected  only  to 
longitudinal  compression  or  tension  without  flexure  and  torsion. 
The  locus  of  the  centers  of  gravity  of  the  cross  section  is  the 
neutral  axis  of  the  structure  for  flexure. 

The  center  of  flexure  is  the  point  of  application  of  the  re¬ 
sultant  of  internal  tangential  forces,  which  arise  in  the  struc¬ 
ture's  cross  section  on  bending.  If  the  resultant  of  external 
forces  passes  through  this  point,  then  the  bending  of  the  struc¬ 
ture  is  not  accompanied  by  torsion. 

The  point  of  intersection  of  two  straight  lines,  connecting 
the  points  of  zero  normal  stresses  (which  arise  in  the  cross  sec¬ 
tion  on  constrained  torsion)  in  parallel  facets,  will  be  called 
the  center  of  warping  of  the  cross  section  of  the  box  structure. 

Determination  of  the  positions  of  centers  of  gravity  and  of 
flexure  of  cross  sections  of  monolithic  structures  is  not  diffi¬ 
cult  (see  [ 3 3 ) i  hence  we  shall  dwell  only  on  finding  the  position 
of  the  center  of  warping  of  a  cross  section  with  one  vertical  axis 
of  symmetry.  It  is  assumed  here  that  the  ensemble  of  normal 
stresses  in  an  arbitrary  cross  section,  produced  solely  due  to 
constrained  torsion  of  the  structure  (Pig.  10)  is  a  self-balanced 
system  of  forces.  For  this  system  we  must  satisfy  the  three  condi¬ 
tions 

M„=  ija(z\s)ydF  =  0;  Mv  —  j  a(Z\  s)  xdF  =  0;  N=  f  a(z;a)dF=*  0. 
r  f  f 

The  first  and  third  conditions  are  satisfied  for  any  h  ;  hence 

y 
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we  shall  use  the  second  condition  for  solving  the  problem. 

S.^nce  in  any  cross  section  with  coordinate  z=*t 
a  ( z,;  s)  *=  EU'U  ( z,)  q>n  (s)  •<*  q>u  (s)  =  x  (s)tj(s), 


then 


O 


M,  -  fit/!,  ( . 2,)  j *■  M  u(s)dF-BU\,i  »,)  [f,  (»  -  2*,)  - 

E»  * 


Ft kg 


But  the  factor  in  front  of  the  brackets  is  not  zero;  hence 
equating  to  zero  the  expression  in  the  brackets  we  find 

ht  =  ^+f±\ 

'  F  -f  4F, 

where  F  is  the  cross-sectional  area  of  the  entire  section. 


Fig.  10 


We  shall  attempt  to  determine  the  position  of  the  center  of 
gravity  of  the  cross  section  of  a  composite  box  structure  (Fig. 

11)  on  the  assumption  that,  when  the  structure  is  subjected  to 
flexure,  the  resultants  of  the  internal  normal  stresses,  situated 
above  and  below  the  neutral  plane  of  the  cross  section  are  equal 
to  one  another,  i.e.,  that  the  resultant  of  internal  normal  forces 
in  any  cross  section  of  the  structure  in  flexure  is  zero 

f  \ 

Expanding  this  condition,  we  get  (the  facets  are  from  the 
same  material) 
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Ej  (  zi)  9m  (s)^  4*  U\i  (  ^,)  <P|2  (s)  4*  ^|'3  ( 2|  W’i3  tA')j  dF  — 

-  Eh  [Uh  ( *,)  F>  4-  U\t  ( *,)  Ft]  -  Ehc  [2t/|,  ( *,  i  Fx  4- 
^!a(  zi)  Fi  4-  U\3  ( *,)  Fj]  =  0, 

whence 

flcBa  fi _ ^*1  (  *i)  F)  +  U\-&  (  *i)  /•’a _ 

2£>'|1  (  *i)  F i  4-  u\i  (  *j)  F]  +  U\3  (  z,)  f3  (33) 

Since  for  a  monolithic  structure  £/{,  (zi)  =  (/|2  (2,)=»y[3  (z,),  then  we 

^  — P — T  ~I7 

find  from  Formula  (33)  the  expression  he^h-~—,  which  is  identical 
with  the  known  expression  from  strength  of  materials. 

As  follows  from  the  expressions  obtained  above,  the  finding 
of  the  coordinates  of  the  centers  of  gravity,  flexure  and  warping 
of  composite  asymmetric  structures  by  the  theoretical  approach  in¬ 
volves  certain  difficulties  and  may  be  the  subject  of  special 
studies . 


Fig.  11 


In  symmetric  box  structures  the  centers  of  gravity,  flexure 
and  warping  are  located  at  the  center  of  symmetry  of  the  cross 

section,  i.e.,  This  situation  is  valid  for  monolithic 

as  well  as  composite  structures.  Here  for  composite  structures  it 
is  also  required  that  the  rigidities  of  the  elastocompliant  shear- 
resisting  couplings  be  symmetrical. 

Results 

The  application  of  the  method  for  designing  composite,  thin- 
valled  prismatic  structures  presented  in  [2]  to  the  study  of  com¬ 
posite  (knockup)  box  structures  made  it  possible  to  find  a  solu¬ 
tion  in  the  general  form  for  a  three-dimensional  load  and  solu¬ 
tions  in  the  closed  form  for  certain  particular  cases  of  loads  and 
geometry  of  the  structure. 
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The  most  important  point  in  solutions  using  this  method  is 
the  proper  selections  of  functions  of  the  transverse  distribution 
of  translations,  which  should  satisfy  the  physical  meaning  of  the 
prob  lem. 

The  solutions  obtained  in  the  present  article  or  those  simi¬ 
lar  to  them,  may  be  used  (to  a  certain  approximation),  for  exam¬ 
ple,  for  designing  composite  and  monolithic  three-dimensional  ele¬ 
ments  of  buildings,  riveted  and  welded  box  beams,  composite  bridge 
spans  with  metal  beams  and  a  reinforced-concrete  plate,  combined 
with  the  cross  section  by  means  of  elastic  splines,  monocoque  air¬ 
craft  structures  with  cutouts,  bodies  of  all-metal  railroad  cars, 
etc . 
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DESIGN  OF  BOX-BEAM  STRUCTURAL  SPANS  BY  THE  METHOD  OF  TRANSLATIONS 

Candidate  of  Technical  Sciences,  Docent  A.V.  Aleksandrov 

(Moscow ) 


References  [1]  and  [2]  consider  the  application  of  the  method 
of  translations  to  the  design  of  plate-beam  systems  and  of  wrin¬ 
kled  shells.  This  method  makes  it  practically  possible  (within  the 
framework  of  assumptions  of  the  theory  of  elasticity)  to  obtain  an 
exact  solution,  and  it  is  convenient  for  programing  of  electronic 
digital  computers  [EDC]  (3LJBM) .  Thus,  [2]  describes  a  program  for 
designing  diaphragmless,  multirib  beam  spans  using  the  "Ural-2" 
computer,  conposed  by  the  present  author.  This  program  was  suc¬ 
cessfully  used  in  calculations  performed  in  the  State  Scientific 
Research  Institute  on  Design  of  Industrial  Transportation  Struc¬ 
tures  and  Devices  and  State  Design  and  Research  Institute  on  Re¬ 
search  and  Design  of  Large  Bridges  of  the  State  Production  Commit¬ 
tee  on  Transportation  Construction  of  the  USSR.  A  similar  program 
is  being  at  present  composed  for  designing  box-beam  spans.  Below 
are  presented  the  principal  formulas  for  designing  these  systems 
using  the  method  of  translations.  The  general  methodology  of  ob¬ 
taining  the  functions,  expressions  of  special  functions  used  in 
the  calculations,  and  all  the  basic  notation  are  not  presented 
here,  since  they  are  described  in  detail  in  [2]. 

We  now  consider  a  diaphragmless,  hinged,  box-type  structural 
span,  shown  in  Pig.  la.  This  system  will  be  regarded  as  a  combina 
tion  of  places  and  girders.  The  latter  are  situated  at  the  point 
of  intersection  of  the  plates  and  may  be  formed  by  brackets .  The 
design  scheme  of  the  structural  span  is  shown  in  Fig.  lb.  Figure 
lc  shows  the  unknown  methods  of  translations,  used  in  calcula¬ 
tions.  It  is  assumed  that  the  vertical  translations  of  points  of 
two  junction  lines  (i.e.,  lines  of  intersection  of  the  middle 
planes  of  the  plates)  belonging  to  the  same  rib  are  assumed  to  be 
equal.  Quantities  Z{,  Z3,  Z<  t  etc.,  corresponding  to  the  linear  trans 
lations  of  the  Junction-line  points,  are  here  used  to  denote  the 
angular  measurement  of  these  translations,  i.e.,  the  ratio  of  the 
actual  linear  displacement  to  some  dimension  b ,  which  is  taken  as 
basic . 

The  coefficient  matrix  of  the  system  of  equations  of  the 
method  of  displacements  for  a  structural  span  with  k  ribs  has  the 
following  structure 


l  i 
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Due  to  the  fact  that  this 
system  is  regular,  matrices  R3, ... 
flh-i  will  be  identical.'  These  mat¬ 
rices  have  7  rows  and  21  columns 
each.  Corner  matrices  Ri^aRk  have 
7  rows  and  14  columns  each  and 
differ  only  by  the  signs  cf  the 
individual  elements,  namely  ele¬ 
ments  r$  =  >  r\V  “  'll?.  'a?  =  =  rjtf 

of  matrix  i?i  and  their  correspond¬ 
ing  elements  of  matrix  are  of 

opposite  sign.  Below  are  presented 
formulas  for  calculating  the  coef¬ 
ficients  of  matrices  Ri  and  R 2 

which,  on  the  basis  of  the  above,  makes  it  possible  to  write  the 
entire  matrix  R.  The  coefficients  are  presented  in  sequence  for 
the  rows  of  matrices  R 1  and  R2 ,  starting  in  each  row  from  the 
principal  element.  The  elements  located  below  the  principal  diago¬ 
nal  are  written  from  symmetry  of  matrix  R 

C“A+A+/t|“  [2*.  (a.)  -  2*,(«,)  + 

+  — f+c,lf *■<«.>  +  ♦.«*>]  +  ■ (;f +f»> 

+ ^  1  +  2-flt/.  M  +  V/.W; 

J  bl  °4 


<-1.3 


r(«)=  £1*. 
"  * 


r<-l)  =. 

13 


£626* 


/.(ai)  +  ^-A(ai>j ; 


/Kn) 

16 


bi 

rW  __  Q. 
'  14  v> 

E6tb' 


[*»  (aj  + *4  (a2)  +  -~L  («,)+  -22SL ^(a,)]  ; 

:°3) +  -£-/.  (a,)]; 


fin)  = 

16  *3 


^  |^»  (a»)  +  &  (a*)  + 

/ft)  *  °;  'ft’ =  -**[“ 


w«). 

'i» 


£>,ft 


A(a,)  +  -^-/*(a*)] ; 

■3 


/«(■.)  +  -/•(«,) 


'ffl.-'Wi-O; 
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t.l  ^  "I 

/ 1  (°«)  +  ~  /#  (a«)  j  ; 


l*W  l,M 

^•/»(ai) + ~/» (<■*)  j  ^ 


+ 

'S’- 


'IS1  -  0; 


r™  - 
■  /• 

i^r  1  ■  •< 

fc"  |/i  (« J  +  2  (a,)  +  -J-  /,  (a,)  1 ; 

■#‘  + 

[/•<«•> +-a±a-/.w+»/.wl ; 
0:  f  |>lN  +  ^/.«,]i  *- 

'3’"  7T  A  <«■)  +  2  ^  /.  («|)  +  ^  /.  (a,)  J ;  #*3. 

?-  [«  («.)+  -S»*wj  -  [*(.,)+  ^ 

rg'-O;  rg>-  —^-<1.(0,);  <1?>  =  rg*  —  rg>  — .  0; 

'a —  TT  *•<“■)• 

*  -  ** + * + *  -  '-*r  /.  ( s) + ^  [♦,  ( «,) + 5 
+  -^-*wj  +^[*W+^-M.J+=£ 


'iP- 


-  t»(ai)j ; 


'JS*-  -—[/<(«,)  + ];  /■£>=(); 

r«“C“0;  r<-»0 - 

jK/i)  _  T  ...  /  v  .  2/i no,  ,  /»** 


?25fLv.  /« \  x 

Mu)  j ; 


*5 

i.ii* 

— jr-M*!)]: 


'W.  "  ^[^*<«i)+^fc(«l>+- 
=  ^"li  -  •  •  •  -  0. 


4* 

*► 
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2  j/.K)  ;  'US'  = 

+  n?  =  ^{o - tf},  - 0; 

's\’2  =  ~  /j  ( aj)  +  2'^*  /( ( “3)  +  ~  /« ( “3)  J ;  =  •••=»  0. 

^  -  4. +4 +  +  ^%<«.)  +  *£**,(«.>; 

[fc  (a.)  +  V,  (O,)]  ;  rj»>  =  /$•»«....  r<t%  =  0; 

,•  -0. 

r‘">  =:  — 4~  /» m  +  nr*-  [  *»  («») + 

*2  61  [ 


,  2/tnai  .  . 

+  — —  *«  (a*)  + 


-Z 

n  a. 


J  $»(<**)  ; 


ri'1*  ==■■•=  r("  1  =  0-  r<n)  = _ r<«)  • 

7M  7.12  u*  ,,|3  'i.M  • 

'!■:<  -  ^  [-  *,<«,)  +  ^  «.(..)  +  -^  ♦,(„,)]  ;  ...„<,. 

^  =  4  +  2Ai  («*•  O  ;  r®  -  0;  r<">0  -  r<«> ; 
rMi  =  'UIj*0;  '$4  =°.  etc.,  as  in  rowzj-t, 

^  +  2  T  /1  («i)  +2-^/3  (a,)  +  4  A  (a,)  + 

+  “  |/i(aa)+  2|i-/a(aJ)  +  -I/5(a,)l,  etC.  ,  as  in  row  if  . 


n*n*EFt  ,,  .  fl  fd.fc*  ,  .  .  E6tb*  .  . 

'SS.»»0  =  — ^r-1 6  +  2  ^  («i)  +  ~~  *  (01)  • 

r!o,)n  =0. etc. ,  as  in  rowZ^. 
r\"]u  =■  A4  +  2A\  (.».  ^>),  etc.  ,  as  in  row  Z[nK 
r\ "!i2  =  A5  +  As  +  2A's  ( etc  .  ,  as  in  row  Z^K 
/’i3.)i3  ~  Ati  +.^3  +  2Al  ( ^’J.  C.h  ' ;  0,  et  c  . ,  as  in  row  zp. 
r{"!i  4  “  Ai  +  2i4'(-.e»,  rVj*).  etc.,  as  Ln  row  ZW. 


In  the  above  formulas 

ai  =  nnbj_  D  - Eb\_ 

21  1  1*2(1  -v»)  ’ 

where  n  is  the  number  of  the  sine  or  cosine  harmonic  ’under  consid¬ 
eration,  which  specify  the  translations  of  the  system’s  points;  l 
is  the  span  length;  v  is  Poisson's  ratio;  EFit  GJdi  are  the  tension- 
compression  and  torsional  rigidities  of  the  junction  girders  (i=l 
for  the  upper  and  /= 2  for  the  lower  junctions).  The  balance  of  the 
notation  is  clear  from  Fig.  1.  Functions  /i(a)  «nd  ^.(a)  and  their  tabu- 
t  at  ml  value',  are  presented  in  [2]. 
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If  the  system  under  consideration  has  dlapuragms  along  its 
length,  then  one  should  use  the  mixed  method  of  calculations,  re¬ 
moving  the  diaphragms  and  replacing  their  effect  on  the  remaining 
diaphragmless  system  by  corresponding  forces  X . .  It  is  also  pos- 

sible  to  use  the  method  of  translations  in  its  pure  form.  But  then 
it  is  necessary  in  calculating  the  reactions  also  to  take  into  ac¬ 
count  the  concentrated  reaction  forces  produced  by  deformation  of 
the  diaphragms.  Here  all  the  sine  and  cosine  harmonics  which  spec¬ 
ify  the  deformations  of  the  system  cannot  in  general  be  separated, 
which  increases  the  order  of  the  system  of  equations.  Both  above 
solution  approaches  are  considered  in  [2], 
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CONCERNING  THE  DESIGN  OF  LATTICED-BAR  FLOORING  SYSTEMS, 
SUPPORTED  ON  A  RECTANGULAR  CONTOUR 

I 

Candidate  of  Technical  Sciences  A.S.  Kalman  ok  [deceased] 

( Mos  cow ) 


§1.  Basic  Considerations 

i 

We  consider  latticed-bar  flooring  systems  (skeletons),  sup¬ 
ported  on  a  rectangular  contour,  composed  from  a  sufficiently 
large  number  of  identical  elements,  located  at  equal  distances 
from  one  another  in  any  direction.  Design  of  such  systems  by  gen¬ 
eral  methods  of  structural  mechanics  is  a  quite  complex  problem 
from  the  computational  point  of  view.  However,  its  solution  may 
be  substantially  simplified  by  considering  the  system  under  study 
not  as  being  composed  of  individual  discrete  elements,  but  as  some 
continuum. 

The  order  of  the  errors  in  this  approach  to  this  type  of 

problem,  as  was  shown  by  P.F.  Papkovich  [3]  is  equal  to  ~  when 

finding  the  magnitudes  of  moments  and  to  when  determining  the 

system's  deflections,  where  i  is  the  number  of  intervals  into 
which  the  given  segment  is  broken  up.  Thus,  as  early  as  for  5  in¬ 
tervals  the  accuracy  of  the  solution  obtained  by  replacing  the 
lattice  formed  by  discrete  elements  by  some  continuum  will  fully 
satisfy  the  requirements  put  to  the  accuracy  of  engineering  calcu¬ 
lations  . 

At  the  same  time,  the  simplification  thus  achieved  is  quite 
appreciable  and  makes  it  possible,  as  will  be  shown  below,  to  ob¬ 
tain  an  approximate  solution  of  a  number  of  complex  problems  in 
the  closed  form. 

It  should  be  noted  that  also  other  systems  of  latticed-struc¬ 
ture  design,  using  the  method  of  forces  or  the  method  of  calculat¬ 
ing  finite  differences,  may  also  contain  errors  of  approximately 
the  same  orders  as  given  above.  The  source  of  these  errors  here 
will  be  the  replacement  of  the  actual  load  distribution  among  the 
lattice  elements  by  a  continuous  uniform  load  or  by  a  system  of 
concentrated  forces. 

Let  us  consider  some  systems  of  bar-lattice  floorings  encoun¬ 
tered  in  practice. 
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§2.  A  Beam  and  Cable  Framework 

In  the  beam  and  cable  framework  (Fig.  1)  the  carrying  ele¬ 
ments  of  one  direction  are  freely  supported  beams,  while  those  of 
the  second  direction  are  support-fastened  cables.  The  outline  of 
latter  corresponds  to  the  pressure  curve  due  to  the  load  acting 

on  the  flooring,  and  in  the  case  of 
load  uniformly  distributed  along  the 
cable  the  corresponding  continuous 
system  which  is  replacing  the  beam 
and  cable  framework  under  study  has 
the  outlines  of  a  concave  parabolic 
cylinder.  We  shall  consider  suffi¬ 
ciently  shallow  floorings  (with  a  sag 
f  not  exceeding  1/8  of  the  cable  span 
s),  disregarding  the  difference  be¬ 
tween  the  length  of  the  span  and  the 
length* of  the  cable.  Henceforth  the 
beam  spans  are  denoted  by  l  and  we 
consider  loads  on  the  system  which 
do  not  depend  on  the  y  coordinate, 
i.e.,  which  are  constant  along  the  length  of  the  cable. 

The  tensile  stiffnesses  of  the  cables  and  the  flexural  rigid¬ 
ities  of  the  beams  per  unit  length,  eorresDonding  to  the  stiff¬ 
nesses  of  the  replacing  continuum,  are 

f(  =  g_.  £6  Jq 

a  '  b  ' 


The  magnitude  of  the  constant  horizontal  cable  tension  H(x) 
and  the  continuous  uniform  load  qh(x)  balancing  it  are  Interrelated 
by  the  relationship 


H(x) 


?K  (*)** 
8/ 


(1) 


Let  us  consider  a  segment  of  the  cable  of  length  As.  The  work  of 
external  forces  <M*)  on  cable  translations  w  for  a  segment  length 
A 8  is 

A/l 


At  the  same  time  the  work  of  Internal  forces  H(x)  is  defined  as 


A  R  = 


I"WJ1as  = 

K 


IfeidE*  As 

64/*/C 


(3) 


Since  A-4«=—  A/?,  then  introducing  the  notation 


we  find 


C  = 


e  ’ 


qK  (x)  =  Cw. 


(4) 

(5) 


At  the  same  time,  the  deflection  of  the  framework's  beams  is  re¬ 
lated  to  the  loads  taken  up  by  the  relationship 
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(6) 


The  total  loads  qo(x)  taken  up  by  the  beams  and  <7k(*)  taken  up  by 
the  cable  must  be  equal  to  the  load  q(x)  applied  to  the  lattice. 
Taking  this  Into  account,  we  arrive  at  the  differential  equation 
of  equilibrium 


B-~-  +  Cto-q(x), 


(7) 


which  is  identical  with  the  differential  equation  of  the  deflec¬ 
tion  of  a  beam  supported  on  a  nonbinding  elastic  foundation. 

We  consider  the  case  of  a  continuous  uniform  load  q(x)—p.  We 
Introduce  the  notation 


k-±j/QL  l/CL 

5  V  B  '  2  i  V  B 


(8) 


The  solution  of  Eq.  (7)  for  a  freely  supported  beam  subjected  to 
a  continuous  uniform  load  may,  according  to  I.G.  Bubnov  [1],  be 
represented  in  the  form 


where  use  is  made  of  the  transcendental  function 

2  (sh  u  sin  u  sh  kx  sin  kx  +  >  h  u  cos  u  ch  k  t  cos  kx) 


V  (#»*)“ 


ch  2u-f  ccs2u 


(9) 


(10) 


The  framework  has  its  maximum  deflection  along  axis  «-0,  where  it 
is 


PS*  ,  i  2ch«cosu 

-  cjtmis  ( 


64/*/C 


ch  ?u  -f  cos  2 u 


(11) 


Correspondingly,  according  to  (1)  and  (5)>  the  maximum  horizontal 
tension  in  the  framework’s  cables  per  unit  length  is 


2ch  u cos  u 


rt  _  PSU  I  |  £111  U  W  \ 

",KC“  JT  '  ~  ch 2u  +  cos 2u  )' 


(1?) 


The  moments  per  unit  length  in  the  beam  are  found  from  the  formula 

"a” 


M  (x)  --  -  Bw *  (x)  =  (u,  x)  =  |/ 


X 


C  T  '  '  '  16  V  f*K 

4  (sh  u  sin  u  ch  kx  cos  kx  —  ch  u  cos  u  sh  kx  sin  kx) 
ch  2  u  +  cos  2  u 


X 


(13) 


here  they  may  be  at  maximum  also  not  in  the  beam  midspans . 

Here  the  solution  of  the  problem  resulted  in  closed  formulas . 
For  a  load  which  is  not  uniform,  when  we  do  not  have  a  readymade 
solution  of  the  problem  of  deflection  of  a  freely  supported  beam 


-  235  - 


lying  on  a  nonbinding  elastic  foundation,  it  Is  possible  to  find 
a  solution  in  terms  of  trigonometric  series.  Let  there  exist  a 
sine  series  expansion 


m—  • 

q=  <7m sin mn  -f  0,5J ; 


(14) 


we  shall  seek  the  expression  for  the  framework's  deflection  also 
as  a  sine  series 


IRaitf 

w=a  £  w*sln«n(-i-  +  0,5).- 

IKbI 


(15) 


u 


Substituting  these  expansions  into  Eq.  (7),  we  find 

Vm _ _  gmS* 


W. 


(16) 


Prom  this  we  get  expansions  for  the  deflection  of  the  lattice, 
horizontal  tensions  per  unit  length  in  the  cables  and  moments  per 
unit  length  in  the  beams 


w  — 


+  0.5j 

«  (' +i$£r)  ’ 


fm*1  sin  mn 


J  8 

1  \  6l/*/«A'  / 


I 


6  )/»/«* 

^  n*  s* B sin  mn  +0,5) 


1  61/*/«AC  / 


(17) 


Despite  the  not-too-rapid,  particularly  for  the  last  expansion, 
convergence  of  these  series,  they  are  frequently  more  convenient 
to  use  than  solving  Eq.  (7)  by  standard  methods. 

§3.  A  Lattice  of  Intersecting  Beams  (Fig.  2) 

Let  us  consider  a  lattice  of  intersecting  beams  with  con¬ 
stant  rigidities  per  unit  length  in  each  direction,  equal  to 


The  loads  taken  up  by  each  of  the  system's  beams  can  be  found  from 
formulas  such  as  (6)  .  Since  the  total  loads  <7(*)Bnd<7(y)  in  all  points 
of  the  lattice  must  be  equal  to  the  external  load,  the  differen¬ 
tial  equation  of  equilibrium  for  this  system  has  the  form 
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<i8> 


7  It  is  assumed  here  that  the  beam 

f]  t  reactions  ih  the  lattice  Junctions 
reduces  only  to  vertical  forces, 

_  which  is  equivalent  to  disregard- 

I  i  11  I  1  ing  the  beam’s  torsional  stiff- 

—Ait  1— f  J  ness. 

?  Differential  equation  (18) 

Klg’  d  is  most  conveniently  solved  in  a 

series .  For  the  case  when  the  lat¬ 
tice  under  study  is  subjected  to 
a  continuous  uniform  load  q  it  is  expedient  to  use  the  method  of 
simple  series.  We  introduce  the  notation 


*  »  _2«_  «Y 

Vlh  V  IxJxB/  *  2 


"  VltV  I'J'B,  -  2 

and  we  shall  seek  the  solution  of  our  problem  in  the  form 


(19) 


£«>„(*)  sin  nn  JL  (+0,5). 


(20) 


Having  reference  to  the  unknown  expansion 

q=  £\,sinnn(-£-+0,5)  =  £  ~2  *  dn  ««(•{•-  +0,s).  (21) 

ii—l  n—l 

substituting  (20)  and  (21)  into  Eq.  (18),  we  find  for  each  odd 
subscript  n  an  ordinary  differential  equation 


(22) 


which  is  identical  with  the  equation  of  deflection  of  a  beam  on  a 
nonbinding  elastic  foundation.  Its  solution  is 

(23> 

where  <p(«n.  *)  is  the  transcendental  function  expressed  by  Eq.  (10). 
The  sum  of  the  infinite  series 


'y  S|„  (x + 0,5) 

A  n  n*  E,  J,  \  b  / 

384  EuJy\  b *  b* ) 


(24) 


is  the  elastic  n.-ve  of  the  beams  of  the  lattice  lined  up  in  the 
y  direction  in  the  case  when  no  beams  have  been  placed  in  the 
other  direction. 
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Using  this  result  we  find  the  final  solution  of  our  problem 
in  the  form 


w 


_ 768  o 

n»  ** 


384  F.y  Jy 

[l+(-l),l+1] 


5  —  24  —  +  16— - 
6*  6‘ 


a* 


/i— i 


<p(u„,x)sinnn^  +  0,5)j. 


(25) 


In  the  case  when  the  load  on  the  lattice  network  is  distributed 
over  a  part  of  the  flooring  area,  or  is  applied  in  the  form  of  in¬ 
dividual  concentrated  forces,  it  is  expedient  to  use  the  method 
of  double  series.  We  introduce  the  notation 


If  we  set 


+«/.+*/. 

fjw  -  |  J  y )  sin  mn  -f-  0,5j  sin  nn  ^  +  0,5j  dxdy, 

ah  —bit 


(26) 


(27) 


then  the  solution  of  our  problem  may  be  represented  in  the  form 
of  the  double  series 


w 


mmtm  /|a« 

2  2 

m— 1  l 


W  V Un 
ft4  fljr(m4+y*  ft4) 


sinmn 


("7 +  0,5)?inn”('f"f  °’5)'  (28) 


The  moments  and  shearing  forces  in  the  lattice’s  beams  are  found 
by  differentiating  Expressions  (25)  or  (28) 


Mx  = 

My  - 


_p  /  d*w  n  —  n  / 

»J‘’dyfQ»-  C»J'dy*‘ 


(29) 


The  expansions  obtained  when  solving  the  problem  by  the  method  of 
simple  series  converge  very  well,  and  if  the  coordinate  axes  are 
lined  up  so  as  to  conform  to  the  condition  v  >  1.  then,  at  least 
when  finding  deflections  and  moments,  it  is  possible  with  accuracy 
sufficient  for  practical  purposes,  to  restrict  oneself  to  the  re¬ 
tention  of  only  the  first  term  of  the  series  in  Expansion  (25). 

The  solution  using  the  two-series  method  has  a  substantially 
poorer  convergence,  and  the  number  of  subscripts  m  and  n  retained 
in  Expansion  (28)  should  be  at  least  five  each  to  obtain  results 
of  acceptable  accuracy.  However,  the  great  simplicity  of  these 
computations  in  this  case  substantially  facilitates  the  calcula¬ 
tions  . 

As  an  illustration  of  the  application  of  the  dbove  methods 
we  consider  the  design  of  a  square  beam  lattice  with  a=b  =  L  with 

a  beam  spacing  of  /*=/„=/=  4-  (Fig.  3).  We  first  consider  the  case 

8 
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A 
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Pig.  3 


Fig.  4 


when  the  flooring  is  subjected  to  a  continuous  uniform  load.  Re¬ 
taining  only  the  first  term  in  Expansion  (25) »  we  find  the  approx¬ 
imate  expressions  for  moments  from  (29): 

Mjc=  ^^“sin  *  ("ft"  +*0’5)  x 
v  2(sh  u,  sin  ut  ch  k,x  cos  — ch  ut  cosu,  th^jcsinJfcjX) 
ch2U|  +  cos2«i  * 

v  2(shui  sin  “i  sh  *|X$ln  JM-fch  U)  cos  u x  ch  ktx  cot*!*)] 
ch  2ut -f  cos  2u,  J" 


qlL'  =  0,0772  qlL\ 


Pig.  5 


Fig.  6 
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The  difference  between  these  quantities  i^  i jund  to  be  only 

0.358.  Figure  4  shows  the  moments  along  axes  of  the  lattice’s  bars 

obtained  from  Formulas  (30)  (obtained  by  formulas  for  A?  in  the 

x 

numer ttor  and  for  M in  the  denominator).  For  comparison,  the 

parentheses  alongside  give  the  corresponding  values  of  coordinates 
obtained  by  M.D.  Gurari  [2]  by  solving  the  problem  by  the  method 
of  finite  differences.  This  comparison  shows  that  the  results  are 
in  satisfactory  (with  an  error  not  above  251)  agreement. 

The  maximum  and  average  moments  for  all  the  beams  of  the  lat¬ 
tice  under  study  are 

MutKC  =  0,0772  qlL\  Met>  =  0,0554  qlL\ 

which  is,  respectively,  by  2^58  higher  or  12%  lower  than  the  moment 
M-0,0625  tf/ZAi  which  would  have  acted  in  beams  of  each  direction,  had 
the  load  been  distributed  between  them  equally  and  had  there  been 
no  couplings . 

We  now  consider  the  case  when  the  lattice  is  loaded  in  its 
center  by  a  concentrated  force  P,  which  we  shall  represent  (Fig. 

5)  as  being  uniformly  distributed  within  the  rectangle  2aoX2b0.  Con¬ 
sequently, 


In  this  case  we  find  from  Formula  (27) 

•fa.  +<>• 

9m»  =  J  J  Q  si«i  mn  (~  +  0,5)  sin  nn  ( -  J-  +  0,5)  dxdy 

— •  fl+(— Dm+1  |(1+(~1V,+'|  .  a.  .  b. 

~ - -  -i '  ‘ - - —  sm  mn  —  sin  nn  ~  q. 

it*  mn  a  b  1 


To  obtain  the  maximum  moments  in  the  lattice's  beams  with  an  error 
less  than  0.  158,  the  first  seven  terms  in  Expansion  (28)  must  be 
retained.  Upon  performing  the  calculations,  we  find  the  following 
expansion  for  moments  M  along  the  axis  of  the  flooring: 

y 

|Af,U  =  -jjj-  [0,02528  sin  n  ^  4-  0,5)  — 

—  0,00435sin3n  y  +  0,5) -F  0,00 170  sin  5n(— +0,5)  — 

— 0,00074  sin  7n(-i-  +0,5)  +  0,00031  sin  9n  (-1  +  0,5)  —  . 

—  0,0001  \  sin  1 1  n  +  0,5)  +  0,00004  sin  13  n  J-i-  +  0,5||<7/I*. 


For  example,  in  the  center  of  the  lattice  we  have 


I^Uo  =  4  0.03255 qlL'  «  0,00535 qlL'  -  0,0428  PL. 

y— 0  n 

The  moment  diagram  at  midspans  of  the  lattice’s  beams  is  shown  in 
Pig.  6. 

We  note  that  the  greatest  moment  here  is  only  ^34$  of  the  mo¬ 
ment  which  would  have  arisen  in  the  middle  beams  of  each  direction 
had  the  load  been  distributed  equally  between  them,  and  had  the 
couplings  been  absent. 
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APPROXIMATE  DESIGN  OF  PLATES 

Doctor  of  Technical  Sciences,  Professor  l.I.  Malament 
( Len !  ngrad) 

The  method  of  plate  design  discussed  here  is  based  on  the 
utilization  of  ideas  of  A.P.  Filin  [1],  developed  for  shells,  and 
results  in  a  simple  algorithm  of  the  computational  process,  which 
is  convenient  for  electronic  digital  computer  [EDC]  (3 UBM)  pro¬ 
graming.  The  main  advantage  of  this  method  is  the  possibility  to 
use  it  for  any  plate  shape,  any  law  governing  the  variation  in  its 
thickness  and  for  any  load.  Here  the  problem  reduces  to  consider¬ 
ing  a  system  of  linear  equations,  which  can  be  solved  on  an  EDC 
using  standard  programs. 

§1.  The  Design  Scheme 

The  primary  geometric  assumptions  used  in  designing  plates 
are,  as  is  known,  similar  to  those  used  in  the  design  of  beams, 
namely:  a)  the  deflections  in  all  the  points  are  assumed  to  be 
normal  to  the  initial  plane  of  the  plate  and  b)  after  deformation 
the  normal  in  any  point  of  the  middle  surface  remains  straight 
within  the  limits  of  the  plate's  thickness  (analogy  to  the  hypoth¬ 
esis  of  plane  sections).  These  assumptions  make  it  natural  to  re¬ 
duce  the  plate  to  a  system  of  intersecting  beams  and  enable  one 
to  use  principals  from  the  strength  of  materials  in  constructing 
an  approximate  method  for  designing  plates.  A  remark  on  this  idea 
may  be  found  as  early  as  in  [2],  but  there  it  is  not  worked  out 
in  detail. 

The  design  scheme  of  the  plate  being  here  considered  is  shown 
in  Fig.  1.  The  plate  is  here  replaced  by  two  layers  of  beams  which 
shall,  by  convention,  be  called  longitudinal  and  transverse.  The 
longitudinal  beams  form  the  upper  and  the  transverse  beams  make 
up  the  lower  layer.  This  division  into  two  layers  is  needed  pri¬ 
marily  for  convenience  and  clarity  in  describing  the  design 
scheme;  in  general  it  is  possible  to  forgo  this  assumption  and  to 
assume  that  the  two  layers  of  beams  seemingly  penetrate  into  one 
another . 

Under  the  action  of  external  forces  three  mutual  forces  are 

produced  in  each  center  of  intersection  of  two  beams:  1)  vertical 

forces  S  ,  where  m  is  the  number  of  the  longitudinal  row  and  n 
mt  n 

is  the  number  of  the  transverse  row;  2)  moments  M  in  the  verti- 

m}  n 

cal  plane  XO Z;  3)  moments  M  in  the  vertical  plane  YOZ . 

Yl  %  T7\ 
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The  above  forces  are  for  each  of  the  two  beams  intersecting 
in  the  given  point  m,  n  external  forces;  here  forces  S^n  produce 

flexure  in  the  beams,  while  moment  M  produces  flexure  in  Ion- 

TTl j  ft 

gitudinal  beam  m  and  torsion  in  transverse  beam  n  and,  conversely, 
moment  M  produces  flexure  in  transverse  beam  n  and  torsion  in 

Tl  j  TTl 

longitudinal  beam  m.  (The  beams  are  numbered  starting  from  coordi¬ 
nate  axes  X  and  Y ,  respectively.) 
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Fig.  1 


If  the  number  of  longitudinal  beams  is  u,  while  that  of 
transverse  beams  Is  u,  then  the  total  number  of  unknowns  is 

N  —  3 uv.  (  2. ) 

Thus,  for  the  case  shown  in  Fig.  1,  the  number  of  unknowns  is 

N  =  3-9-9  =  243. 

§2.  Canonical  Equations 

To  set  up  the  necessary  N  equations  we  use  the  condition  of 
compatibility  of  strains,  namely: 

1)  the  deflections  of  the  longitudinal  and  transverse  beams 
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at  point  m3  n  are  equal 


(2) 


*  )  the  angle  of  rotation  of  the  longitudinal  beam  is  equal 
to  the  angle  of  twist  of  the  transverse  beam 


®m>n  9/iim! 


(3) 


3)  the  angle  of  twist  of  the  longitudinal  beam  is  equal  to 
the  angle  of  rotation  of  the  transverse  beam 


Vmiit  ®nntr 


(4) 


Each  of  these  six  translations  in  the  given  point  may  be  ex¬ 
pressed  as  a  function  of  the  acting  load  and  of  all  the  interac¬ 
tion  forces  applied  to  the  beam  the  translation  of  which  we  seek. 


Henceforth,  in  order  to  standardize  the  form  of  calculations, 
we  agree  to  refer  the  entire  load  to  the  upper  beam  layer.  The 
longitudinal  beams  are  thus  subjected  to  the  acting  load,  as  well 
as  to  forces  Sm,n,  Mm,n  ™<d  M„  m;  while  the  transverse  beams  are  sub¬ 
jected  only  to  forces  Sn.m, 


To  set  up  developed  equations  for  the  given  point  m,  n,  it 
would  have  been  sufficient  to  write  the  expressions  for  deflec¬ 
tions,  angles  of  rotation  and  angles  of  twist  of  the  longitudinal 
and  transverse  beams  at  point  m,  n  and  to  then  substitute  into 
Eqs .  (2) -(4). 

The  free  terms  of  equations  will  here  be  obtained  from  the 
expressions  of  translations  of  the  longitudinal  beams,  since  the 
free  terns  depend  solely  on  the  acting  load,  and  do  not  depend  on 
the  forces  of  interaction  between  the  beams. 


Each  of  the  three  equations  which  are  obtained  by  equating 
the  translations  in  the  given  point  (node  center) -m,  n  will  con¬ 
tain  terms  containing  unknown  forces  of  interaction  applied  only 
to  the  two  beams  intersecting  at  point  my  % . 

The  problem  thus  reduces  to  evaluating  a  matrix,  and  the  co¬ 
efficients  of  the  unknown  and  free  terms. 

It  Is  precisely  this  part  of  the  problem  which  is  regarded 
as  the  basic  topic  of  this  paper.  As  will  be  seen  below,  the  ex¬ 
pressions  for  coefficients  for  the  unknowns  will  result  in  a  lim¬ 
ited  number  of  standard  and  quite  simple  formulas,  the  general 
form  of  which  does  not  depend  on  the  particular  conditions  of  a 
given  problem. 

Formulas  for  the  free  terms  cannot,  naturally,  be  standard, 
by  virtue  of  the  possible  variety  of  loads.  However,  even  here, 
as  will  be  shown,  the  calculations  reduce  to  performing  the  most 
elementary  operations. 

We  now  consider  the  obtaining  of  equations  for  the  case  of  a 
rectangular  plate  freely  supported  along  its  contour  (see  Fig.  1) . 
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Let  it  be  required  to  set  up  for  this  case  an  equation  such 
as  (2) 

U>m,n  =  U>n,m- 

(5) 


Deflection  w  is  determined  at  the  point  of  intersection 
n 

of  longitudinal  beam  m  with  transverse  beam  n.  This  deflection 
should  be  expressed  as  a  function  only  of  the  specified  acting 
forces  and  of  the  forces  of  interaction  acting  on  the  longitudinal 
beam.  In  general  this  deflection  is  defined  as1: 


<- 1 


(6) 


Here  the  first  summation  sign  contains  the  products  of  all 
the  moments  applied  to  beam  m  in  the  XOZ  plane  and  of  the,  as  yet 
unknown,  coefficients  am<i  corresponding  to  them.  The  second » summa¬ 
tion  sign  contains  the  products  of  all  the  vertical  forces  applied 
to  beam  m  by  the  unknown  coef ficients  {Wi-  Finally,  quantity  SI 

fti  j  n 

is  the  deflection  of  beam  m  due  to  the  external  acting  force  act¬ 
ing  on  this  beam. 


In  an  entirely  similar  manner  deflection  w 

n,  m 

verse  beam  In  the  same  point  m,  n  is  defined  as 

Mnlt  +  £  Pn<i5B/>  . 

_j,=i  <i*=i 


of  the  trans- 


(7) 


Unlike  Expression  (6)  no  third  term  exists  here  since  the  en¬ 
tire  acting  load  of  the  plate  is  transferred  solely  to  the  longi¬ 
tudinal  beams. 


Expression  (7)  is  written  with  a  minus  sign  because  here  the 
signs  of  all  the  interaction  forces  are  opposite  relative  to  the 
corresponding  signs  of  forces  in  Eq.  (6). 


Substituting  Eqs .  (6)  and  (7)  Into  (5),  we  get  an  equation 
of  the  first  type  in  the  following  form 


^  °«l,  Mmh 
<.=>< 


ll  -O  i,^*u  /,«=u 

+  £  e™,  sm„  +  v  +  v  ,sn iA,  +  a.,.  _  0.  (8) 

<i“=l  I,-  I  /,«.! 


Proceeding  in  a  similar  manner,  it  is  possible  to  obtain  an 
equation  of  the  second  type  (3)  in  the  form 

*!„,.  +  v,.„  -  0.  (9) 

/i— 1  /i=»l  it=>  I 


We  note  that  products  zmiMni2  define  the  angles  of  twist  of 
transverse  beam  n  in  point  m,  n.  Quantities  Mn<1  are  moments  of 
interaction,  applied  to  transverse  beam  n  in  planes  XOZ,  i.e., 
moments  producing  torsion  in  these  beams. 
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Equation  (9)  contains  one  term  less  than  Eq .  (8),  since  the 
angle  of  twist  depends  only  on  the  moments  of  interaction  and  does 
not  depend  on  the  forces  of  interaction. 


Finally,  the  equation  of  the  third  type  (4)  is  expressed  as 

i,=r  /i=u 


2  emi,  Mmh  +  2  Intent.*  2  “  °- 

||«l 


(10) 


This  equation  does  not  contain  the  free  term,  since  only 
twisting  is  considered  in  the  longitudinal  beam,  while  the  exter¬ 
nal  acting  load  as  such  does  not  produce  torsion  in  the  beams.  As 
we  have  agreed,  the  external  load  does  not  act  at  all  on  the 
transverse  beams. 

The  horizontal  bar  over  the  expression  of  the  moment  means 
that  this  moment  acts  in  the  vertical  plane,  perpendicular  to  the 
vertical  plane  passing  through  the  axis  of  the  beam  in  question, 
i.e.,  produces  torsion  in  this  beam. 

§3.  Coefficients  of  Equations 

Coefficients  ami,  pm<i  in  Eq.  (6)  are  the  deflections  at  point 
m3  n  produced  by  the  unit  moment  and  unit  force  5m<j— 1,  ap¬ 

plied  at  point  mil.  Consequently,  quantities  a™(1  .ndfcMi  may  be  re¬ 
garded  as  ordinates,  at  point  mix,  of  tne  influence  lines  of  de¬ 
flection  due  to  Af  =  1  «.dS  =  1,  and  to  obtain  the  magnitudes  of  ama„„dPmu 
it  would  have  sufficed  to  construct  these  influence  lines  or  to 
write  their  equations .  Let  us  now  turn  to  setting  up  these  equa¬ 
tions  . 


4 


1 


1 

Fig.  2  Pig-  3 


We  take  into  account  the  following  circumstance:  in  consider¬ 
ing  the  equations  of  the  problem  with  wm,„  =  wn,m  point  m3  n  will  be 
specified,  while  points  mi  correspond  to  points  of  application  of 
force  6’i  =  l  (Fig.  2a)  or  moment  Af  —  1  (Fig.  3a).  In  this  case  it  is 
expedient  to  use  the  principle  of  reciprocal  translations:  instead 
of  determining  the  deflection  at  point  m3  n  produced  by  force  6’=1 
or  moment  M- 1  applied  at  point  mi,  to  seek  the  same  deflection 
at  point  mi  produced  by  >9=1  or  M  =  1  applied  at  point  m ,  n;  in 
other  words,  it  is  necessary  to  write  the  expression  of  the  de¬ 
flection  due  to  unit  moment  or  unit  force  applied  at  point  m,  n 
(Figs.  ?c,  3c). 
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e 


1 

It 

is 

known  that  at  the  left  segment  (Fig.  2b) 

01/,=  Iwfr  f— 3(/— — (2/*a  +  3/a*  +«»)]; 

(11) 

Wip  =  l(/  ~ a)  ~  (2/tfl+3'a‘ + «‘)  4 

(12) 

At 

the 

right  segment  (Fig.  2c) 

U 

k  -  ~r  <~  3“S + ^  • *  ■ -  ■ &  — “*)s 

(13) 

wiP  =  — [-  ax\  -3 alx\  +  (2 /*  -Pa- a*) *2  +  /a>] . 

(14) 

1 

Further,  it  is  Known  that  at  the  left  segment  (Fig. 

3b) 

(15) 

(16) 

At 

the 

right  segment  (Fig.  3c) 

; 

jl 

e»  -  njiv*  +wv “*■ — 3s*); 

(17) 

► 

[  4  +  3lxl  -  (2/*  +  3a‘)  *2  +  3a*/ j . 

(18) 

We  now  write  formulas  for  the  angle  of  twist  for  a  beam 
loaded  in  the  manner  shown  in  Pig.  4a.  For  this  we  shall  also  use 
the  principle  of  reciprocal  translations  and  shall  use  the  scheme 
of  Fig.  4b,  i.e.,'we  shall  seek  the  expression  of  the  angle  of 
twist  at  point  mi  produced  by  unit  twisting  pioment  applied  at 
point  m,  n.  We  take  into  account  the  fact  that  the  initial  angle 
of  twist  [in  point  A )  is  zero.  This  follows  from  the  fact  that 
the  plate  does  not  deflect  along  the  contour;  in  this  case  the  an¬ 
gle  of  rotation  of  the  supporting  beam  perpendicular  to  the  axis 
of  the  given  beam  is  equal  to  zero  and,  consequently,  the  support 
angle  of  twist  of  the  given  beams  is  also  zero. 


Fig.  4 


The  reactive  twisting  moment  is  determined 
that  the  angle  of  twist  at  the  right  support  is 

=  °. 


from 

also 


the  condition 
zero 
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I 


then 


whence,  making  use  of  the  fact  that 


l 

qjk 


0, 


Mr  =  — 

.  1  / 


(19) 


Now  it  is  possible  to  also  determine  the  angles  of  twist  at 
both  segments  of  the  beam. 


At  the  left  segment 


(20) 


At  the  right  segment 


<Pi  = 


(21) 


The  free  terms  of  Elqs .  (8) -(10)  are  the  translations  due  to 
the  external  acting  force  applied  to  the  given  beam  m;  consequent¬ 
ly. 


V  =  0<p>  . 

m»n 


Calculation  of  deflections  w^n  and  angles  of  twist  0^>n  is  not 
as  single  as  calculating  the  coefficients  of  the  unknowns,  since 
the  external  acting  load  may  be  arbitrary.  Nevertheless,  even  here 
the  calculations  may  be  reduced  to  a  regular  process. 

Let  for  longitudinal  beam  m  be  known  the  external  acting  load 
q(x)  acting  in  the  plane  of  the  geometric  axis  of  this  beam  (Pig. 
5). 2  In  each  of  its  junctions  1,2,3, ....  9  it  is  necessary  to  deter¬ 
mine  the  angle  of  rotation  and  deflection  due  to  this  load.  These 
translations  will  enter  Formulas  (8)  and  (9). 


—*+*■+^[2^+2 


=  <Po  +  • 


GJ  K 


Ss* 
31 

2 


+ 


Li  4! 


Fig.  5 


These  translations  may  be  determined  most  simply  by  moving 
from  node  to  node,  for  which  it  is  necessary  to  use  the  known  for¬ 
mulas  of  the  method  of  initial  parameters 
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For  the  continuous  load  assumed  fcy  us  it  is  possible,  by  mov¬ 
ing  in  sequence  from  node  to  node,  to  write  expressions  for  the 
internal  forces  and  translations  in  node  n,  expressing  them  in 
terms  of  these  translations  and  forces  in  node  (n— I)  and  in  terms 
of  the  external-load  application  rate  <jn-u  using  the  formulas 


0.  =  + 


1-n* 

EJU 


)= 


w  *=w  ,+e  , d  +  if.  +  Ssr'JL  +  Js=£L\ , 

-  n— 1  *  «— 1  T  ci  l  o  '  a  '  24  / 


£/ 


6 


(22) 

(23) 

(24) 

(25) 


where  d  is  the  distance  between  nodes. 

We  note  that  the  initial  parameters  must  be  predetermined. 
For  our  scheme  of  a  plate  freely  supported  along  the  contour, 
Mo=0,'.nd«70=0;  Qo-/40  (Fig.  5). 

As  to  the  initial  angle  of  rotation  0o ,  it  should  be  deter¬ 
mined  from  the  condition  that  the  deflection  at  the  right  support 
is  zero 


wB  =  0. 

In  the  recurrent  method  of  calculations  described  here  it 
would  be  most  convenient  to  retain  in  all  the  calculations  0o  in 
the  symbol  form  and,  only  when  reaching  the  right  support  point, 
to  equate  to  zero  the  equation  of  deflection  for  it. 

It  is  recommended  that  the  rate  of  application  Qn-\  of  the 
load  in  Formulas  (22) -(25)  be  thought  of  as  the  mean  ordinate  of 
the  load  curve  at  the  segment  between  nodes  n— I  and  n  (see  Fig. 
5)  . 


The  final  values  of  the  shearing  forces  and  bending  (twist¬ 
ing)  moments  in  the  longitudinal  and  transverse  beams  for  each 
node  may  be  determined  after  solving  the  solution  to  the  system 
of  equations,  when  interaction  forces  are  found. 

The  shearing  force  will  be  determined  as  the  sum  of  two 

shearing  forces  at  the  given  point  of  the  beam’s  axis  due  to  the 

external  active  force  and  to  interaction  forces  S  .  This  last 

w,  n 

operation  is  most  conveniently  performed  also  recurrently,  moving 
from  node  to  node;  then3 
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Similarly,  for  the  bending  moment 

Mmln i  E=  l~f-  Mm.n—i  +  Qn~\  ^ • 

The  twisting  moment  in  the  longitudinal  beam  is  equal  to  the 
bending  moment  of  the  transverse  beam  at  the  given  point  and  vice 
versa 


Af<*>  =^00 

“,n  n ,  fft 


The  total  internal  forces  are 


Q  =  &P)  —  o 

^m,/i  • 

A#!, = M%n + ass. 
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*In  Formulas  (6)  and  (7),  quantities  i\  and  i z  will  de¬ 
note  the  numbers  of  the  longitudinal  (ti)  and  trans¬ 
verse  (i 2)  beams,  starting  with  0  at  the  supports  ad¬ 
joining  the  coordinate  axes. 

2We  reduce  the  load  to  the  longitudinal  axis  of  the  beam 
in  a  simplified  manner,  irrespective  of  the  fact  whether 
it  is  distributed  symmetrically  over  the  width  of  the 
beam.  This  involves  a  certain  degree  of  approximation, 
which  will  have  the  lesser  effect,  the  smaller  the  beam 
width  selected  by  us. 

3Below  Q-n<*AfJr,„  denote  Internal  forces,  which  take  into  ac¬ 
count  only  the  forces  of  interaction. 
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K  = 

k  = 

krutyashchiy  =  twisting 
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H  = 

n  = 

nachalo  =  start 
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K  = 

k  = 

konets  =  end 
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H  = 

1  = 

izgib  =  bending 
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DESIGN  OF  VARIABLE-THICKNESS  PLATES  USING  AN  ELECTRONIC  COMPUTER 

Engineer  R.A.  Rimskiy 
(Moscow ) 


§1.  Introduction 


The  present  article  considers  the  stability  and  transverse 
bending  of  a  variable-thickness  plate,  and  also  contains  an  analy¬ 
sis  of  the  effect  of  certain  cross-sectional  shapes  of  a  plate  on 
the  magnitude  of  the  critical  load.  The  solution  is  presented  by 
the  numerical  method  in  a  fr  r,  making  it  possible  to  fully  mecha¬ 
nize  the  computations,  whion  o  obtained  for  using  a  method  sug¬ 
gested  by  Professor  A.F.  Smirnov  [2],  [3].  This  method  is  based 
on  a  solution  of  linear  differential  equations  by  means  of  an  in¬ 
tegral  matrix  which  was  developed  by  Irofessor  A.F.  Smi1'*  -  .  and 
presented  in  his  book  [1].  The  use  of  this  solution  mak<_s  li  pos¬ 
sible,  after  appropriate  transformations,  to  write  the  above  dif¬ 
ferential  equation  in  vector  form  and  to  reduce  the  problem  almost 
completely  to  performing  operations  of  linear  algebra,  which  is 
not  difficult  when  using  computers. 


The  solution  of  the  problem  presented  below  was  performed  en¬ 
tirely  on  the  ,,Ural-2"  electronic  computer.  In  setting  up  the  pro¬ 
gram  use  was  made  of  a  standard  subprogram  for  solving  problems 
of  linear  algebra,  developed  by  Docent  N.N.  Shaposhnikov. 

§2.  Basic  Equations 


We  consider  a  plate  (Fig.  1)  of  variable  thickness  h  =  h(y), 
compressed  at  sides  *=0«n<ijc=a  by  forces  (y)  (per  unit  length)  in 
the  direction  of  the  *-axis,  and  loaded  by  a  transverse  load 
q=q(xy).The  differential  equation  of  flexure  for  a  plate  in  this 
case  has  the  form 


+^-)+2 


dD  ,d'w 


dy 


.  d*w  \ 
(  dy*  dydxx  i 


+ 


dx * 


xy 


d*w 
dx dy 


d*w 

dy* 


~q  =  0, 


(1) 


where  y  is  Poisson's  ratio; 

D  is  the  cylindrical  rigidity; 

Nx^Ny  are  forces  per  unit  length  acting  in  the  middle  plane 
of  t.  e  plate . 

Let  the  plate  be  freely  supported  along  sides  x=0*m>x=-a,  with 
the  support  conditions  of  the  other  two  sides  arbitrary.  Then  it 
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we  get  on  the  assumption  that  #*,,»() . 

Pig.  i  ^si„^[D(/,v_2^LjC+ 

1 

m'n4  *  \  ,  o  m*  Ji*  .  \  .  (  x-  m*  n1  -  \ 

+  — /■)  +  2ir(/"~~/")+.‘v 

-  ^ + v;l  -  i>  ~  p»<  (io 

1 

for  ftl  —  1,  2,3,..,,  /I  . 

In  order  for  Equality  (*J)  to  apply.  It  Is  required  to  satisfy  the 
condition 

°(K-*^r.+^-)+2f{r.-^r.)+ 

for  m  —  \,2,3,...,n. 

Upon  finding  f  from  Eq.  (5)  and  substituting  it  into  (2),  we  find 
the  sought  solution  of  Eq.  (1). 

§3.  Designing  the  Plate  for  Stability 

We  consider  a  plate  subjected  solely  to  compressive  forces 
Nmx  (y). 

It  can  be  shown  that  the  solution  of  Eq .  (1)  in  this  case 
will  have  the  form 

mnx  v 

“  =  »«—/(».  (6) 

where  m  is  a  positive  Integral  number.  Then  to  determine  f(y)  we 
get 

°  (r - *  ■ /) + ^  %(r + ^  r) + 

,  d<D  l  ~  w’n*  \  m*jxJ 


is  possible  to  seek  the  approximate 
solution  of  Eq.  (1)  in  the  form 

W  =  Yi^~-fm{y)  (2) 


when  (m  =  1,2,3^.., n.  Substituting  (2) 
into  (1),  having  first  represented 
the  load  in  the  form 

<7  (*.  y)  =  X  Sin  Fn  (y),  (  3 ) 


ffi’n*  \ 

m*;xJ 

P1  1 

o‘ 

-  253 


Determination  of  NxmdNv  contained  in  (7)  Is  in  general  quite  dif¬ 
ficult.  Let  us  consider  a  number  of  cases  when  the  finding  of 
stresses  may  be  simplified: 


In  this  case 


N  * 

•)  ax  =  ~~  =  const. 
h 

N  =  /V*  •  N  =  N  =-  0- 

x  x  ’  y  1  xy  — 

b)  N*x  =  const. 


In  the  case  when  the  plate’s  cross  section  has  two  axes  of  sym¬ 
metry  It  Is  possible,  with  a  high  degree;  of  accuracy,  to  use  for 
the  stresses  the  solution  given  by  strength  of  materials,  i.e., 

/V  =--=  A'*  •  /V  -  A'  ==  0- 

x  J  x »  1  y  xf 

h)  h  —  const  h  — 
varies  linearly.  Then  also 

Ny  =  Nxy:  0. 


Solving  Eq.  (7)  by  the  method  suggested  by  Professor  A.F.  Smirnov 
[2,  3]  and  using  the  notation  in  [2,  3],  it  is  possible  to  reduce 
Eq.  (7)  to  the  form 

(C  —  \E)flw—  0,  (8) 
where  C-r1!,; 


L  —  E  —  2  Cj-f  C0  +  2G1(C3--^-C1)  + 


„  I  A lx„b* 

Here  —  =  ~~— 

>.  D. 


CN  is  the  diagonal  matrix 


<v-. 


Nx, 


Nx 


N, 


N 


x0  4 


Matrices  C.  are  obtained  from  the  equalities 

t 

«/„+ 1  /;+  £  /;  I-  i  /„■+ ov-v ; 

cr  =  °/o  +  t/o-H  ~  fo  +  0V,V; 

C2  =  ^  +  ^/„’+  £JV,V; 
c,-o/;+Qj". 

Setting 


(9) 


|C  —  X£|  -0, 
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1 


9 


we  get  a  nontrivial  solution  of  Eq.  (8),  whence 


N, 


X*  p 


Op 

u* 


The  initial  parameters  fo  f'o>  /o^/o*.  which  are  contained  in  Equali¬ 
ties  (9)  may  be  obtained  from  boundary  conditions-  We  shall  assume 
that  the  plate  is  elastically  supported  and  elastically  clamped 
along  sides  y—o»r>dy~b .  Then  the  boundary  conditions  have  the  form 


where  K\  and  K  3  are  the  proportionality  factors  between  the  angle 
of  rotation  and  the  twisting  moment  at  sides  y=0  •«!  respec¬ 

tively,  while  K.2  and  "4  are  the  proportionality  factors  between 
the  shearing  force  and  translation  at  sides  y=0^y=b.  Transforming 
(10)  according  to  the  method  used  in  these  calculations,  we  get 
for  the  determination  of  /l0°,  in  the  case  of  constant  K  a  system  of 
equations  of  the  form 


ai  fo  +  aifo + fo =  0; 

°.i/o  +  ap/o  +/o  =  0; 

P1/0  +  (P|  +P2)/o  +  (-y  +  P*  +  +  + 

=■  —  (p,  <■/+  pV  +  io2)7'v; 

Pj/o  +  (P3  +  Pi)/o  +  (y  +  P«)/»  +  ('T  +  7"  + !)  K  “ 
= — (Paw4 + p«w3  ■+■  w)  /  y  • 


Here  is  the  bottom  row  of  matrix  ;  the  coefficients  are 


m*  n‘ 


a,  = 


Pi  —  ai ;  Pa  — 


/Cl  b 
Da 
Kil> 


a,  = 


Pa” 


m'n* 


Kt 

D,b 
K , 


;  a4  =  (n— 2) 

I  Pi  “  a«  • 


m’n* 


A  substantial  effect  on  the  accuracy  of  solution  obtained  by  the 
numerical  method  used  is  the  number  of  parts  into  which  the  plate 
width  is  broken  up.  To  determine  the  required  number  of  divisions 
we  now  consider  a  solution  for  a  constant-thickness  plate  when  the 
plate  width  b  is  divided  into  5  and  10  parts. 

This  problem  is  solved  by  using  an  integral  matrix,  based  on 
approximating  the  function  and  its  derivative  by  means  of  Lagrange 
polynomials.  In  this  case,  as  is  known,  the  use  of  an  integral 
matrix  of  an  order  higher  than  six  may  not  result  in  a  higher  ac¬ 
curacy  than  when  using  lower-order  matrices,  which  follows  from 
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the  properties  of  Lagrange  polynomials.  To  avoid  this,  we  apply 
the  following  operation  to  plates  with  symmetrical  cross  section. 
We  break  up  the  plate  along  its  width  into  two  parts,  having  first 
broken  up  the  load  into  symmetrical  and  skewed-symmetrical,  and 
we  shall  seek  a  solution  for  one  half  of  the  plate,  upon  breaking 
it  up  along  its  width  into  five  parts.  Here  it  is  necessary  to  as¬ 
sume  for  the  symmetrical  load  along  the  dividing  line  that  the 
nlate  is  rigidly  clamped  with  the  edge  free  to  move,  while  for  the 
skewed-symmetrical  load  it  is  assumed  that  the  edge  is  freely  sup¬ 
ported.  The  table  presents  results  of  calculating  the  critical 
load  for  a  constant-thickness  square  plate  with  a  different  number 
of  divisions,  as  well  as  values  presented  in  the  book  by  S.P. 
Timoshenko  C A ] . 


Value  of  Coefficients  k~~T') 


1 

2  MmcjicnhuA  MCTO* 

3 

rp.lHHMHUC  yCJOVHI 

ACJCHMC 

hi  5  mere* 
4 

aejicMHe 

M  10  Hi* 
tw»  5 

no  Tw- 

MOIUCMKO 

..KpaH  y=0  h  y  =5 

6  cboGoaiio  onepTM 

4.0004 

4,0000 

4 

tKpan  y  —  O  h  y  —  b 
7'3aAeJtanw~ 

7,6321 

7.(5913 

7,69 

Kpaa  y  =  0  h  y  —  b 
g  cboCoaiim 

0,9523 

0,9523 

1)  Boundary  conditions 

2)  Numerical  method 

3)  According  to  Timoshenko 

4)  Division  into  5  parts 

5)  Division  into  10  parts 

6)  Edges  ...  and  ...  freely  sup¬ 
ported 

7)  Edges  ...  and  ...  clamped 

8)  Edges  ...  and  ...  free. 


As  can  be  seen  from  the  table,  dividing  the  plate  into  five 
parts  already  ensures  sufficient  accuracy. 

Below  are  presented  critical  loads  calculated  for  plates  with 
different  cross  sections.  Here  consideration  is  given  to  plates 
with  the  same  cross-sectional  areas,  which  makes  it  possible  to 
make  a  certain  estimate  of  the  efficiency  of  a  given  cross-sec¬ 
tional  shape. 

a)  Plate  with  a  wedge-like  cross  section  (Pig.  2a)  subjected 
along  sides  x=0«*x  =  a  to  a  variable  lead  N*x  (y),  so  that 

K 

ax  =  —  =  const. 
h 

In  the  given  case  we  should  set  in  Eq.  (8)  CN=Ch,  where 


-  256  - 


ho  h0 1 


Figure  2b  shows  the  variation  of  critical  stresses  a  for  the 

given  plate  as  a  function  of  ratio  — .  It  follows  from  the  graph 

"0 

(Fig.  2b)  that  maximum  stresses  will  exist  in  a  constant 

thickness  plate,  when  plates  of  the  same  volume  are  compared, 

b)  Plate  with  symmetrical  cross  section  subjected  to  the  con¬ 
stant  load 

/V’  =  const. 


The  solution  for  the  case  under  study  is  obtained  by  assuming  in 
Eq.  (8) 

C„  =  E. 

The  results  of  calculations  for  a  plate  with  a  cross  section 
in  the  form  of  two  combined  wedges  (Fig.  3a  and  3b)  are  shown  in 
the  graph  (Fig.  3c). 


$ 


Fig.  2.  1)  Edges  ...  and  ...  are  clamped; 
2)  edges  ...  and  ...  freely  supported;  3) 
edges  . . .  and  . . .  free . 
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Fig.  3.  1)  Edges  ...  and  ...  clamped;  2) 
edges  .  . .  and  .  . .  freely  supported;  3) 
edges  .  . .  and  .  . .  free . 


It  may  be  concluded  from  the  graph  (Fig.  3c)  that  the  most 
efficient  cross-sectional  shape  for  the  majority  of  the  cases  un¬ 
der  consideration  is  that  with  maximum  material  concentration  at 
the  edges . 

§4.  Transverse  Flexure  of  a  Variable-Thickness  plate 

The  differential  equation  of  flexure  for  a  plate  for  the  case 
being  considered  is  easily  obtained  from  (1)  by  setting 

NX  =  N„=  Nxy  =  0. 

We  shall  seek  the  solution  of  (1)  in  the  form  of  (2),  when  fm  may 

be  obtained  from  Eq .  (5),  where  it  should  be  assumed  that  NX—NV=Q. 
Solving  (5)  by  the  numerical  method  used  in  the  preceding  section, 
we  get,  after  transformations,  Eq.  (5)  in  the  vector  form 

Lmf'v  —  G,  Fm.  (12) 

Here 

Ln  -  E  -  2  C,  +  *2-  C0  -f-  2U,  ( C,  -  Cx )  + 

«•  a*  \  ar  J 

+  Ot (C,  —  n  C9  j ;  (13) 

F  is  a  load  vector,  consisting  of  the  values  of  the  function  in 
m 

points  0,  /,  2 . n\ 
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1 


9 


I  /-(O) 


4 

F(2b) 


Matrices  C.  contained  in  (13)  may  be  determined  by  Formulas  (9) 
and  (11).  Solving  Eq.  (12)  we  get 

71V  =*  L-1 0  F 


The  vectors  of  the  minor  derivatives  may  be  obtained  from  the  fol¬ 
lowing  equalities 

/'  =  Cjlv  (/  =  0,1,2,  3). 

Solution  of  Eq.  (12)  is  not  difficult  for  any  kind  of  load. 

We  consider  two  particular  cases. 

a)  The  plate  is  subjected  to  a  constant  load  iq(x,  y)=const.  Rep¬ 
resenting  load  q(x,y)  in  the  form  of  (3),  we  get 

F 

1  m  —  • 

Jim 

Whence  the  vector 


l 


4g 

nm 


Let  the  plate  be  freely  supported  along  edges  then  to 

determin  ;  ’  f\>l)  in  Eqs .  (11)  it  should  be  assumed 

=  Kt  ~  0;  /(»  =  /(«=  oo. 

We  consider  first  a  constant-thickness  square  plate.  When  the 
width  of  the  plate  is  divided  into  10  parts  it  suffices  to  retain 
3  terms  of  Series  (2)  to  obtain  the  midplate  deflection  when  n=*0,3: 

w  =  0,0443^  ~~  , 

which  is  in  complete  agreement  with  the  known  value.  The  deflec¬ 
tion  curve  along  — -  for  a  freely  supported  square  plate  with  a 

wedge-shaped  cross  section  (Fig.  2a)  with  --  =0,25  is  shown  in  Fig. 
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Fig.  4 


b)  The  plate  is  loaded  by  a  concentrated  force  P. 
We  represent  the  load  in  the  form 

9(x,y)  =  q(x)q(y), 


where  g(x)  »n?q(y)  are  loads  per  unit  length  along  the  X-  and  Y-^axes, 
respectively.  In  the  case  of  a  concentrated  force  q(x)  may  be  rep¬ 
resented  by  the  series 


q(x) 


ip_ 

a 


e 


sin 


mnx 


m— 1 


a  m  =  1,2,3.. 


We  shall  perform  our  calculations  for  a  plate  divided  into  10 
width  segments,  here  using  the  remarks  of  the  preceding  section, 
we  consider  only  one  half  of  the  plate,  which  is  broken  up  into  5 
parts.  Then  the  vector  of  function  q(y)  for  the  case  under  consid¬ 
eration  can  be  written  as 


q 


(1*0 


on  the  condition  that  we  are  considering  the  left-hand  side  of  the 
cut  plate.  Since  in  the  method  used  In  these  calculations  the 
function  is  interpolated  by  Lagrange  polynomials,  then  the  load 
corresponding  to  Vector  (1*1)  has  the  form  shown  in  Fig.  5.  Having 
reference  to  Che  fact  that  the  weight  of  load  q(y)  under  consid¬ 
eration  should  be  unity,  we  get 


2dX7*  —  1 


where  2w  is  the  area  of  the  part  crosshatched  in  Fig.  5. 

Taking  into  account  the  fact  that  to  solve  the  problem  the 
load  should  be  represented  In  the  form  of  (3),  we  have 
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p 

2d >a 


0 

0 

0 

0 

1 


Area  w  Is  easily  determined  when  the  structure  of  the  Integral 
matrix  is  known.  Per  the  case  under  consideration  w  will  be  equal 
to  .  the  difference  between  the  sixth  and  fifth  elements  of  the  ex¬ 
treme  right  column  of  matrix  fi. 

For  our  case  <o=0, 032986  a. 


Finally  we  get 


15,1579 P 

a* 


0 

0 

0 

0 

0 

1 


(15) 


Substituting  (15)  into  Formula  (12)  and  retaining  5  terms  of  Se¬ 
ries  (2),  we  get  the  midplate  deflection  for  n=0,3. 

w= 0,1197  —  , 

Eh* 

which  is  by  5.3$  less  than  the  exact  value. 

In  conclusion  we  note  that  using  the  above  method  it  Is  not 
difficult  to  design  a  plate  for  a  simultaneous  transverse  load  and 
compressive  forces . 
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Transliterated  Symbol 


np  =  kr  =  kriticheskiy  =  critical 


DESIGN  OF  CONTINUOUS  GIRDERS  WITH  A  HELICAL  AXIS 

Candidate  of  Technical  Sciences,  Docent  A. A.  Gorin 

(Dnepropetrovsk) 


1.  We  are  considering  a  continuous  girder  whose  axis  is  a 
helix,  the  parametric  equation  of  which  has  the  form  (Pig.  la)1 

x  =  a  cos y  =  asint\  z  =  —  t;  ds  =  Bdt- 

2n 

(1) 


The  direction  cosines  of  tangent  line  u ,  of  the  principal 
normal  v  and  of  the  binormal  w  are  determined  from  the  respective 
formulas 


cos  (ut  x)  —  ~~~~  ;  cos(u,  y)  —  lS2li  ;  Cos(u,z)  =  ■* 


S'  ""  B  '  '  ’  '  2nB 

cos  (v,  x)  =  —  cos t;  cos(i>,  y)  =  —sin  t;  cos  (w,  z)  <=  0; 

cos  (w,  x)  "  -—-sin/;  cos  (o>,  y)  =  —  — — —  cos  t\  cos  (w,z)=—. 

tub  /K B  B 


( 2  > 

(3) 

(4) 


The  helical  girder  is  supported  by  stationary  ball-and-socket 
hinges,  while  the  extreme  supports  are  three-dimensional  anchors. 
The  girder  is  subjected  to  an  arbitrary  force  acting  in  an  arbi¬ 
trary  direction. 

Two-  and  three-term  equations  of  the  method  of  translations 
in  matrix  form  are  written  as 


rii®i+'ia®«4-/?i,-0; 

+  f aa^a  4  f  13  ^’a  4*  R%„  =  0; 


-1  4_  ri-\.i  ^  1  4*  i.p  ~  0; 

(a) 

ru- m  4"  R ip  ~ 

(b) 

4"  r,-2.n_i‘I)n_,  4-  ,p=  0; 

(5) 

+  ^/.-i  ,p  =  °. 

whe  re : 

a)  the  principal  unknowns  are  the  column  matrices 


l/27*J 


-  263  - 


MMHi 


(6) 


the  elements  of  which  are  the  angle  of  rotation  <pj.  9',  9'  of  the  in¬ 
termediate  support  cross  sections  relative  to  the  three  mutually 
perpendicular  axes  xit  yi%  z{  parallel  to  the  coordinate)  axes  of  the 
helix  axis  of  the  contour. 


Pig.  1  Fig.  2 


b)  the  coefficients  of  4> .  are  the  principal  and  secondary  re- 

Is 

actions,  which  are  square  matrices  of  the  third  order  of  the  form 
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r*i  xi  r*i  yi  r*t  *i  r*i  xi+i  r'i  >«+i  r*t  *1+1 

ru  *  r*i  *i  r*t  yt  Tyi  *i  ;  r/,i+isM  tyi  *1+1  r*i  >/+i  r>i  *i+i 
r*<  *i  r*i  r,<  */  r*i  *<+i r*/  >1+1  r*i  »h-i 

The  elements  of  Matrices  (7)  are  unit  .reactions  of  the  cou¬ 
plings  in  the  principal  system,  ootained  by  introducing  In  the  In¬ 
termediate  Joints  of  couplings  resisting  rotation  of  the  joints 
relative  to  axes  *«.  Vu  *i.  For  example,  is  the  reaction  of  tho 

coupling  of  the  ith  Joint,  preventing  this  Joint  from  rotating 
about  axis  a^,  this"  rotation  being  brought  about  in  the  principal 

system  by  unit  rotation  of  the  i  +  lth  Joint  about  axis  y<+i.  Mat¬ 
rices  r<,<+i  and  *■<+!,<  are  transposed  maFrices,  r<,<+i~r'i+i,<; 

o)  the  free  terms  are  the  column  matrices 

R*tp 

Ry‘>  .  ( 8) 


the  elements  of  which  are  reactions  in  the  couplings  which  were 
introduced,  duo  to  the  specified  load. 

2.  To  determine  the  elements  of  Matrices  (7)  it  is  necessary 
to  design  a  single-level  helical  girder  with  ends  anchored  in 
space  for  a  load  consisting  of  unit  rotations  of  the  top  and  bot¬ 
tom  anchors  relative  to  each  of  the  three  mutually  perpendloular 
axes  xu  yi,  *<, i  The  design  of  such  girders  using  the  method  of  forces 
for  certain  kinds  of  force  loads,  which  makes  it  possible  to  de¬ 
termine  the  elements  of  Matrices  (8)  is  considered  in  [2].  For  de¬ 
signing  for  rotation  the  anchors  using  the  principal  system  used 
in  [2]  (Fig.  2)  [reactions  B  of  the  bottom  anchor  have  been  moved 

to  point  O|^0.  0.  where  T  is  a  parameter  corresponding  to  top 

anohor  A\  the  principal  unknowns  X ,  7,  Z  are  mutually  perpendicu¬ 
lar,  with  X  and  7  lying  in  the  horizontal  plane,  7  forms  angle  7/2 
with  axis  +«  and  Z  is  directed  along  axis  +a,  the  moment  veotors 
l,  /,  f|  are  directed,  respectively,  along  Xt  7,  z«r],  it  is  first  nec¬ 
essary  to  find  the  translations  in  the  direction  of  the  principal 
unknowns,  produoed  by  angular  translations  of  the  support  oross 
seotlons. 

a)  Subjecting  bottom  anchor  B  to  a  unit  angular  translation 

relative  to  axis  xa,  (Fig*  2).  The  rotation  of  the  anohor  pro¬ 

duces:  1)  linear  translation  of  the  end  of  a  perfectly  rigid  can¬ 
tilever  in  the  norizontal  plane  in  the  negative  y  direction,  equal 
to  fj?  e,  the  components  of  which  along  the  X,  7,  Z  directions  are 
shown  in  Fig.  2aj  2)  angular  translations  about  axes  i  and 

shown  in  Fig.  2b.* 

b)  Subjecting  bottom  anchor  B  to  a  unit  angular  translation 
relative  to  axis  yB.  <pwy«l  (Fig.  3).  This  load  produces:  1)  linear 
translation  of  point  0\  in  the  vertical  plane  xoa,  which  is  equal 
to  <fy,  and  whioh  is  broken  up  onto  a  component  along  the  s-axis 
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3?  l  '•'*> 


(3 


Fig.  3  Fig.  5 


equal  to  OiB  <pf  sin  a  «■  a<p* ,  and  a  horizontal  component,  parallel  to 
the  x-axis,  equal  to  TTfeyB  cosq  -  c<p*  (Fig.  3a). 

The  latter  supplies  translations  along  the  direction  of  the 
principal  unknowns  X  and  Y,  the  values  of  which  are  shown  in  Fig. 
3b;  2)  angular  translations  about  axes  i  and  j ,  which  are  shown 
in  the  same  figure. 

c)  Subjecting  bottom  anchor  b  to  a  unit  angular  translation 

relative  to  axis  =  I .  (Fig.  ^4 ) .  In  this  case  we  get:  1)  linear 

translation  of  point  0\  in  the  horizontal  plane  in  the  negative  y 
direction,  equal  to  cwpf,,  which  is  broken  up  into  components  along 
X  and  Y  shown  in  Fig.  4;  2)  angular  translation  about  axis  r, 
which  is  unity. 

d)  Subjecting  bottom  anchor  B  to  a  unit  linear  translation 
along  axis  x„,  \xd  -  I  .3 

The  linear  translations  of  point  0\  are  shewn  in  Fig.  5a. 

e)  Load  Ay“=l. 

The  linear  translations  of  point  0\  are  shown  in  Fig.  5b. 

f )  Load  -  I. 


The  linear  translation  of  point  Oi  along  the  2-axis  is  unity. 
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Afx  ei  determining  the  principal  unknowns  X ,  Yt  Z,i,j,r  on  the 
basis  of  [2],  the  reactions  of  bottom  B  ana  upper  A  anchors  rela¬ 
tive  to  axes  parallel  to  the  x,y,z  coordinate  axes  are  found  from 
the  formulas  (Pig.  6): 


i  ) 


i  ) 


R?  =  —  x  sin  y  —  V  COS  y  ;  R*  = 

=  Xcosy  —  Ksin-y ;  RA  —  —  Z;  (9) 

M*  —  X — cos - Y  —  sin - h 

*  4n  2  4  n  2 

T  T 

-f  aZ&inT  —  /sin  — - /  cos 


...  v  hT  .  T  ,  \rhT  T 
M*  =  X  -sin - \-Y  —  cos - 

1  in  O  in  1 


T  T 

—  aZ  cos  T  + 1  cos  — - j  sirvy  ; 


MA 


T  T 

aX  cos  — *  — aY  sin - r\ 

2  2 


~  sin  y  -j-  P  cos  y  ;  R*  =  ~ 
-Xcos-^+P!iin|-;  /??=-- Z; 

Mf  =  X  —  cos  —  —  Y~  sin  —  + 
*  4ji  2  4n  2 

r  r 

+  I  Sin  y  +  /  COS  y  ; 


My  "  *7"  sin  T  +  K r-  cos  4*  +  —  i cos  i-  4-  /sin  —  ; 

*  4n  2  4n  2  2  2 

Aff  =■•  aX  cos  — — aK  sin  —  +  r. 

t  2  2 


hT 


(10) 

(ID 

(12) 

(13) 

(14) 

(15) 

(16) 


g)  Subjecting  top  anchor  A  to  a  unit  angular  translation  rel¬ 
ative  to  an  axis  parallel  to  the  axis  x,yA—\. 

All  the  reactions  of  the  bottom  anchor  B  may  be  determined 
from  the  theory  of  mutual  equality  of  the  coupling  reactions  pro¬ 
duced  by  equal  coupling  translations: 


RD  A~  MA  R“  .  =  Af> i  •  R" 

y?t  xlyH 


M* 


X 4  l' 


D  • 


*f*  y'x  X.? 


(17) 

(18) 


The  reactions  of  top  anchor  A  are  determined  from  equations 
of  statics 

*A...  = 


*tr 


y*r 


hT 


MA  =  -M“  -R*  "-L-  +  RB  .asinT; 

rmn  r  to™  un"  m 


*v 


yyA  2n 
hT 


MA  =-M"  A+RB  a'XL.+  R*a(l-  cos  7); 

yvi1  2n  7 


(19) 

(20) 

(21) 
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\ 


h )  Load 


<Py 


All  the  reactions  are  determined  by  analogy  with  the  preceding 


RB  .  =  M*  _ 

*y*  y**B 

MB  .  =  MA  .  ; 

yy? 

*Aa=-RB  A  ’ 

*9y 


RB  „  -  MA 


y»y 


M°  ,=MA 


yy; 


a  • 


/?* ,  ~-K8 

yr 
hT 


y*v 


A  • 


«y?  y**8 

Af8  4  =  M*  a  ; 

*y?  yy? 

RA  =  _/?fl 
*»?  *»; 


A  > 


^  4  ~**a  "  ^  -sinT; 


•»r 


Al*  = 

y?y 


*y; 


yy?  2n 
hT 


M%+Rb"±+R*a°(  1 


yy; 


*yy  2rt 


*yC 


Al*  .  =  — Af8  .  —  /?fl  .  asinT1  —  /?s  .  a(  1 
*?y  *y?  *y?  y  y? 


•  COS  f); 

—  cos  T). 


(23) 

(24) 

(25) 

(26) 

(27) 

(28) 


i  )  Load  <p?  *=  1. 


R°  A  = 
**» 

MA 

1  *  a  * 

*Ajr° 

RB  A 
i.yy* 

=  M* 

,r*  .  8' 
lAy 

,  **? 

(29) 

M*  ,  = 

MA; 

Affl  . 

=  a*xb  ; 

Affl  . 

=  ; 

(30) 

yy. 

*y" 

«y. 

RAa  =  - 

jry. 

■Rba; 

Raa' 

yy. 

yy. 

*V 

*y* 

=  ~RBA' 

(3D 

MA  . 

,  =  -M«  ,~ 

fl^asinr; 

*y. 

(32) 

MA  .= 
yy? 

—  MB  . 
yy? 

*y,2n 

^a(l- 

-COST); 

(33) 

MA  .  =  — 

**? 

MB  .  — 

■RB  v 
*y? 

asinf  —  .  a(l 

yy? 

—  cos  T). 

(34) 

The  elements  of  Matrices  (7)  are  found  on  the  basis  of  (10)- 
(12),  (11)— (16),  (18),  (20)— *(22),  (24),  (26)-(28),  (30),  (32)  — (34). 

3.  It  follows  from  the  three -term  structure  of  Eqs .  (5)  that 
in  levels  of  a  continuous  helical  contour  sequentially  free  of 
loads  the  ratio  (6)  of  column  matrices  is  a  constant  quantity, 
equal  to  the  angular  focus  matrix  ratios.  Thus,  if  levels  0—1—2 
are  not  loaded  (Pig.  la),  then  it  follows  from  the  first  equation 
of  System  (5)  for  RiP-0  that 

“’i  =  VJY.  -'.T1  ri2'  (35) 

Precisely  in  the  same  manner  when  levels  0—1— 2— 3  are  free  of 
loads  we  find  from  the  second  equation  of  the  same  system  with 

Rip-Rsp-O 

4*!  =  £„T,;  A|2  =  —  (r nkai  -f-  f t*)_l  f u- 

(36) 

Finally,  if  the  level  sequence  0—1—...—  (i—  1),  i  does  not  carry  a 
load,  then  when  Rtp^Rjp”*  ■■■  we  get 
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1 


<I>  --  k  <1  ■ 

i-1  Kl.i--\  i< 


"/./—I 


1-2  +  ri— I./ — l)  ifi 


l-U  ' 


(37) 


Similarly,  from  the  last  of  equations  of  System  (5)  with  levels 
n—  (n—  1)—  (ft— 2)  free  of  load  and  with  #n_i,E=0  we  get 

(T)  —  Sp  (T)  •  b  __  ___ 1  « 

«-!  /»— 2.«— 1  *-2  >  **-2,(i-l  —  (38) 


Prom  the  equation  before  the  la3t  of  the  same  system  in  the 
case  of  levels  n—  («— !)— (n— 2)— (n— 3)  free  of  load  ,(Rn- i.p"  #*-«,*  ■*  0), 

.  _  _  -T*  J  J  1 


we  find 

$  =  k  ‘  d> 

n— 2  (i-3,(i— 2n— a  > 

3,(1— 2  (  ^/i— 2,(i— 2  +  r(i— 2,(i— 1  ^(,— 2.n— 1)  _1  '  n-2,n-V 

(39) 

Finally 
a  load,  when 

,  with  levels  n—  (n— 1)—  («— 2)  -  . . .  -  (/+ 1)—  i  not  carrying 
...  *=/?<+! p“0,  we  get 

kl-\.l  ~  [riA  +r/.<+l  V<+l)  'ri,i-  r 

(40) 

4.  To  determine  the  column  matrices  GVi '-nd Ch  when  only  level 
(t— 1 )— t  is  carrying  a  load,  <D<-j  in  Eqs .  "a"  and  "b"  of  System  (5) 
is  expressed  in  terms  of  0&<-i  from  (37),  while  0(+,  i3  expressed  in 
terms  of  4> .  from  (39),  after  which  the  equations  take  on  the  form 

(ri->.  i— 2 ^/-l .  1-2  +  r/_ 1,1— l)  R l-i.p  “ 

(41) 

rin-i  (r/.i  ^"ru+i^i.i+i)  +  Rip  ~ 

(42) 

Solving  the 

system  thus  obtained,  we  find: 

1  0-1  (r<-l.  1—2^1 — 1,  1-2  + 

+  +  (rM+l  *,.4+1  +  ri,i)~A  Rxp\ ' 

®t-'  ~  ^2-1, <  0  '  (r<.<+l^<.<+l  r<./)  ' 

(43) 

(r/— 1,  2—2  ^2-1.  2-2 +  r<-l.  2-l)  *  ^2-l.J>]  • 

(44) 

The  column  matrices  of  the  angle  of  rotation  of  the  remaining 
joints,  located  to  the  bottom  and  top  of  the  level  under  load  are 
determined  by  means  of  angular  focus  matrix  ratios  (37)  and  (40). 

5.  The  reaction  moments  in  the  joints  relative  to  axes  [xj  yu 
are  obtained  from  the  formulas 
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In  which  M  denotes  the  moment  about  one  of  the  axes,  produced  by 
unit  rotation  ox’  the  joint  in  the  principal  system,  while  *>,  MVP, 
Mtp  are  moments  due  to  the  specified  load  uhder  conditions  of  the 
principal  system. 

6.  The  reactive  twisting  and  bending  moments  in  the  joints 
are  found  from  the  formulas 

Af/’H-l  =  Af'-'+l  cos  (xt  Ut)  +  iWj'+t  C0S  (  y{  ut)  -f  M^COS^U,);  ( 

Af'-'+1  =  M‘x-‘+ 1  cos  ( xtvt)  +  cos  ( yt vt)  +  M '•'+>  cos  ( z , v() ;  ^  ^ 

AfM+i  _  m1/+'  cos  ( xi  wt)  +  M '•<+*  cos  ( yt  wt)  +  cos  ( z(  w{) .  ^ 

7.  We  now  determine  the  twisting  and  bending  moments  in  the 
joints  of  a  five-level  continuous  helical  girder  with  Its  fourth 
level  subjected  to  a  vertical  load  q  uniformly  distributed  along 
the  axis  of  the  girder  (Fig.  lb). 

The  single-level  helical  girder  with  ends  anchored  in  space 
is  aligned  following  [2] 

a)  T  -  2n;  a/h  =  1/3;  clb  =  2;  =  EJJCy  =  £6»c/12Gaft*e  =  0,90975  fa, 

0  =  0,4£-do  =  0,229;  ka=  EJJEJV  =  12c6*/126c*  =  0,25;  4n*(a//i)»  = 

=  4,38648;  fl  =  0,36938/t;  /  =  £/„//). 


b)  For  the  principal  system  shown  In  Fig.  2  the  principal  un¬ 
knowns  are  determined  from  the  formulas 


“  (V*.  ( »r' ; 

=  (  ^21^22  AH'  "r"  ^21 :  ^2p)l  , 


—  ^33*  ^3p  » 


(51) 

(52) 

(53) 


in  which 


6U 

E3 

0,23277 hVl 
0,11408/)*// 

0,1 1408/)*// 
0,23892/)*// 

Ai,= 

&xl  bxt 
^ it  ^>ir 

= 

0,076045 h/l  —  0,56706/)// 

0  —  0,027148 h/i 

&lx  blt 
t>rx&rx 

|  0,076045 h/l  0  1 

—0,56706 h/l  —0,27148/t//! 

i 

1 

1,36526/ 

o 

f>rl  K 

0 

2,28199/ 

6jj— 


b,y 

bjy  6jj  | 

0,24833/)*//  — 0,014610/r// 
— 0,014610/*//  1,36526/ 


‘V 


*</» 


- 


(5*0 

(55) 

(56) 

(57) 

(58) 

(59) 


c)  Table  1  gives  the  free  terms  of  (59)  for  loads  of  U2  from 
”a"  to  "f"  and  also  for  load  q. 
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TABLE  1 


vB 

. 

*yB 

« 

A* 

-0,5 A 

0 

—A/3 

0 

1 

0 

-0.13238  A *«// 

0  * 

A/3 

0 

0 

0 

1 

—0,27725  AAf/1 

0  . 

1 

0 

0 

0 

0 

0 

C 

0 

I 

0 

0 

0 

0,031503  A ty/ 

V 

, 

0 

r-0,  M 

;  0 

f— 1 

0 

0 

—0,11626  Aty/ 

—1 

0 

0 

0 

0  . 

0 

_ 1 _ _ 

0,43286  Aty/ 

d)  Table  2  presents  the  values  cf  the  principal  unknowns, 
calculated  from  (51)-(53)  for  the  same  Loads. 

e)  The  reactive  moments  in  the  space  anchors  of  a  single- 
level  helical  girder  relative  to  axes  parallel  to  axes  ;x,  y,  z,  cal¬ 
culated  from  the  data  of  12  are  given  in  Table  3. 

For  load  q  it  was  taken  into  account  that  the  line  of  action 
of  the  resultant,  which  is  equal  to 

<7  [ds  =  (/2«B»  2,32088  fy,  •' 

b  »  1 

is  defined  by  the  coordinates 


f)  From  the  data  of  Table  3  we  determine  the  principal  and 
secondary  matrix  reactions  (7): 


r  t,t  — 


14,17616/  0  0 

0  6,56116/  0,97630/ 

0  0,97630/  1,29118/ 


i.i+ l*5 


5,62226/  —2,59235/  —1,14639/ 
2,59235/  -1,26591/  i-0, 48815/ 
1,14639/  -0,48815/  —  0,64559/ 
5,62228/  -2,59235/  -1,14639/ 
-2,59235/  -1,26591/  — 0,48815/ 
—1,14639/  —0,48815/  —0,64559/ 


g)  The  angular  focus  ratios  are  found  from  (37)  and  (40): 


-0,39660; 

0,18287; 

0,080867 

Aai  — 

—0,29632; 

0,15400 

0 

-0,66380; 

0,26161 

0,50000 

1—0,43268; 

0,20263; 

0,040920 

|  — 0,26156; 

0,13734; 

0,010506 

i  — 0,64515; 

0,23764; 

0,68295 
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TABLE  2 


> 


* 

t» 

ii 

©  2  S 

■<* 

o*  -r 

« 

o 

«• 

o  2  o 

fO 

i 

i 

--«. 

—*  cT 

7 

<  ^ 
1°  7 

£Q 

>s 

< 

w 

<?  5R 

s*  35 

I°1 

8  1 

-c 

Sr 

s  s 

2o§ 

— 

7  * 

\ 

•• 

©  |j  © 

f 

< 

2 

°i° 

o 

1 

** 

► 

< 

35 

S  s 

«  °  § 

7  - 

y  N 

£  8 

o  ?* 

QK 

9- 

4* 

••* 

»  S 

PI 

6j  ©  *£ 
o  cj*’  n 

§  |  | 

•  •  • 

-77 

4)  H 

9- 

—12, 71031  i/A 
-0.043119 
5,71783 

5  f  7 

! 

*  X  N 

1 
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I 


(  ) 


^  48“ 


^J4  = 


-0,42946, 

—0,25433; 

—0,70969; 

-0,39660; 

0,29632; 

0,66380; 


0, 20181;  0,0333/9 
0,13452;  0,0052770 
0,26034;  0,76183 
-0,18287;  -0,080867 
0,15400;  0 

0,26161;  0,50000 


h)  The  principal  unknowns  of  a  continuous  helical  girder  are 
found  from  (43),  (44),  (36)»"<i(35): 

^4  ~  (  ^34  ^43  [  ^S4  (  rSJ  ^32"^rSj)'_1  p  H"  fji'  “  1 

0,064300  qh*ll  ' ’  •  V‘' 

=  -0,05691 2  qhVi 
-0,067603qh*/i 

=  (  ^43^34  I)”'  [  ^43  +  (  fSa  ^32+  rta)  ^3p]  = 

-0,07331 2  qhVi 
-  —0,04791 9  qh'H 
—0,054859  qhVi 


0,01 9766  ^AVl 

. 

—0,0057671  gA1// 

0,0 1 201 9  ^A  Vi 
— 0,0015544?A»// 

;  =  Am  4>a  =* 

-0,0040063flAVf 

-0,010753^*// 

i)  The  angular  reactive  moments  about  axes  xtf  y{,  z{/  are  deter¬ 
mined  from  ( 45 ) — ( ^7 ) : 

M°xl  =  —0,00971 10 h'q  M^°  =  — Mlx2  =  -  0,017993  h'q 


M°yl  =  —0,0046293 
M°‘  =  0,0022864 

=  0,055070 h'q 

0,011849 

M21  =  -M»  =  -0,0022874 
—  M*  =  —  0,22827  AV 
M«=  -M;8=  0,050250 

Af«=  — M’5=*  -0,0022870 


MJ 0  =  — =  —0,0031931 
Af>°  =  —  AfJ2  =  —  0,0022864 
M f  =  —  A4“  =*  —  0, 18993A*<7 
Af®  =  —  =»  —  0,056465 

Af»  =  _  =  —  0,0022876 

Af?  =  0,13647A*<7 

Af84  =  — 0,061645 
Af«  =  —0  0022870 


k)  The  angular  reactive  twisting  and  bending  moments  are 
found  from  (ll8)-(50): 

A!"1  -  -  0,0031 925/! V  M".  ---  —  -  —  0,0038666A^ 

Ml1---  0,0097110  =  —  M"  =  0,017993 

M^,1  =  0,0040579  M «»  =  —  M'J  =  —  0,00068750 

Af2*=  — Af“=  0.0097074AV  A4®  =  —  A4£4  —  —  0.051941AV 

Af2,=  — M“=  —0,055070  A4*2  =  -M«=  0,18995 

Af^l=  — Af«=  — 0,0071696  M®  =  -  Af«  =  0,22265 

0,04436?A‘<7  A4J4  =* — 0,0566 15A*(/  -  ' 

Af43  —  —M'05  —  0.22827  M«  =  -  0,13647 

0,023715  A4«  =  0,024497 


1 
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Footnotes 


1Helical  girders  are  encountered  in  reinforced-concrete 
structures  of  staircases,  of  reinforced-concrete  girders 
of  garage  ramps,  etc. 

2In  [2]  these  translations  are  denoted  by  a,„  A,,,  a„  and 
&tp,  A  /».  Ar>. 

*In  designing  a  continuous  contour  for  linear  settling 
of  supports  resort  is  also  had  to  data  of  UV'd,"  "e"  and 
"f." 


THE  INVERSE  MATRIX  OF  THREE-TERM  SYSTEMS  OF  EQUATIONS 

Engineer  K.  Boyadzhiyev 

(Bulgaria) 


The  solution  of  certain  statically  indeterminate  systems 
(continuous  beams,  unbraced  trusses,  single-story  frames,  etc.) 
involves  consideration  of  systems  of  three-term  equations: 


au  Xi  4"  an  +  +  At  =  0; 

a,!  Xi  +  X2  -f-  at»  Xa  +  ■+■  At  «=  0; 

0n-\.  n  -1Xn-2  +  an-l.  «-l  Xn  I  +  „  Xn  +  4,-1  =  01 

*fl-i  +  a„„  Xn  H-  An  -  0. 


(la) 


In  many  cases  it  is  necessary  to  represent  the  unknowns  as  a 
linear  function  in  the  form 

(ib) 

where  Alt  A2 . An  are  the  free  terms  of  Eq.  (la),  while  A^  are 

elements  of  the  inverse  matrix. 


The  matrix  composed  of  the  coefficients  of  an  equation  is 
denoted  by  A ,  while  its  inverse  is  denoted  oy  A~x  : 


an  an 

A,,  Alt-  •  •  A,  „ 

flai  o22a.ia 

At*-  ■  •  A*,, 

A  1 

^ n  ?.n  ®/t  l,n 

an.n  1  <tlnn 

A  o  ,  A  .„•••!  . 

fl-2, 1  nn— 1.2  %  l.« 

4i.l  V2'  ‘  ‘Kn 

(lc) 


A  number  of  studies  has  just  been  published  during  the  last 
several  years,  which  involve  finding  the  elements  of  the  inverse 
matrix  of  three-term  equations.  It  could  have  been  expected  that 
each  successive  method  would  yield  a  better  solution  and  would 
have  some  advantage  over  the  preceding  methods.  However,  some  of 
the  latest  methods  are  n  ;t  better  solutions  but,  conversely,  in¬ 
clude  a  greater  number  of  arithmetic  operations  than  the  preceding 
method.  Incorrect  comparison  of  certain  methods  is  permitted. 

In  the  present  article  we  consider  some  of  the  lately  pub¬ 
lished  methods  and  we  show  their  interrelationship  and  shortcom¬ 
ings  . 
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For  this  purpose  we  define  X ^  by  eliminating  unknowns  from 
canonical  equations 

Let  there  be  given  system  of  equations  (la). 

Starting  the  elimination  with  the  first  equation,  we  can  get 

■^*-i  ~  a*-i  Xk  4-  A\  4*  4"  “  ’  4“  ^*_t* 

Substituting  into  the  feth  equation,  we  will  have 

Xk  =  a’kXk+ 1  +  r'k\  Ai+r'k2At  +  "‘  +  r'kkAk'> 

i  * 


rpr  <*;  =»  -V  Y*=  a**  4-  r'kX  = 

Y * 


/*-!.!  ak,k-l  , 

Y* 


r*-l,  *-l  _• 

'*,*-1  ~  ./  rkk=  ' 


(ld) 

(le) 


V*  Y* 

In  the  same  manner,  starting  elimination  from  the  last  equation, 
we  get 

•^*+1  “  °*+l  Xk  4"  rk+l.k+ 1  Ak+\ 1  4"  *  •  •  4"  rkf\.n  Ai\ 


*» » 


(If) 


where  the  coefficients  are  analogous  to  (le). 


Solving  simultaneously  (Id)  and  (If)  and  introducing  the  no¬ 
tation 


we  have 


0“  «*«*+ 

xk  “  ■jV  [  '*1  A\  4-  rnA2  4- - \rrkkAk  4-  a;+I  ( r;+1(*H  - 4- 

■4"  ^w)]  • 


( lg) 


Consequently: 


'kl 


t.i  a*,*-i9*_i 


■*r 


9*  .  Y*9*  Y*  9* 

r*-i.»  "J,*-!  V-l.l  a*-i.*9*_i 


9* 


Y*  9* 


Y*9* 


) 


9*  Y*9* 


(lh) 


If,  having  resort  to  Eqs .  (Id)  and  (If),  we  express  Xh+l  in  terms 
of  X then  we  get  the  following  relationships: 


*P*+i  -  1  ak  °*+»  -  9*;  Kk  =  ™  ~r-T  = 


i 


9*  Y*9*  V*9* 


(li) 


(p.^1  j 

It  follows  from  Eq.  (li)  that  -r—r33—  and  Formulas  (lh)  take  on 


9*v*  Y* 


the  form 
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I 


! 


0 


K,= 


**-!.«  ak-1,k 

y'k 


for 


1  <s<A-l; 


Y* 


for  ^+1<S  <  n\ 


'  X, 


'** 1 


1 


I 


<P*Y*  <P*Y* 

After  elementary  transformations  we  can  write 


Y*  a**  +  a*_i  —  a**  ■ 


“A-l.A 


.Y*_, 


v'  =  a  +  a'  a  =  a  —  . 

Y*  “**  r  “*-i  “*+i  .*  ~  “**  - . 

Y*+i 

<t*y*  =  <p;y; =y» (i-a*a;+1) = v; (i  —  ^^a*'*Y•lY;^,,* )  - 

=  Y*  -  =  Y;  H-  Yi  “  0**.  .... 

Y*+I 


We  assume  that 


(0 


~  Y*  +  Y*  a, 


ktt‘ 


(lk) 


(1 1) 


(lm) 


Thus,  the  solution  is  performed  in  the  following  sequence: 

1)  Vk-y'*  are  determined  from  Formulas  (11); 

2)  is  determined  from  Formula  (lm); 

3)  X, ,  is  determined  from  the  formula  ; 

KK  ©* 

*0  \^8  is  determined  from  Formula  (lk). 

The  evaluation  of  X ^  may  be  tabulated. 

Reference  [1]  gives  the  following  formulas  for  X^: 


Y,  =  flu:Y2-a„---r:  Y,-**,;  Y - 

v>  Y, 


Y  k  =  akk 


T-  ;  y*  =  *,.*- 

Y*_i 


a\,k- 1 

a 

V.+, 


a'=l; 


“* =  v*-> :  a* =  ?ssi  “*+>  Vi  • 

•  2  2 
<*>*  =  akk - ; —  — — 7-1-; 

Y*-i  Y*+1 


(2a) 


(2b) 
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\ 


K  =  1 )*+'  k>i; 


a*  o) 


* 


=  1  )*■**</; 


a*  “* 


h>=-. 


“>* 


(2c) 


These  formulas  are  close  to  Expressions  (lk),  (K)  and  (lm). 
Using  elementary  operations.  Formulas  (2b)  may  be  reduced  to  (lm). 
If  we  determine  the  ratio  of  ,s **<•«>* „h.„  k>i,  then  we  will  get  from 
Formulas  (2c) 


—  **'  _  .  a;  _  a»-i  M»-i 

V-u  a*“*  a*“* 

__  a*-l  ^t-l  ak.k  - 1  _  ak.k- 1 

a*-i  <■>*  Y*_i  vi_i  «* 

It  can  be  proven  that 


whence  it  follows 


and,  accordingly, 


M*-i  =  j_ 

vi  ’ 


ak.k- 1 

v;  : 


_  _  ak,k~\ 

■  U*(  77  when 

Y* 


-V 


*( 


V- 1,< 

Y* 


when 


*  <  {', 


which  yields  Formula  (lk). 

It  follows  from  the  above  transformations  that  Jt  is  possible 
to  calculate  A.  ,  without  resort  to  coefficients  a*. ndaj.  These  for- 

mulas  may  also  be  used  for  a*-,,*  =f=  ah,kri,  it  Is  only  necessary  to  sub¬ 
stitute  In  Formula  (2a)  instead  of  ,  respectively, 

M.M.  FIlonenko-Borodich  has  obtained  in  his  article  [2] 


k\  --  - 


«l.l  *  /  ,  «2,  \ 

a  ’  ~T  (t,w  +  ~l — '  )  • 

°i.a  °va\  / 

_ ife*  = _ ! _ /fl  ,  an.n-l\L. 

“n— 1 2  V  *„  )  ' 


‘'M+l 


U+l 


—  <0*  =  -v'~‘  +  — V~' 


*/+l 


(3a) 


(3b) 
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Xu  — 

1 

t »! 

1 

X  -  K,t  • 

> 

X22 

*2-1 

A2+1.2 

•  9 
*2+1 

i  ...  xw 

*2-2.2  ~  .•  .<  ' 
*2-1  *2—2 

~  \+2,2 

Xll 

i'  i'  ’ 

*2+1  *2+2 

-X,.- 

X  —  - 

X21  : 

"2»1  ,  ,  ,i 

*2—1  *2-2 -  -  ‘*2 

1,1 

»  #  •  > 

*2+1  +*2+2" ' 

^2.1  — 


*2-1  *2-2*  •  *»*i 


;  ^nt  — 


*2+1  *2+2'  ■  '*<1  */•-!  *H 


It  is  easily  noticed  that  upon  denoting 

—  Y*-i  =  ^ /— i*  YiHi  -  kt+i 

and  substituting  into  Formulas  (3a),  (3b)  and  (3c),  we  get  Expres> 
sions  (lk),  (11)  and  (lm). 

We  consider  the  determination  of  X ^  using  formulas  of  [3]. 
For  an-i.  k  =  ui,,k-i 

c’  - - I 


.  _  .....  ««  . 

23  a  +  a  2 

“22  '  “21  c12 


-1.11-2 


n— l,/i-1+an-l.n  c/i,/r— 1  j  (  4a) 


-  ' _  .  £  „ _ «  »«~  » _ _ 

au  >  ai.i-i  ci-i,i  M_I  +  eI+i,i 


cLi.i  +  «m+i  c’i+i.i  +  fln- 
X„.  =  J-  ; 

a*, 

^1+1..'  ^22^2+1. 2*  \  -1,<  “ 

^t+l.s  ~  ^2s  C2+l.2'  ^2-1. »  =  c/_l,r 


(4b) 


If  we  denote 


’  Y*  i ;  •  *  Y*+i  -  ■ 

C2-l.2  C2-| 


then  from  the  above  formulas  we  again  get  Expressions  (lk),  (11) 
and  ( lm) . 

In  [4]  formulas  for  X ^  are  found  by  means  of  determinants. 

These  are  derived  as  follows . 

v  n 

We  calculate  A.  and  A.: 

t  t 
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(5a) 


V 


A*  -  A y  a 


22 


A?  =  a,, 

-  fll2a21 


A?  =  a 

1  n 


Aj  —  Aj1  a22 — i  ./«•  -1  an,n— I°n— l.fl' 


A*  =  A*  .  a 

“i  /-i  “/< 


'  — 1  .<  °l.l- 1  Aj-ljl 


A«  =  K  -  A".  I 

In  this  case  the  inverse  matrix  for  n  =  4  takes  on  the  form 


AS 

fl12  a23A" 

fl12  °23  °34 

a2|A3 

Ay  Ay 

_ n  A"  A* 

U23U1  al 

a23  °34A* 

°21  fl32A” 

-c^AyAj 

Ay  A» 

fl34A* 

fl21  fl32  fl43 

a32  fl43^1 

“a«A;A; 

It  should  be  noted  that  this  approach  is  most  unlikely  to  be 
used  in  practice  since  the  number  of  arithmetic  operations  in  it 
is  excessive. 

Comparing  the  formulas  for  X^fe  suggested  by  different  authors 

we  note  that  it  is  possible  to  pass  from  one  set  of  formulas  to 
another  solely  by  means  of  simple  mathematical  transformations; 
here  the  method  given  in  [3]  should  be  taken  as  the  principal 
method  for  finding 


1) 

2) 

3) 

4) 

5) 

6) 


4><>pMy/iM  l 

OnrpaioiH 

„  KoJiit'icrTBO 
j  uiicpatiHft 

(1  K).  (1  Jl),  (1  M) 

k 

5Cao>Keii»ie 

6  yMiioweiiHe 

7 3anHCH 

3n  —  4 

n*  +  6(i  — 6  ■ 
n*  +  3(i  — 2 

A.  n.  fiJHJIHlia  H 
E.C.  T peCem. 

§ 

§Cao)i(ciiHS 

oyMiioweiiHe 

73aiiHc« 

3(1  —  4 
n«+  10(i  — 4 
n*  + 

M.  M.  <t>H3i oiien- 
KO-bopoflH<ja 

9 

5Caowciine 

6  yMiioiKeHHe 
^3anHvH 

3(i  —  4 
(i*  +  6n  —  6 
(i*  +3(i-2 

A.  A.  yMaiicKoro 

10 

5  CaowciiHe 

6  yMiioweiiHc 

7  3an«CH 

3(1  —  4 
n1  +  6(i  —  6 

n»  4-3(1  —2 

10. 1'.  (iMuaKinia 

11 

^Cjiowciwe 
o  >' MiioweiiHe 
7'3an»icH 

2n  —  2 

4(i*  —  4n  —  4 

2  it1  —  3n  +  4 

Formulas 

Operations 

Number  of  operations 
(lk),  (11),  (lm) 
Addition 
Multiplication 


7)  Results 

8)  A . P .  Filin  and  Ye.S. 
Greben ' 

9)  M.M.  Filonenko-Borodich 

10)  A. A.  Umanskiy 

11)  Yu.G.  Pchelkin. 
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The  table  presents  the  number  of  operations  needed  for  evalu¬ 
ating  the  coefficients. 

It  follows  from  the  table  that  the  number  of  arithmetic  op¬ 
erations  using  Formulas  (1),  (3)  and  (4)  is  the  same.  The  number 
of  multiplications  may  be  reduced  by  increasing  the  nujttoer  of  re¬ 
sults,  but  this  is  not  preferable.  Formulas  (1)  have  certain  ad¬ 
vantages,  since  the  multiplications  are  performed  in  succession.1 
Reference  [1]  presents  a  table  where  it  is  pointed  out  that  the 
total  number  of  arithmetic  operations  according  to  the  method  sug¬ 
gested  is  62  and  48$,  respectively,  for  /i=*I0  «.a/i=20  of  the  total 
number  of  arithmetic  operations  in  the  M.M.  Filonenko-Borodich 
method.  The  table  presented  here  gives  other  relationships  between 
the  volume  of  arithmetic  operations  under  the  two  methods.  Refer¬ 
ence  [1]  incorrectly  determined  the  number  of  operations  in  the 
M.M.  Filonenko-Borodich  method  and  incorrectly  claims  that  the 
method  suggested  in  [1]  involves  a  lesser  number  of  arithmetic  op¬ 
erations  . 

It  additionally  follows  from  the  table  that  the  Yu.Q.  Pchel- 
kin  method  is  entirely  unsuitable  for  computations,  particularly 
for  a  large  number  of  equations . 
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Footnote 


Expressions  +  involve  the  same  arithmetic 

operations,  but  the  first  of  them  is  more  convenient  to 
calculate . 
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DESIGN  OF  A  FLEXIBLE  STRING  FOR  SIMULTANEOUSLY  APPLIED 
VERTICAL  AND  HORIZONTAL  LOADS 

Engineer  V. A.  Smirnov 

(Mos cow ) 


§1.  General  Remarks 

The  design  of  a  flexible  string  subjected  simultaneously  to 
vertical  and  horizontal  loads  is  a  substantially  more  complicated 
problem  than  the  ordinary  problem  of  the  equilibrium  of  a  string 
subjected  to  a  vertical  load  only. 


The  horizontal  tension  in  a  string  in  the  presence  of  a  hori¬ 
zontal  load  varies  along  the  span,  which  highly  complicates  all 

the  calculations.  In  determining  the 


Fig.  1 


horizontal  tension  in  any  cross  sec¬ 
tion  (for  example,  at  the  left  sup¬ 
port)  and  then  in  finding  the  trans¬ 
lations  one  has  to  deal  with  non¬ 
linear  equations. 

The  present  paper  uses  the 
method  of  iterations  together  with 
numerical  integration  of  differen¬ 
tial  equations. 

We  consider  the  case  when  a 
flexible  string  is  subjected  to  the 
following  loads. 


1.  Constant  uniformly  distrib¬ 
uted  (along  the  horizontal  projection)  load  g  t/m. 

2.  Momentary  vertical  load  q  (distributed  along  the  hori- 

i/ 

zontal  projection),  with  an  arbitrary  distribution. 

1 

3.  Momentary  horizontal  load  q  ,  acting  In  the  plane  of  the 

flexible  string  (distributed  along  the  vertical  projection),  with 
an  arbitrary  distribution. 


We  shall  assume  that  under  the  action  of  constant  load  g  the 
string  has  taken  up  a  certain  position,  and  its  basic  dimensions 
in  this  case  are  l  and  f. 


-  283  - 


J 
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After  this,  loads  q  and  q  are  applied  to  the  string  and  due 

y  x 

to  them  it  occupies  a  new  position.  The  problem  consists  in  deter¬ 
mining  the  vertical  and  horizontal  translations  of  the  points  on 
the  ctring'3  axis  and  the  forces  in  rhea.  Ir.  s  el  vine  this  probler*. 
we  shall  take  into  account  the  string's  elongations  due  to  these 
loads.  It  will  be  assumed  that  the  stiffness  of  the  string  is  con¬ 
stant  over  its  length  and  equal  to  EF. 


The  problem  will  thus  be  solved  in  its  general  statement,  for 
which  it  is  also  possible  to  solve  particular  cases,  by  setting 
one  or  another  load  equal  to  zero,  or  by  adjusting  the  string's 
stiffne^. 

Figure  1  depicts  the  flexible  string  and  the  diagrams  of  the 
above  loads.  The  heavy  line  shows  the  outline  of  the  string's  axis 
produced  by  constant  load  g,  while  the  dashed  line  denotes  the 
sought  position  which  the  string  will  take  up  upon  application  of 

loads  q  tuid  q  . 
y  « 

We  shalJ  •  ssume  that  the  supports  are  situated  at  the  same 
level  and  thau  t.ie  constant  load  is  uniformly  distributed.  In  this 
case  the  outline  of  the  string  will  be  a  quadratic  parabola  with 
the  equation 


/* 


(/-*). 


The  horizontal  tension  in  the  string  due  to  the  constant  load  Is 
defined  by  the  expression 


H. 


§2.  Derivation  of  Basic  Equations 

To  derive  the  basic  equations  we  shall  consider  an  element 
cut  out  in  any  section  of  the  deformed  string  (Fig.  2).  The  forces 
acting  on  this  element  are  defined  oy  the  expressions 

=  + 


dy\l 


.  i 


<m-H 


dx 


Q(x)  +  dQ(x)  =[//(*)  +  d//(*)]  [  *^Lt2lL  +  ^±3>dx  ] . 


Setting  up  the  equation  of  projection  onto  the  vertical  and  hori¬ 
zontal  axes,  we  get  , 


dx 


+ 


\H(x)  4-  dH(x)\  ]  + 

+  (g +qv)dx  =  0; 
dH(x)  +  qx\dy\  =  0. 


X/29Q 


284  - 


* 


Disregarding  products 
have 


dH(x)  dr\,n<tdH(x)  ~y+^-  dx  and  transforming,  we 


dH  (x) _ I  dy 

dx  q*\  dx  ’ 


(1) 

(2) 


Substituting  Expression  (2)  into  Eq.  (1),  we  get 


d*  r) 

d*y 

8+Qy  | 

Qx 

dy 

dy 

dx* 

H(x)  T 

H(x) 

dx 

dx 

(3) 


To  establish  the  relationship  between  the  horizontal  and  ver¬ 
tical  translations  we  turn  to  Pig.  3,  which  depicts  this  element 
in  the  initial  and  displaced  states.  The  vertical  translations  n 
shall  be  regarded  as  positive  if  they  are  directed  downward,  while 
the  horizontal  translations  u  will  be  regarded  as  positive  when 
moving  to  the  right.  We  set  up  an  expression  for  the  difference 
of  squares  of  the  lengths  of  segments  a\b\  and  ab: 

(ds  +  Ads f  —  (ds)1  (dx  +  duf  +  (dy  +  dr\)*  —  (dx?  ~  (dy)*. 

Disregarding  expressions  (AdS)2,  (du)2 ^'(dt))2,  we  have 


dsAds  =  dxdu  +  dydr\. 


(4) 


Fig.  2 


Quantity  Ads  is  the  elongation  of  element  ds  due  to  momentary 
loads  q  and  q  :  " 

*  *,--*=*.* 

cos  fEF 


where  cp  is  the  angle  made  by  the  tangent  with  the  axis  of  the 
flexible  string.  Substituting  this  expression  into  Eq.  (4),  we  get 

du_  ^  _  dy_  flfri  +  H  (x)  --  Ht  (ds_\* 
dx  dx  dx  cos <fEF  [dx)  ' 

Integrating  and  making  use  of  the  fact  that 
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X 


and 


we  have2 


We  thus  have  two  equations  (3)  and  (5)  for  determining  the 
translations.  However,  these  equations  do  not  suffice  for  solving 
the  problem,  since  in  addition  to  the  unknown  n  and  u  it  is  also 
necessary  to  determine  horizontal  tension  H(x)t  which  varies  along 
the  span.  To  set  up  the  third  equation  we  use  the  boundary  condi¬ 
tions  at  x—/;  u-0,  rj-0,  which  brings  us  to  the  basic  equation 


(6) 


Solving  simultaneously  Eqs .  (3)  and  (6)  makes  it  possible  to  de¬ 
termine  H(x)  and  the  vertical  translations  n,  while  Eq.  (5)  makes 
possible  finding  horizontal  translations  u. 

§3.  Solution  of  Basic  Equations 

First  we  transform  Eqs.  (3)  and  (6).  We  represent  the  hori¬ 
zontal  tension  in  the  form  of  the  equality 

tf(x)  =  //„+ A //(*),  (7) 


where  // 0  is  the  horizontal  tension  at  the  coordinate  origin  (in 
our  case  at  the  left  support ).  Quantity  A H(x)  is  found  on  the  ba¬ 
sis  of  Equality  (2)  in  the  form 


£//(*)  = 


(8) 


Substituting  Expression  (7)  into  Equalities  (6)  and  (3)  and  per¬ 
forming  simple  transformations,  we  get 


fgn _ g+<fo 


dJt* 


dx » 


Ho 


Hn  r |  qx  \dy\dy  } 
//*  -h  A//  (jf)  !_  g  -f  qt  |  dx  I  dx  J ' 


We  designate 


'H<)  =  r. 


Ci  _  9*  \ty  | dy  1 

L  t  +  <ty\dx\ix\ 


Ho  +  A//(*) 


(9) 

(10) 


Further,  we  evaluate  the  integral 
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2 


/29C 


*v*.*  ' 


whe”e 


![■ +(£)?— 

+  l/ln[4T+/1+,6(T)’]- 


(ID 


Substituting  and  making  use  of  the  fact  that  for  a  quadratic  par- 
rabola  —  =  const  =  we  get 

dx*  l* 


Hn-H 


“^  +  ^J  ♦  (*)**  — JfJtjdxM); 


^  _  f-y  g  +  ly  t  /r) 

dx*  dx*  Ht 


(12) 


(13) 


We  now  apply  numerical  integrating  using  the  integral  matrix.  We 
break  up  the  span  into  n  equal  parts.  According  to  the  equation 
obtained3  we  have 

T]  =  OTio4-TTj;  +  Q*y'. 

\ 

Taking  into  account  that  na=0.  we  get 


n  «  ttj;  +  Q*  y". 


(14) 


To  determine  n'o  we  use  the  condition  that  when  *-/  n**0-  Writ¬ 
ing  out  the  last  coordinate  of  vector  n  and  equating  it  to  zero, 
and  also  taking  into  account  the  fact  that  the  last  coordinate  of 

vector  t  is  equal  to  n,  and  denoting  the  last  row  of  matrix  fi2  by 
U2,  we  find 

nik  +  ©2  /  —  0. 


Consequently: 


’lo  - - o>t  y  . 

ft 


Substituting  this  expression  into  Eq.  (14),  we  get 


where 


T) 


L  =  —  t  o)j  —  £2*. 

ft 


(15) 


(16) 


We  write  Eq .  (13)  in  vector  form 


tj'=  GO. 


(17) 


In  this  expression 


7290 
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(18) 


% 


Diagonal  matrix  G  has  the  form 


* 

\  li  / 

1 

ie  +  QA 

G  = 

.... 

(  *  '2 

(B+QA 
\  pin 

(19) 


while  vector  I  has  elements  which  are  obtained  from  the  formula 

$=; (20) 

Using  Equality  (15)  and  taking  into  account  (17)  and  also  the  fact 
that  —  =  — ,  vfe  get 

1  —y+k~LG  <l>.  (21) 

Together  with  this,  using  the  last  row  of  integral  matrix  n,  which 
is  denoted  by  w,  we  get 

/ 

r\dx  ~  tor]  -  o)| — </ -f  X-^p  IG  5>j. 


Substituting  this  integral  into  Eq.  (6)  and  performing  all  the 
transformations,  we  get  a  quadratic  equation  for  X: 

X*  —  2m,  X  —  m2  =  0. 


The  root  of  this  equation  which  is  of  interest  is 

X  --  m,  +  y  +  m2  , 

where 


m , 
A  = 


_l_ 
2.1 
B  f 

y 


(1—  a);  fttf  ~ 


M  . 
H-v 


to  LG  a 


HK  /*  (n  —  v) , 
*  » 

SfEF  a>y 


v-  J-ui?.;  W  (I  I- (;/)•] V*. 


<W(0 


It  follows  from  these  formulas  that  the  problem  is  not  solved 
in  the  closed  form,  since  in  determining  X  use  is  made  of  values 
which  depend  on  the  sought  horizontal  tension,  which  Is  a  part  of 

vector 

We  determine  X  by  the  method  of  successive  approximations.  In 
the  first  approximation  we  set  all  the  coordinates  of  vector  I 
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FTD-riT-23-9 39-68 


I 


l 


equal  to  unity.  Upon  finding  X  and  then  the  horizontal  tension 

H0=—L,  ie  calculate  a  new  vector  %  and  then  repeat  the  entire 

prc  ?e.,  until  the  value  of  X  as  well  as  the  coordinates  of  vector 

I  lr.  two  last  approximations  become  identical.  Solution  ot  spe¬ 
cific  problems  showed  that  it  is  necessary  to  make  from  4  to  6  ap- 
croxi mat  ions . 


After  the  horizontal  tension  is  found,  the  vector  of  vertical 
translations  is  found  from  Formula  (21). 


In  determining  vector  u  the  integrals  contained  in  Formula 
(5)  will  be  evaluated  by  the  numerical  method.  For  our  boundary 
conditions  we  have 


(H(x)-Ha- :  _ 
\  EF  Y“ 


«/ 


(22) 


where  _ 

Y»=(l +  (//)*]•. 


iso* 


ujjmxmjLUj-LO 

.  i  niiiiin HID 


§4.  Example 

We  consider  a  numerical  example  for 
the  string  shown  in  Fig.  4.  Let  /  ==  160  m., 
/= 20  m.  The  horizontal  load  is  uniformly 
distributed  over  the  entire  height  and 
acts  on  both  halves  of  the  string  in  the 
form  of  a  wind  <7*=0,09  t/m.  The  vertical 
load  has  a  triangular  distribution  and 
it  is  assumed  that  at  the  right  support 
it  is  1.2  t/m,  while  E£=0,2-106  t. 


Fig.  4.  1)  t/m. 


We  break  up  the  span  into 
parts .  The  Integral  matrix  and 
for  this  case  are: 


i 

0 

0 

0 

0 

0 

0 

0 

1351 

2034 

-336 

90 

—24 

6 

—  1 

A 

1 198 

3732 

1452  - 

-180 

48 

-12 

2 

ii  =  — 

1239 

3486 

3216 

1590 

—216 

54 

—9 

3120 

1228 

3552 

2952 

3360 

1548 

-192 

32 

1231 

3534 

3024 

3090 

3336 

1506 

—  121 

1230 

3540 

3000 

3180 

3000 

3540 

1230 

II 

0 

0  0 

0 

0 

0 

o  II 

L  - 


IMW-lO 


2330 
1318 
!  179 
728 
382 
0 


12252 
I2‘l(i8 
8604 
5908 
29  iO 
0 


13548 

22740 

19038 

12396 

6456 

0 


8922  6456  2910  382 

19236  12390  5988  728 

25398  19638  8004  1179 

19236  22746  12468  1318 


8922 

0 


13548 

0 


12252  2330 


0 


0 


6  equal 
matrix  L 


This  problem  was  solved  on  a  computer.  We  present  the  final  result 
for  the  example  at  hand: 
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a  t,o2  '..io 


0,97750 

0,99555 

1,00449 

256.260 

255  260 
,  254, u(10! 

0,00000 
-0.90034 
-  0,656/4 

0,00000  |l 
!  0,40529 
0.17!  43 

»T>  -= 

1,00707 

;  H 

254,460 

;  n  = 

0, 1 2693 

,  u 

0,a2l37 

1,00927 

1,01530 

1,02464 

254,260 

253.660 

252.660 

0,88553 

1,05138 

0,00000 

0,39399 
0,43417 
0,00009 ! 

The  la£  coordinate  of  vector  u  should  be  0.  In  our  case  it  is 
0.00009.  This  shows  that  the  calculations  are  highly  exact.  When 
£F°=  00  it  was  found  that 


A  =  0,625000 


256,000 

0,00000 

0,00000 

255,000 

-0,96138 

0,41 195 

254,400 

-0,75976 

0,37589 

254,200 

.  9  = 

-0,00001 

;  u  = 

0,31554 

254,000 

0,75969 

0,37588 

253,400 

0,96139 

0,41196 

1252,400 

0,00000 

0,00001 1 

It  is  Interesting  to  note  that,  if  we  set  qx  =  0-,  EF  =  00,  then 
the  horizontal  tension  is  H0-‘25G  t.  With  a  horizontal  load  and 
with  EF~  00  H0=  257.8  t. 

The  horizontal  tension  due  to  a  horizontal  load  was  thus 
transferred  equally  to  both  supports.  However,  it  cannot  be 
claimed  that  this  distribution  will  prevail  in  all  cases  of  load- 


Footnotes 


*The  absolute  value  of  dy  should  be  taken.  This  must  be 
stipulated,  since  when  abscissa  x  is  varied,  dy  is  first 
positive  and  then  again  becomes  negative. 

2In  the  integration  we  should  have  added  an  arbitrary 
constant,  but  in  our  case  it  is  z°ro,  since  when  x  =  0 , 

u  =  0 . 

Collective  work  edited  by  A.F.  Smirnov.  Raschet  sooru- 
zheniy  s  primeneniyem  vychis litel ' nykh  mashin  [Design 
of  Structures  with  the  Aid  of  Computers],  Stroyizdac, 
1964  [Formula  (V- 25)  ] . 
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